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Abstract

This paper deals with a fractional boundary value problem involving
variable delays. Sufficient conditions for the existence of a unique
solution are investigated. Moreover the stability of the unique solution
is discussed. A numerical example that emphasizes the importance of
the results obtained in this article is also included.
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1. Introduction

Differential equations of fractional order have become very useful in re-
cent years due to their many applications in applied sciences, fluid flows,
optics, geology, viscoelastic materials, biosciences, ....Moreover, fractional
differential equations are integro-differential equations and their numerical
solution requires large computer memory and long runs of numerical simu-
lations, this makes it very difficult to investigate the general properties of
fractional dynamical systems. As a consequence, accurate approximation
and a suitable numerical technique play an important role in identifying the
solution behavior of such fractional equations and in exploring their appli-
cations (see, e.g.see [1,3-6,10-14, 16-20, 23-28] and the references therein.
Recently, many works focus on the existence of solutions for fractional
differential equations with delay, see [1,4-5,16,17,24,26-28]. In [16], the au-
thors proved the existence results for a class of delay fractional differential
equations of the form:

Diu(t) = u(t)+ f(tu(t),ult—7))),0<a<1,0<t <1,
u(t) = ¢(t),te[-,0]

u(0) = lim,_,o+ t*~%u(t) = ¢ = u(1)
DE-ult)—o = eI'(a),
where D, denotes the Riemann-Liouville fractional derivative and f is a
continuous function.

In [28], the authors discussed the stability of the solutions for nonlinear
fractional differential equations with constant delays and integral boundary
conditions:

with the boundary condition

Dou(t) = znjaj(t)f (tult),u(t—1;)) =0,0 < a < 1,¢ > 0,

j=1
u(t) = @(t),t<0,
I8 ()0 = 0,limp(t)y o~ =0,

here f : RT x R? — R is a continuous function, a; and ¢ are given
continuous functions, 7; > 0, j = 1,2, ...,n are constants.

For more results on the stability of solution for fractional boundary
value problem we refer to [11,20,27].

In this work, we discuss the existence, uniqueness and stability of solu-
tions for a nonlinear fractional boundary value problem with variable delays
that we denote by (P):
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Dgyu(t) = q@)f &, ut = 01(2)), u(t = 02(1))),2 < e < 3,2 > 0,
(P) u (t) = Sp(t)’t S [_7-7 0] )
u”(0) = 0, limy— 00 nglu(t) =I'(a)u(0),

where D, denotes the standard Riemann-Liouville fractional derivative of
order «, the functions 6; : [0,00) — (0,00) are continuous functions, such
limy oo (t — 0(t)) = 400, T = —ming<j<a ming>o(t — 6;(t)). We assume
that ¢ : [0,00) — [0,00), the function f is continuous on [0,00) x R? and
¢ is a continuous function on the interval [—7, 0].

Delay fractional differential equations arise in models representing bio-
logical phenomena when the time delays occurring in these phenomena are
considered such as population dynamics, epidemiology, immunology, phys-
iology, and neural networks. The memory or time-delays in these models
are related to the duration of certain hidden processes, such as the stages
of a life cycle, the time between the infection period and the immune one...

Mathematical models involving integer order differential equations have
proven useful in understanding the dynamics of biological systems, however,
most biological, physical, and engineering systems have long-range tempo-
ral memory [2], and long-range space interactions [21] .

Moreover, for a physical process, the fractional order derivative is re-
lated to the whole space, while the integer order derivative describes the
local properties of a certain position, consequently and due to the proper-
ties of fractional derivatives and integrals such as their ability to describe
hereditary and memory properties in different processes that exist in most
biological systems, models of fractional order differential equations seem
more consistent with real phenomena than those of integer order, we refer
to [26-28] for some applications of fractional order systems in modeling and
control. Furthermore, It has been successfully applied to system biology
[7], physics [9,29], hydrology [22], medicine [15], and finance [8].

2. Preliminaries

In this section, we introduce some necessary definitions and lemmas that
will be used later and can be found in [18,23,25].

The Riemann fractional integral of order o > 0 of a function f is given
by

ef ()= gy [ =97 1 (s)ds
0

provided that the right side is pointwise defined on (0, +00).
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The Riemann-Liouville fractional derivative of order o > 0 of a function
f is given by
« dn
Dief (1) = == (I F (1))

provided that the right side is pointwise defined on (0,+00), where n =
[a] + 1, [a] denotes the integer part of a.

Lemma 1. Let a > 0, then the fractional differential equation
Dru(t) =0

has
u (t) = Cltail + CQtaiQ + ...+ Cntain’ c; € R7'L = 17 27 vy

as solution.

Lemma 2. The solution of the following linear fractional boundary value
problem

Diu(t) = e(t),2<a<3,t>0,
u(t) = o(t),te[-70],
W(0) = 0, Jim DGult) = T(@)u(0),
is given by
a—1
o) — { o(0)to 1 + fG(t Se(s)ds,t >0
u(t) = p(t), te [—T,0]
where . .
1 - (t—s5)0<s<t< o
Glt.s) = I'(«a) { trl0<t<s< oo

Proof. By Lemma 1, we have
w(t) = crt® 4 et 2 4 3t — ISe(t).

Since u (0) = ¢(0) and »”(0) = 0, we deduce that cg = ca = 0. Now,
from im0 D@y u Lu(t) = T(a)u(0), we get

a1 =p(0)+ ﬁ/e(s)ds
0
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then the solution is

G(t, s)e(s)ds,

g
=
I
5
o
=
Q
L
_|_
CJ\S

where
1 ol (-5l 0<s<t< o0
1 0<t<s < o0.

Lemma 3. The function G is continuous nonnegative and for all s,t > 0
satisfies:

G(t,s) 1
< .
1+t~ I'(«)

Proof. The proof is easy, so we omit it. O
Denote by (X, |.||) the Banach space

\u(t)]
X = e C|—m, TS — <
{u [ oo) t:[[l)l,p)l pros 00

according to the norm

0
lullx = llullo + llulls »
where

0 ‘u(t)’
u = max |u(f s u = Su S —
H HO te| T70]‘ ( )’ H Hoo tE[O,p ) 1 to—1

Define the operator T': X — X as
Tu(t):{ o(0)te=1 + JG(t, $)q(s)f (s,u(s — 61(s)),u(s — 62(s))) ds,t >0

So(t)a te [_T7 O] :
Then the problem (P) has a solution if and only if the operator 7" has
a fixed point in X.
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3. Existence and uniqueness of a solution

Theorem 1. Assume that: (H1) there exist two nonnegative functions Ly,
Ly € L' (0,00) such that
|f(t L+t Dz, (L2 Yyn) — f(E (L0 ao, (1+ 2 Dyo)|

(3.1) < Ly (t) [z1 — 2| + La(t) [y1 — 2|,
for all x1,y1,72,y2 € R, t > 0 and

(3.2) C = max {/q(s)Ll(s)ds,/q(s)Lg(s)dS} < @.

0 0
(H2) There exist t; > 0, such that t — 0;(t) <0, if 0 <t <t;, t —0;(t) >0,
ift > t;, i« = 1,2. Then the nonlinear fractional boundary value problem
(P) has a unique solution in X.

Proof. Let u,v € X, we have
(3.3) | Tu —Tvl, =  nax |Tu(t) — Twu(t)| = 0.

te[-7,0]
On the other hand, for ¢ > 0 we get by computations

Tu0-Tu0) F—Zq )1F (5, s — 02(s)). uls — 0a(s)))

(s = 01(s)), v(s — 02(s)))| ds

a)o/

( (14521 v(s — 0:(s)) (1+Sa1)’”<3_92(8))>‘ds

( (1+ s V) u(s — 01(s)) (1+8°‘_1)u(5—92(8))>
1+ so7t ’ 14 so7t

14 g1 ’ 14 st

u(s = 01(s)) —v(s = 61(s))
1+ st

—_— )L (
F /q 1
0

) 0/ ¢(s) La(s)

‘ds

u(s—02(s)) —v(s—0as))
1+ sa7t

ds
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1 u(s —01(s)) —v(s — 01(s))
< WO/Q(S)Ll(S) - 14 ga—1 - d
i [t [ AL E =B g,
t1
to
1 u(s —6a2(s)) —v(s — 0a(s))
ey 0/ 4()La(s) | ds
17 u(s — 0a(s)) — v(s — Oa(s))
e / 4()La(s) | ds
(3.4 < g U= ol + e = vl).
hence
I7u=Tol < Fs lu—ollx

Thanks to (3.3) and (3.4), it yields
2C
[T —Tvl|x < F( ) lu—vllx-

Taking (3.2) into account, we deduce that T' is a contraction and then
T has a unique fixed point in X that is the unique solution for problem

(P). O

4. Stability of solution

In this section, we study the stability of the solution for the nonlinear
fractional boundary value problem (P). Let @ be a solution of the following
fractional boundary value problem
B Dga(t) —q(t) f (¢, a(t — 01(t)),u(t — 02(t))) =0,2<a<3,t >0
(P) @ (t) = p(t),t € [0
@"(0) = 0,1imy .00 DY () = I'(c)@(0).

Definition 1. The solution of the fractional boundary value problem (P)
is stable if for any € > 0, there exists § > 0 such that for any two solutions
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w and @ of problems (P) and (P) respectively, one has || — @|lg <9, then
lu—1aly <e.

Theorem 2. Under the assumptions of Theorem 4, the solution of the
fractional boundary value problem (P) is stable.

Proof. Let u and @ be solutions of problems (P) and (P) respectively,
we have

(@D)lu =il = masx fuft) ~ 3(t)| = mas. o(t) = (0] = o~ -

On the other hand for ¢ > 0, we have

ult) —a(t)| _
14+t | = 141

tafl

|#(0) = (0)]

- /q VS (s, u(s = 01(s)), u(s — 02(s))) — f (s, a(s — 01(s)), a(s — 01(s)))| ds
0

ta—l
< T 90 - 50)
JFF(1 )0/q( VL (s) (5—91(i)3r—8afb_(1'8—91( ))’d
1 7 s—0a(s)) —a(s—0
mo/q $)La(s) u( 2(1)J)rsa(1 1( ))’d,

reasoning as in the proof of Theorem 4, we get

Jual, < (1+ %) lo— &llo + 2(—0) o — %,
hence
(42) - a1l < (o) e = -
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In view of (4.1) and (4.2), we obtain

=l < (g5 ) e = 9l

-1
therefore, for e > 0, we can find § = (1“(25)—(30) e such that if || — §[|; < 6

then ||u — 4|y < €, which proves that then unique solution is stable. O
Now we give a numerical example.

Example 3. Consider the following fractional boundary value problem
D2 () = a(t) (tult — Br(2)), ult — 6a(t))) 1t > 0,
(P1) u(t) = plt),t € [-,0],
u”(0) = 0, limy— 00 Dg‘fl (t) = T'(a)u(0),

where o = B, f (ta,y) = 55 (2+1y = i), ¢ (1) = %, 4(1) = =,
01(t) = £ + 3, 02(t) = £ + 3, then 7 = 3. Let us check the hypotheses of
Theorem 4. -(H1) holds if we choose L (t) = 5~ (1+ 171 + (14271)%),
Lo(t) = % and then C = 0.540 36. -There exist t1 = t9 = 1, such
that t — 0;(t) <0, for 0 <t <1, andt —0;(t) >0, ift > 1,4 =1,2. Hence
the Hypothesis (H2) is satisfied.

By Theorems 4 and 5, we conclude that the problem (P1) has a unique
solution that is stable in X.

5. Acknowledgements.

The authors express their gratitude to the referees for their helpful sugges-
tions which improved the final version of this paper.

References

[1] S. Abbas, “Existence of solutions to fractional order ordinary and delay
differential equations and applications”, Electronic Journal of Differential
Equations, vol. 2011, no. 09, pp. 1-11, 201L.

[2] E. Ahmed, A. Hashish, F. A. Rihan, “On fractional order cancer model”,
Journal of Fractional Calculus and Applications, vol. 3, no. 2, pp. 1-6, 2012.



270 F. Fenizri, A. Guezane-Lakoud and R. Khaldi

[3] D. Baleanu, K. Diethelm, E. Scalas and J.J. Trujillo, Fractional Calculus Models and
Numerical Methods. Singapore: World Scientific, 2012.

[4] M. Benchohra, J. Henderson, S.K. Ntouyas and A. Ouahaba, “Existence results
for fractional order functional differential equations with infinite delay”,
Journal of Mathematical Analysis and Applications, vol. 338, pp. 1340-13, 2008. doi:
10.1016/j.jmaa.2007.06.021

[5] L. Bingwen, “Existence and uniqueness of periodic solutions for a class of
nonlinear n-th order differential equations with delays”, Mathematische
Nachrichten, vol. 282, no. 4, pp. 581-590, 2009. doi: 10.1002/mana.200610756

[6] N. D. Cong and H. T. Tuan, “Existence, uniqueness and exponential
bound-edness of global solutions to delay fractional differential equations”,
Mediterranean Journal of Mathematics, 2017. doi: 10.1007/s00009-017-0997-4

[7] K. S. Cole, “Electric conductance of biological systems”, Cold Spring Harbor
Symposia on Quantitative Biology, vol. 1, pp. 107-116, 1933. doi:
10.1101/SQB.1933.001.01.014

[8] W. C. Chen, “Nonlinear dynamics and chaos in a fractional-order financial
system”, Chaos Solitons & Fractals, vol. 36, no. 5, pp. 1305-1314, 2008. doi:
10.1016/j.chaos.2006.07.051

[9] L. Debnath, “Recent applications of fractional calculus to science and
engineering”, International Journal of Mathematics and Mathematical Sciences, vol. 54,
pp. 3413-3442, 2003. doi: 10.1155/s0161171203301486

[10] F. A. Rihan, "Computational methods for delay parabolic and time fractional
partial differential equations”, Numerical Methods for Partial Differential Equations,
vol. 26, no. 6, pp. 1556-1571, 2010. doi: 10.1002/num.20504

[11] F. Ge and C. Kou, “Stability analysis by Krasnoselskii’s fixed point theorem for
nonlinear fractional differential equations”, Applied Mathematics and Computation,
vol. 257, pp. 308-316, 2015. doi: 10.1016/j.amc.2014.11.109

[12] A. Guezane-Lakoud and A. Kiligman, “Unbounded solution for a fractional
boundary value problema”, Advances in Difference Equations, vol. 2014, 2014. doi:
10.1186/1687-1847-2014-154

[13] A. Guezane-Lakoud and R. Rodriguez-L6pez, “On a fractional boundary value
problem in a weighted space”, SeMA Journal, vol. 75, no. 3, pp. 435-443, 2018.
doi: 10.1007/s40324-017-0142-0

[14] A. Guezane-Lakoud, R. Khaldi and Delfim F. M. Torres, “On a fractional
oscillator equation with natural boundary conditions”, Progress in Fractional
Differentiation and Applications, vol. 3, No. 3, pp. 1-7, 2017. doi
10.18576/pfda/030302



Stability of solutions to fractional differential ... 271

[15] N. M. Grahovac and M. Zigic, “Modelling of the hamstring muscle group by
use of fractional derivatives”, Computers & Mathematics with Applications, vol.
59, pp. 1695-1700, 2010. doi: 10.1016/j.camwa.2009.08.011

[16] K. Hadi, A. Babakhani and D. Baleanu, “Existence results for a class of
fractional differential equations with periodic boundary value conditions
and with delay”, Abstract and Applied Analysis, vol. 2013, Art. 1D 176180, 2013.
doi: 10.1155/2013/176180

[17] L. Kexue and J. Junxiong, “Existence and uniqueness of mild solutions for
abstract delay fractional differential equations”, Computers and Mathematics
with Applications, vol. 62, pp. 1398-1404, 2011. doi: 10.1016/j.camwa.2011.02.038

[18] A. A Kilbas, H. M. Srivastava and JJ. Trujillo, Theory and applications of
fractional differential equations, Elsevier Science, Amsterdam, 2006.

[19] R. Khaldi and A. Guezane-Lakoud, “Upper and Lower Solutions, method for
fractional oscillation equations”, Proceedings of the Institute of Mathematics and
Mechanics, vol. 43, no. 2, pp. 214-220, 2017.

[20] C. Li and F. Zhang, “A survey on the stability of fractional differential
equations”, The European Physical Journal Special Topics, vol. 193, pp. 27-47, 2011.
doi: 10.1140/epjst/e2011-01379-1

[21] N. Laskin and G. M. Zaslavsky, “Nonlinear fractional dynamics on a lattice
with long-range interactions”, Physica A: Statistical Mechanics and its
Applications, vol. 368, pp. 38-54. 2006. doi: 10.1016/j.physa.2006.02.027

[22] W. Lin, “Global existence theory and chaos control of fractional differential
equations”, Journal of Mathematical Analysis and Applications, vol. 332, pp.
709-726, 2007. doi: 10.1016/j.jmaa.2006.10.040

[23] 1. Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999.

[24] A. El-Sayed and F. Gaafar, “Stability of a nonlinear non-autonomous
fractional order systems with different delays and non-local conditions”,
Advances in Difference Equations, vol. 2011, no. 1, pp.47, 20l doi:
10.1186/1687-1847-2011-47

[25] S. G. Samko, A. A. Kilbas and O. I. Marichev, Fractional integrals and derivatives.
Theory and Applications. Gordon and Breach, Yverdon, 1993.

[26] X. Zhang, “Some results of linear fractional order time-delay system”, Applied
Mathematics and Computation, vol. 197, pp. 407-411, 2008. doi:
10.1016/j.amc.2007.07.069



272 F. Fenizri, A. Guezane-Lakoud and R. Khaldi

[27] G. Zhenghui, Y. Liu and L. Zhenguo, “Stability of the solutions for nonlinear
fractional differential equations with delays and integral boundary
conditions”, Advances in Difference Equations, vol. 2013, no. 1, pp. 43, 2013. doi:
10.1186/1687-1847-2013-43

[28] Y. Zhou, “Existence and uniqueness of fractional differential equations with
unbounded delay”, International Journal of Dynamical Systems and Differential
Equations, vol. 1, no. 4, pp. 239-244, 2008. doi: 10.1504/ijdsde.2008.022988

[29] G. M. Zaslavsky, “Chaos, fractional kinetics, and anomalous transport”, Physics
Reports, vol. 371, pp. 461-580, 2002. doi: 10.1016/s0370-1573(02)00331-9

F. Fenizri

ENSET Skikda

Algeria

e-mail: f fenizri@yahoo.com

A. Guezane-Lakoud
Laboratory of Advanced Materials
Faculty of Sciences,

Badji Mokhtar-Annaba University
P. O. Box 12, 23000 Annaba,
Algeria

e-mail: a guezane@yahoo.fr
Corresponding author

and

R. Khaldi

Laboratory of Advanced Materials
Faculty of Sciences,

Badji Mokhtar-Annaba University
P. O. Box 12, 23000 Annaba,
Algeria

e-mail: rkhadi@yahoo.fr



