Proyecciones Journal of Mathematics d . 10.22199/issn.0717-6279-4271
Vol. 40, N° 5, pp. 1117-1135, October 2021.

Universidad Catdlica del Norte

Antofagasta - Chile

Existence of solutions of boundary value
problems for fractional differential equations
with integral conditions

Ahcene Boukehila
University Amar Telidji of Laghouat, Algeria
Received : June 2020. Accepted : February 2021

Abstract

In this work we investigate the existence and uniqueness of solu-
tions of boundary value problems for fractional differential equations
involving the Caputo fractional derivative with integral conditions and
the nonlinear term depends on the fractional derivative of an unknown
function. Our existence results are based on Banach contraction prin-
ciple and Schauder fixed point theorem. Two examples are provided
to illustrate our results.
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1. Introduction

Fractional differential equations are generalizations of the ordinary differ-
ential equations to an arbitrary non-integer order. They have attracted
considerable interest due to their ability to model complex phenomena in
various science and engineering fields [2, 7, 12]. In fact, the fractional differ-
ential equations are considered as alternative models to nonlinear differen-
tial equations which induced extensive researches in various fields including
the theoretical part [5, 9, 10, 11, 13, 16]. Some existence results for bound-
ary value problems with integral conditions can be found in [1, 8, 15].

In [3], Benchohra et al. established sufficient conditions for the existence
of solutions to a class of boundary value problem for fractional differential
equations using the techniques of some fixed point theorems.

By means of Banach contraction principle and Leray—Schauder nonlinear
alternative, Guezane-Lakoud et al.[6] proved the existence and uniqueness
of solutions for boundary value problems for a class of fractional differential
equations with fractional integral condition.

However, it is an essential condition that the nonlinear term depends on
the unknown function indicated in [3]. Thus, it is desirable to extend this
condition which leading to a more difficult and complicated case, in which
the aim of the present paper is to overcome these difficulties. Inspired
by these works in [3, 6] and the references therein, the present study was
aimed to investigate the existence and uniqueness of solutions of boundary
value problems for the fractional differential equations with integral con-
ditions and the nonlinear term depends on the fractional derivative of an
unknown function. Hence, we consider the following fractional boundary
value problem of the form

(1.1) ‘D u(t) = f(t,u(t),” Dgru(t)), 0<t<I1,

(1.2) u(0) — /' (0) = /0 L ()u(s) ds,

(13) (1) (1) = [ mlsyuts) ds,

where CD8+ is the Caputo fractional derivative of order ¢, 1 < ¢ < 2
and 0 < o < 1, f:[0,1] x R x R — R and n,n2 are the continuous
functions which will be specified later. In this paper, we firstly derive
the corresponding Green’s function. Consequently, problem (1.1)—(1.3) is
reduced to equivalent Fredholm integral equation of second kind. Finally,
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using Banach contraction principle and Schauder fixed point theorem the
existence and uniqueness of solutions are obtained. The other parts of the
paper are organized as follows: In Section 2, we list some definitions and
lemmas to be used later. In section 3, we present and prove our main results
which consist of the uniqueness and existence theorems. At the end of this
section, two examples are also provided to illustrate the main results.

2. Preliminaries

In this section, we give some basic definitions and lamas of fractional cal-
culus [9, 16] which will be used in this paper.

Let us denote by L'([0,1],R) the Banach space of Lebesgue integrable
functions f : [0, 1] — R with the norm

1
Il = | W]t

Definition 2.1. [16] A function p(z) is called absolutely continuous on an
interval Q, if for any € > 0 there exists a § such that for any finite set
of pairwise nonintersecting intervals [ag, by] C Q,k = 1,2,...,n, such that
Yop—q (b —ag) < & the inequality Y p_; | f((bx) — f(ax))| < € holds. The
space of these functions is denoted by AC(S).

Definition 2.2. [16] For n € N = {1,2,...}, we denote by AC™(RY) the
space of functions p(x) which have continuous derivatives up to order n—1
on Q with "V (z) € AC(Q).

In particular, AC1(2) = AC(R).

Definition 2.3. [9] The Riemann-Liouville fractional integral of order o >
0 for a continuous function ¢ € Cla,b| is defined as

(2.1) et = 5 | o)t — )@ ds,

where 1" is the gamma function.

Definition 2.4. [9] For a function ¢ € AC"[a,b], the Riemann-Liouville
fractional derivative of order aw > 0 of pis defined as

dt
exists almost everywhere on [a,b] where n = [a] + 1 and [a] is the integer
part of c.

22 Dol = e () [ =9 Vs
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Definition 2.5. [9] For a function ¢ € AC™[a,b], the Caputo fractional
derivative of order a > 0 of ¢ is defined as

(23) CD3+(‘0<t) — ﬁ /at SO(n) (S)(t _ S)(n—a—l) dS,

exists almost everywhere on [a,b] where n = [a] + 1 and [a] is the integer
part of a.

Lemma 2.6. [9] Leta > 0,8 > 0,f € L'[0,1]. Then the operator[® has the
semigroup property

IGI0 F) = ISHPf(),
= I IS £ (1),
for all t € [0,1].

Lemma 2.7. (Lemma 10, [6]) Let B3 > 0 and f € L'[0,1]. Then

) < |15 1]

L’
for allt € [0,1].
Lemma 2.8. [9] Let 8> « and f € L'[0,1]. Then

DY I f(t) = Iy f(1),
and

DG I f () = (D),

for allt € [0,1].
Lemma 2.9. [9) Let « > 0, n —1 < a < n, f € {0,...,n—1} and

f(t) = (t —a)®, then
“Dgy f(t) = 0.

Moreover, if 3 >mn — 1, then

rB+1)

TB—atn " a)’.

CDngf(t) =
In particular

r

I3 —a) ’



Ezistence of solutions of boundary value problems for ... 1121

Lemma 2.10. [9] The solution to the fractional differential equation
D, (1) = 0,
with a > 0 and ¢ € AC™[0, 1] has the following form:
o(t) =c1 + cat + est? 4+ . ept™
where ¢; € R,i=0,...,n and n = [a] + 1.
Lemma 2.11. [9] Let o > 0 and ¢ € AC"[0,1]. Then
I“DYp(t) = p(t) + co+ crt + cat? 4+ . it

for arbitrary ¢; € R,i=0,...,n and n = [a] + 1.

The following Banach space plays a fundamental role in our analysis.
We let C([0,1],R) denote the space of all continuous functions defined on
[0,1]. The space

E={u:yeC(0,1,R),Diry € C([0,1],R),0 < 0 < 1},
endowed with the norm

Il = g el g Pl

is a Banach space.
Lemma 2.12. (Lemma 3.2, [15]) (E, ||.||) is a Banach space.

To study the existence of solution of the problem (1.1)-(1.3), we need
the following lemma.

Lemma 2.13. Given ¢¥,n1,m2 € C([0,1],R) and 1 < ¢ <2, 0< o < 1.
Then the unique solution of the boundary value problem

eDdiu(t) = (t), 0<t<1,
(2.4) u(0) — w/(0) = Ji ma(s)u(s) ds,
u(1) — /(1) = fgn <)()ds

18 given by

(2.5) u(t) = 01 G(t, s)(s)ds,

where
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(i Badhekal) (Lo () (r — 5)0 L dr
+(k4+k5t)f no(r)(r — 8)4 tdr
katk o katk _
G(t,s) = kgg_?u—s) 2 %(1 sl 0<s<t<l
o) 1) a4 (a4 hst) [ ) — )7L
ka+kst ka+kst
~F (-9 iy M=)l 0<t<s<,
(2.6)
and G(t,s) is called the Green’s function of the boundary value problem
(1.1)-(1.8).
Here
_ 1 _ p2p _ P
kl_P_l k2_p§pg’ k3_ﬁ’
1
ko =2 ks = p%,? pr=1 —1f0 m(s)ds 1
p2=1+ [y smu(s)d p3=1— Jyma(s)ds,  ps=2— [y sma(s)ds,
ps = (pa + B2),
where P1,P2,P3,P4,P5 > 0.
Proof. Assume that u is a solution of the boundary value problem

(2.4). Then, according to Lemma 2.11, we can reduce the problem (2.4) to
an equivalent integral equation

[ sy tus)ds

(2.7) u(t) = co + art + @ Jo

for some constants cg, c; € R.

Taking the fractional integral conditions u(0) — u/(0) = fol n(s)u(s)ds and
u(l) —u/(1) = fol n2(s)u(s)ds into account, it yields

(2.8) cp—c1= /01 ni(s)u(s)ds

1 1 1
qﬁ-Qcﬁ—ﬁ/o (l—s)qltb(s)ds—i—ﬁ/o (1—s)q*2w(s)d3:/0 n2(s)u(s)

(2.9)

ds.
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From (2.7), we have by integration using Fubini’s integral theorem and
(2.8) and (2.9), we get

1 = bl o L)~ ) — gty [0~ s
(2.10) psF(q 1) fo (1= 5)7 (s )d3+p5r(q fo f 772( )(r — )97 (s)drds.
an‘d

w = (tm ~ ) o o (e = 9 y(e)drds

Q1) 4t fo fy mlr)(L = 5 (s
plpsl“q l)f( s)1” w(s)ds p1p5F fo( 5)q71¢(5)d5

Hence the unique solution of problem (2.4) is found by substituting ¢y and
¢1 by their values in (2.7). This yields

ut) = i fo(t = 5)1(s)ds
lathedat) (4L () — 5)aLep(s)drds
+Ml Jo [Eme(r)(r — $)3 Y (s)drds
’“4;’“;; Jo (1= 8)1=24(s)ds

—C o (L= )7 M (s)ds
= Jo Gt s)(s)ds.

This completes the proof. O

(2.12)

Lemma 2.14. Assume that f € C(]0,1) x R x R,R). Then u € F is a
solution of the fractional boundary value problem (1.1)—(1.3) if and only if
Ou(t) = u(t), for all t € [0,1].

Proof. Let u(t) € E be a solution of problem (1.1)—(1.3). Then, using
the same method as used in Lemma 2.13, we can obtain that w is a solution
of the following integral equation

1
(2.13) u(t) = /0 G(t, 5)f (s, u(s).c D u(s))ds.

Conversely, let u € E be a solution of integral equation (2.13). We
denote the right-hand side of the first equation in (2.13) by z(t)
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2(t) = Ig; f(s,u(s),” Dg u(s))
+%mf“hfm(W>$“V@M$%%mmmw
+(k4+k5t) fO f 772(7-)(7' — S)Q—lf(&u(s)’c D3+U(S))de8
M JE1 = 8)772 f(s,u(s),© DG, uls))ds
—Leathl) [A(1— 5)71 £ (s, uls).© DGy uls))ds.

Using Lemma 2.8 and Lemma 2.9, we have

°Dgz(t) = Dgi I f(s,u(s),” Dy, u(s))

Eu—fiikfmxw—QWV@M$%@wmwm
fo f no(r)(r — 8)17 1 f(s,u(s),* Dg+u(s))drds
ep? k4+k5t

—AT——ka—WZﬂ u(s),* Dg.u(s))ds
(ka+kst)

—7&( — 5)77 1 f (s, u(s),” D, u(s))ds,
= (s, U( ), Dy u(s))

namely, ‘D, u(t) = f(s,u(s),° D,u(s)). Also it easy to verify that u

satisfies conditions (1.2) and (1.3). Hence, v € E is a solution of the

problem (1.1)—(1.3). This achieves the proof. O
Let © : E — E be the operator defined as

k4+k5t

_ /0 LG ) f (5, u(s). DYy uls))ds.

Therefore by Lemma (2.14), the fixed point of operator © coincides with
the solution of problem (1.1)—(1.3).

3. Main results

In this section, we prove the existence and uniqueness of solution of the
boundary vale problem (1.1)—(1.3) in the Banach space E by applying Ba-
nach contraction principle [16] and Schauder fixed point theorem [16].

We need the following assumptions to establish our results:

(H1) The function f:[0,1) x R x R — R is continuous.

(H2) There exists a constant L > 0 such that: |f(¢t,z,z) — f(t,y,7)| <
L(lx —y|+ |z —yl|), for all z,z,y,y € R and t € [0, 1].
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(H3) There exists a nonnegative function 8 € L[0, 1] such that: |f(¢,z,y)| <
B(t)+aq |z +ag |y|”?, where aj,as > 0and 0 < o; < 1fori=1,2.

(H4) There exists a nonnegative function 5 € L]0, 1] such that:

[f(t 2, y) < B(E) + on 2| + a2 [yl™

where a1, a9 > 0 and 01,09 > 1.

For convenience, we define the following notations:

w1 = oy + B Ly () (r — 50V drds

(lcs fo f 772( )(r — 8)0 Ydrds + (kg + ks) (ﬁ + F(q1+1)) '

wp = s iy fo S (r)(r — 5) drds
+1%5 Jo I 772( )(r — )" drds
k
0 T D

ws =1 o [l () — )77 B(s)drds

+1p Jo I3 m(r)(r — s)T1B(s )drds
+F(flltl) o (1= 5)728(s)ds + #5 T(q) fo (1—5)171B(s)ds
wi =gax [y |G(t,5)B(s)|ds.

Theorem 3.1. Assume that (H1) and (H2) hold. If

(3.1) L. (w1 + %) <1.

Then the boundary value problem (1.1)-(1.3) has a unique solution u € E.

Proof.  We prove by using Banach contraction principle [16] and Lemma
2.14 the boundary value problem (1.1)—(1.3) has a unique solution if and
only if the operator © has a fixed point in E. For this, we need to verify
that © is a contraction. Let u,v € E, in view of (2.12) and Lemma (2.14)
we get

Ou(t) — Ou(t) = /01 G(t,s)(f(s,u(s),” Diru(s)) — f(s,v(s),” D+v(s)))ds.
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According to (H2), we obtain

©u(t) - Ou(t)] < Jy G(t, 5)(f(5,u(s),” DG, uls)) = f(s,0(5),° DGy v(s)))ds,
<Lfo G(t,5)] |u(s) — v(s)| ds
—l—LfO |G(t, s)] ]cDoJru s) —¢ Dg,v(s)| ds,

<
L max |u(s) ~ ()| Jo |G(t,5)| ds
+L [nax, |°Dg,u(s) —¢ D v(s |f0 |G(t, s)| ds.

(3.2)
Indeed, let us estimate the term fol |G(t,s)|ds, using (2.6) we have

fol IG(t,s)|ds < qF(q) + k1+k2+k3 fo f m(r )(T—S)qfldrds
(33) G I S 772( )(r —s)"drds

(""4+ ks) (vt + rarm ) -

Consequently (3.2), can be written using the above notation

[©u(t) — Ouv(t)] < Lon(max fu(t) —v(t)| + max [*D§.u(t) — Dg.v(t)))
< Loy [lu(t) = v(®)]] -

(3.4)
Since on the other hand we have
- ¢ o 1 " (Ou)(s) — (Ov)'(s)
DS, Ou(t) —° DI, Ou(t) = m_a)/o s,
where 1 OG (1 5)
(©u)(t) = [ =5 ps,u(s)." Divuls))ds.
and
ool ke L () (r — )0 4 85 [ () (r — )7
IG(t,s) ﬁ%)(l 5)472 %(1—s)q 1 O<s§t§1,
o s L () (r — 9)7 4 s [ () (r — )7 dr
(197 %(1—3)4 1 0<t<s<l.
(3.5)

So we get that
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D7, Ou(t) — D, Ouv(t)
= T Jo Jo (6 = )77 25 (f(ryu(r).C DEulr)

_f(rv U(T)vc D8+U(7“)))drds.
Using (H2) yields

°Dg, Ou(t) —° DI, Ouv(t)|

max [u(t)—v(?)]

(36) < L= Jo Jo (t — 9)77 |25 | drds
max |“D¢ u(t)—“Dg v(t) | —o | 0G(s,r
7,051 — ¢ fol t—s)"° ’% drds.

The term [ IBG(S )
Iy ‘%ﬁ” dr < gi= F(q fo [rm(r)(r = s)7 drds
fo Js 772( )(r — s)" drds

i r( )+ T
Using the notation given above, (3.6) becomes

dr in (3. 6) admits the following estimate

1°Dg, Ou(t) —¢ DT, Ov(t)| < Féwzg) Juax lu(t) — v(t)|

—i—F(Lz”QU)O <t < lmax |°DZ, u(t) = DT (1)),

(3.7)
then

— — _ cno _c o
[©u(t) — ©u(®)] ; =max, [Ou(t) ~ Ov(t)] + max. |"DF.Ou(t) = DF. Ou(t)] .

(3.8)
Thus, it follows from this that

39 10u(t) ~ o) < L (1w + =) u(t) w0

Using the condition (3.1), we conclude that © is a contraction mapping,
hence Banach contraction principle guarantees that © has a fixed point
which is the unique solution of the boundary value problem (1.1)—(1.3).
The proof is complete. O

The existence result can be obtained by the well-known Schauder fixed
point theorem [16].

Theorem 3.2. Assume that (H1) and (H3) hold. Then the boundary value
problem (1.1)-(1.8) has a solution.
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Proof. In view of the continuity of f and G, the operator © defined
above is continuous.

Firstly, we prove that © : W — W. Let W = {u € E : |Ju(t)||p < R,t €
[0,1]} be a bounded subset in E, and choose

1 1
R > maz{3ws, (3aqwe) =71, (3aawe) =72 }. For u € W, and using (H3), we
obtain

Ou(t)] < fi Gt Hfsu £ Dgu(s))| ds,

(3.10) < (|Gt 5)B(s)| ds + (alRal +aaR%?) [L|G(t, 5)| ds.

Using the notation given above, this becomes
(3.11) |@u(t)] <wg + (OélRal + a2R02)w1

In addition

(©ut)| < fy |5

<f1

| f(s,u(s),” D, u(s))| ds,

aG ts) B(s)ds + (a1 R% + aa |R|7) [y ‘M%?_sl d

(3.12)

The term fl ‘aG L.5) ‘ B(s)ds in (3.12) is estimated using (3.5) and Lemma
2.7 with the above notation, leading to

Jo |22 | g(s)ds < ﬂ*%( £) + s fo o m(r)(r = )71 3(s)drds
r q) Jo S me(r)(r — 5)171B(s)drds
(3.13) +Fq T Ji(1 = 5)9728(s)ds
+rk5) fo (1—5)1715(s)ds
<z, en
Then we obtain
(8.14)  |©u®)| < |18, +ws + (1R +ag | RI™)ws

Consequently, we have
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(OélRal +as R? )UJQ).

©Dg, Ou(t)] < ﬁ =z +w3)+ﬁ
(3.15)

Then

u(®)] ; =ma, [Ou(t)] + max. |"DF. Ou(®)]

Therefore, we have
1 -2
[Oudlls < wst gy (756, +s)
+ (ﬁu& + w1) (a1 R + ap R7?)
< ws+ wﬁ(ach’l + a2R02),
<E 8 kR
where ws = wyg + ﬁ (Hfg;zﬁHLl + w3> and wg = ﬁwg 4+ wq. There-

fore we conclude that ||©u(t)||; < R. Since |Ou(t)] and |°DJ, Ou(t)| are
continuous on [0, 1], hence © : W — W.

Now, we show that © is completely continuous operator. In fact, let
M =max |f(t,u(t), D u(t))] where 0 < t < 1 and [Jul| < R, then for

all t1,t0 € [0,1],¢1 < t2 and uw € W, we have

©ulty) — Bulta)| = [} Gt 5) — Glta, )] |t u(t).* D, u(t))] ds,
<M [y |G(t1,8) — G(t2, 5)| ds,
M|t?—td _
(3.16) S]%ﬂ5+M@&”U@rmu&—@qme
Akt o L) — )0 drds
| Mislhy —t5](g+1)
T(g+1)

In addition

|078+1@u(t(1) —¢ Dg+ @u(t2)| )
([T (t1 — )77 (Ou(s))'ds — [*(t2 — )7 (Ou(s))'ds
T o) 0

(311 go<@1—s>U-—@z—s>0>u@u@»ﬂd@

)

— F 1 o)
+1“(17¢7) ftl b2 — S)_U |(@U(S))/| ds.
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From (3.14), we obtain

°Dg, Ou(ty) —° DZ, Ou(ty)|

17728 | +ws+(c1 R°1+a2|R|72)w
o Lngl] P T (e (0 = )7 (2 — ) 7)) .
19728|| |, +wa+(a1 R71+az|R|72) _ _
< Lol o on bl W (10 ) 4 2ty — 1)),
(3.18)

Since the functions t¢ —t3,t; —to, t177 —t377 and (ty —t;)'~7 are uniformly
continuous on [0,1], we conclude that ©W is equicontinuous. Also, OW is
uniformly bounded set. So ©OW C W. By the Arzela-Ascoli Theorem [16],
© : W — W is completely continuous. Hence, the Schauder fixed point
theorem implies the existence of a solution in W for the boundary value
problem (1.1)—(1.3). The proof is complete. O

Theorem 3.3. Assume that (H1) and (H4) hold. Then the nonlinear
boundary value problem (1.1)-(1.3) has a solution.

Proof. The proof is similar to that of Theorem 3.2, so it is omitted. O

4. Examples

OIn this section, two examples are given to demonstrate the applicability
of the above results.

4.1. Example

Consider the following boundary value problem

1
3 w)+<DZ 4
1) ‘D ut) 24u(t)+°D7, (t;)
(13v/T+1) (3+u(t)+° D2, u(t))

, O0<t<l,

(4.2) u(0) —/(0) = /01 su(s)ds,

(4.3) u(l) —u'(1) = /01 s2u(s)ds.
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We have

2+ u(t) +° D0+u( )

F(t.u(t),* DEult)) = .
(137 + 1)(3+ u(t) +° DE, u(t))

Here ¢ = %, o= %, m(s) = s, na(s) = s%, then we can compute
klakQak37k47k57p17p27p3ap47p5:

p =1- [} sds=0.5>0, pp =1+ f01 s2ds = 1.3333333 > 0,
ps =1— [y s2ds = 0.6666666 >0, py =2— [, s3(s)ds=1.75 >0,
ps = pa+ BB =35277777 >0, ki —p1—2>o
ky = % = 1.0078738 > 0, ks = plm = 0.3779527 > 0,
ky = 2 =0.7590553 > 0, ks = o= = 0.2834645 > 0.
Set
2
ft,a,y) = Tty (t.,y) € [0,1] x R x R.

(BT +1)(B+z+y)

It is clear that f is continuous.
For all z,Z,y,5 € R and ¢t € [0, 1], we have

7 i) = 1 2+x+ 24+T+7
ftzy) = ft2,9) = (13/7+1) 3+§+Z - 3+§+% )
)

1 T—TH+Yy—y
(13\/17_r+1 Braty)(3+z+7) |’
(13y/7+1) (:L' —T+Yy-— g)v

< m(w—iﬁ-y—ﬂ).
Then the assumption (H2) holds with L = Wlm-l) = 0.0415940

In addition, let us estimate the term (wl + F(—;’E?)) We have

IAIN

(o1 + 525y = e T

(B ey ) i e s

+ (Beths 4 potar ) JE (e )(r—s)q drds + ekl
_|_k7+1)

(4_4) r2e- UfP q+1)?

= TE-0)T(@)

+ kl?’g;“ks‘ + r ) Iy JEni(s)(s — r)9" Ydrds
- ka+ks)(g+1)
* kﬁq];s t e J)F(q ) Jo J5 ma(s )(8 — ) ldrds + £4_q5§f)_
+ ks(g+1
I(2—0)l'(g¢+1)"

By SUbStitUting values for kla k27 k3a k4> k5a Pp1,P2,P3,P4,P5,4,0,71 and 72,
we obtain
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1 _ 1 —
o) = FeeT) = v = L128379L, i = oy = 11283791, iy

- %%) - 3(;77 = 0.7522526, with fo Jom(s)(s =) drds = fo Jo s(s =
70 drds = 0.1904761, and [y [ n1(s)(s — r)9" ' drds
= fol 0882(8 —7)9 ldrds = 0.1481481, in (4.4) we get the estimated term

as: (wl + %) = 5.6346356. By computations, we can obtain

L (wl + %) = 0.2343670 < 1. Hence condition (3.1) is satisfied. Thus

Theorem 7?7 guarantees the uniqueness of a solution for the boundary
(4.1)—(4.3) defined on [0,1].

4.2. Example

Consider the following boundary value problem

(2t—2)2% sin 7t 32
D u = i+ 91 + D U ,
(45 O © zr + oyt TeeDZu) O v
0<t<l,
1
(4.6) u(O)—u'(O):/ su(s)ds,
0
1
(4.7) (1) — /(1) = / Su(s)ds.
0
We have

c % (Qt*%)%t sin 7t o1
f(t,u(t),° Dgsu(t)) = T T g{mu(t)
3— 2t
S D3 ()
T+DZ2, u(t)
It is clear that f is continuous.

Here ¢ = 3, 0 = 2 mi(s) = s, m2(s) = s®. Using the same calculations to

get the same values, in accordance with the previously mentioned example
p1 = 0.5 >0, po = 1.3333333 > 0, p3 = 0.6666666 > 0, ps = 1.75, ps =
3.5277T77T > 0, , k1 = 2, ko = 1.0078738 > 0, k3 = 0.3779527 > 0, kg =
0.7590553 > 0, ks = 0.2834645 > 0.

Therefore
1
f(&,u(t),” Dgu(t) < B(t) + anz(t)|™ + agy(t)”
(2t—%)*% 1 3
where [(t) = T, a1 = T 2 = % For 0 < 01,09 < 1, the

assumption (H3) holds, and for 01,02 > 1 the assumption (H4) holds.
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Hence by Theorem 3.2 and Theorem 3.3, the boundary value problem (4.5)—
(4.7) has a solution defined on [0,1].
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