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Edge irregularity strength of certain families of comb graph 793

2. Comb Graph:

Let us consider a path graph Pn, having n ≥ 1 vertices and (n− 1) edges.
The comb graph Cbn is defined by Pn

J
K1. It has 2n vertices and (2n−1)

edges.

3. Comb Graph Can:

Comb graph Can is formed by vertex set V (Can) = {aji ; 1 ≤ i ≤ j + 1, 1 ≤
j ≤ n} and edge set E(Can) = {aj1a

j+1
1 ; 1 ≤ j ≤ n−1}S{ajiaji+1; 1 ≤ j ≤ n,

1 ≤ i ≤ j}. It has (n2+3n2 ) vertices and (n
2+3n−2
2 ) edges.

Theorem 3.1. Let Can be a comb graph. Then es(Can) = dn(n+3)4 e

Proof. Let Can be a comb graph. We have to show that es(Can)

= dn(n+3)4 e. From Theorem 1.1 we get lower bound es(Can) ≥ dn(n+3)4 e.
For converse, we have to prove that es(Can) ≤ dn(n+3)4 e. For this define a
labeling on vertex set such that

If j is odd,

f(aji ) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

d i2e, if j = 1, 1 ≤ i ≤ j + 1

d j2+3j−2i+24 e, if j ≡ 3(mod4), 1 ≤ i ≤ j

d j2+3j−2i+44 e− 2, if j ≡ 3(mod4), i = j + 1

d j2+3j−2i+24 e, if j ≡ 1(mod4), 1 ≤ i ≤ j + 1

If j is even,

f(aji ) =

⎧⎨⎩ d i+22 e, if j = 2, 1 ≤ i ≤ j + 1

d j2+j+2i−24 e, if j > 2, 1 ≤ i ≤ j + 1

Now we evaluate weights for all edges as

wt(a
j
1a

j+1
1 ) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
j2+3j+2

2 , if j is odd
j2+3j+4

2 , if j ≡ 2(mod4)
j2+3j+2

2 , if j ≡ 4(mod4)
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If j is odd,

wt(a
j
ia

j
i+1) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

2, if i = 1, j = 1
j2+3j−2i+2

2 , if j ≡ 3(mod4), 1 ≤ i ≤ j − 1
j2+3j−2i

2 , if j ≡ 3(mod4), i = j
j2+3j−2i+2

2 , if j ≡ 1(mod4), 1 ≤ i ≤ j

If j is even,

wt(a
j
ia

j
i+1) =

j2 + j + 2i

2
, if 1 ≤ i ≤ j

On the basis of above calculations we see that all edges have distinct
weights.
Hence, es(Can) = dn(n+3)4 e 2

4. Comb Graph Cdn:

Comb graph Cdn, is formed by vertex set V (Cdn) = {aji ; 1 ≤ j ≤ n, 1 ≤ i ≤
b j+32 c} and edge setE(Cdn) = {a

j
ia

j
i+1; 1 ≤ j ≤ n , 1 ≤ i ≤ b j+12 c}

S{aj1aj+11 ;

1 ≤ j ≤ n− 1}. It has (n2+6n4 ) vertices and (n
2+6n−4
4 ) edges.

Theorem 4.1. Let Cdn be a comb graph. Then es(Cdn) =
n2+6n
8 .

Proof. Let Cdn be a comb graph. We have to show that es(Cdn) =
n2+6n
8 . From Theorem 1.1 we get lower bound es(Cdn) ≥ n2+6n

8 . For con-

verse, we have to prove that es(Can) ≤ n2+6n
8 .. For this define a labeling

on vertex set such that

f(aji ) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
d i+2j−22 e, j = 1, 2, 1 ≤ i ≤ b j+32 c
d j2+4j+4i−58 e, j > 1, odd, 1 ≤ i ≤ b j+32 c
d j2+6j−4i+48 e, j > 2, even, 1 ≤ i ≤ b j+32 c

Now we evaluate weights for all edges as follows:

wt(a
j
1a

j+1
1 ) = dj

2 + 6j + 4

4
e, 1 ≤ j ≤ n− 1
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Edge irregularity strength of certain families of comb graph 795

wt(a
j
ia

j
i+1) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
2, i = 1, j = 1
j2+4j+4i−1

4 , j > 1, odd; 1 ≤ i ≤ b j+12 c
j2+6j−4i+4

4 , j ≥ 2, even; 1 ≤ i ≤ b j+12 c

On the basis of above calculations we see that all edges have distinct
weights.
Hence, es(Cdn) =

n2+6n
8 2

5. Comb Graph Cen:

Comb graph Cen is formed by vertex set V (Cen) = {aji ; 1 ≤ j ≤ n, 1 ≤
i ≤ 2j + 1} and edge set E(Cen) = {aji+1a

j+1
i+2 ; 1 ≤ j ≤ n − 1, i =

j}S{ajiaji+1; 1 ≤ j ≤ n, 1 ≤ i ≤ 2j}. It has n2+2n vertices and n2+2n−1
edges.

Theorem 5.1. Let Cen be a comb graph. Then es(Cen) = b (n+1)
2

2 c

Proof. Let Cen be a comb graph. We have to show that es(Cen) =
(n+1)2

2 . From Theorem 1.1 we get lower bound es(Cen) ≥ b (n+1)
2

2 c. For con-
verse, we have to prove that es(Cen) ≤ b (n+1)

2

2 c. For this define a labeling
on vertex set such that

f(aji ) = d
j2 + i− 1

2
e, if 1 ≤ i ≤ 2j + 1, 1 ≤ j ≤ n

Now we evaluate weights for all edges as follows:

wt(a
j
i+1a

j+1
i+2 ) = (i+ 1)

2, if i = j, 1 ≤ j ≤ n− 1

wt(a
j
ia

j
i+1) = i+ j2, if 1 ≤ i ≤ 2j, 1 ≤ j ≤ n.

On the basis of above calculations we see that all edges have distinct
weights.

Hence,es(Cen) = b (n+1)
2

2 c 2
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6. Comb Graph Cfn:

Let Cfn be a comb graph, which is formed by vertex set V (Cfn) = {aji ; 1 ≤
i ≤ l, 1 ≤ j ≤ n} and edge set E(Cfn) = {ajl+1

2

aj+1l+1
2

; 1 ≤ j ≤ n −

1}S{ajiaji+1; 1 ≤ j ≤ n, 1 ≤ i ≤ l − 1}. It has (nl) vertices and (nl − 1)
edges and l is the length of vertices in each j

Theorem 6.1. Let Cfn be a comb graph. Then es(Cfn) = dnl2 e

Proof. Let Cfn be a comb graph. We have to show that es(Cfn) =
dnl2 e. From Theorem 1.1 we get lower bound es(Cfn) ≥ dnl2 e. For converse,
we have to prove that es(Cfn) ≤ dnl2 e. For this define a labeling on vertex
set such that

f(aji ) = d
l(j − 1) + i

2
e 1 ≤ i ≤ l, 1 ≤ j ≤ n

Now we evaluate weights for all edges as follows:

wt(a
j
l+1
2

aj+1l+1
2

) = lj + 1, 1 ≤ j ≤ n− 1

wt(a
j
ia

j
i+1) = i+ l(j − 1) + 1, 1 ≤ i ≤ l − 1, 1 ≤ j ≤ n

On the basis of above calculations we see that all edges have distinct
weights.
Hence, es(Cfn) = dnl2 e 2

7. Comb Graph Cgn:

Comb graph Cgn is formed by vertex set V (Cgn) = {aji ; 1 ≤ i ≤ j + 1, 1 ≤
j ≤ dn2 e}

S{aji ; dn2 e < j ≤ n, i = n − j + 2} and edge set E(Cgn) =

{aj1a
j+1
1 ; 1 ≤ j ≤ n− 1}S{ajiaji+1; 1 ≤ j ≤ dn2 e, 1 ≤ i ≤ j}S{ajiaji+1; dn2 e <

j ≤ n, i = n− j + 1}. It has (n2+6n+14 ) vertices and (n
2+6n−3
4 ) edges.

Theorem 7.1. Let Cgn be a comb graph, then es(Cgn) = bn
2+6n+5
8 c
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Proof. Let Cgn be a comb graph. We have to show that es(Cgn) =

bn2+6n+58 c. From Theorem 1.1 we get lower bound es(Cgn) ≥ bn2+6n+58 c.
For converse, we have to prove that es(Cgn) ≤ bn

2+6n+5
8 c. For this define

a labeling on vertex set such that

f(aji ) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
d i2e, if i = 1, 2; j = 1

b j2+2j+2i−14 c, if 1 ≤ i ≤ j + 1, odd; 2 ≤ j ≤ dn2 e
b j2+2i4 c, if 2 ≤ i ≤ j + 1, even; 2 ≤ j ≤ dn2 e

If n ≡ 5(mod4),

f(aji ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

b (d
n+2
2
e+1)2
4 c+ b i2c, if j = dn+22 e; 1 ≤ i ≤ j − 1,

odd

b (d
n+2
2
e+1)2
4 c+Pn

j>dn+2
2
e d

n−j+2
2 e+ b i2c, if dn+22 e < j ≤ n;

1 ≤ i ≤ n− j + 2, odd

d (d
n+2
2
e2+3)
4 e+ i−2

2 , if j = dn+22 e; 2 ≤ i ≤ j − 1,
even

d (d
n+2
2
e2+3)
4 e+Pn

j>dn+2
2
e d

n−j+3
2 e+ i−2

2 , if dn+22 e < j ≤ n;

2 ≤ i ≤ n− j + 2, even

If n ≡ 3(mod4),

f(aji ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

b (d
n+2
2
e+1)2
4 c+ b i2c, if j = dn+22 e; 1 ≤ i ≤ j − 1,

odd

b (d
n+2
2
e+1)2
4 c+Pn

j>dn+2
2
e (

n−j+4
2 ) + b i2c, if dn+22 e < j ≤ n, odd;

1 ≤ i ≤ n− j + 2, odd

d (d
n+2
2
e2+3)
4 e+ i−2

2 , if j = dn+22 e; 2 ≤ i ≤ j − 1,
even

d (d
n+2
2
e2+3)
4 e+Pn

j>dn+2
2
e (

n−j+2
2 ) + i−2

2 , if dn+22 e < j ≤ n, odd;

2 ≤ i ≤ n− j + 2, even

b (d
n+2
2
e+1)2
4 c+Pn

j>dn+2
2
e (

n−j+1
2 ) + b i2c, if dn+22 e < j ≤ n, even;

1 ≤ i ≤ n− j + 2, odd

d (d
n+2
2
e2+3)
4 e+Pn

j>dn+2
2
e (

n−j+5
2 ) + i−2

2 , if dn+22 e < j ≤ n, even;

2 ≤ i ≤ n− j + 2, even
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Now we evaluate weights for all edges as follows:

wt(a
j
ia

j
i+1) =

j2 + j + 2i

2
, if 1 ≤ j ≤ dn

2
e, 1 ≤ i ≤ j

wt(a
j
1a

j+1
1 ) =

j2 + 3j + 2

2
, if 1 ≤ j ≤ dn

2
e

If n ≡ 5(mod4),

wt(a
j
ia

j
i+1) =

(
α+ β, if j = dn+22 e; 1 ≤ i ≤ n− j + 1

γ + δ, if dn+22 e < j ≤ n; 1 ≤ i ≤ n− j + 1

where

α = b (d
n+2
2
e+1)2
4 c+ b i2c

β = d ((d
n+2
2
e)2+3)
4 e+ b i−12 c

γ = b (d
n+2
2
e+1)2
4 c+Pn

j>dn+2
2
e d

n−j+2
2 e+ b i2c

δ = d ((d
n+2
2
e)2+3)
4 e+Pn

j>dn+2
2
e d

n−j+3
2 e+ b i−12 c.

If n ≡ 3(mod4),

wt(a
j
ia

j
i+1) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

α+ β, if j = dn+22 e; 1 ≤ i ≤ n− j + 1

γ + δ, if dn+22 e < j ≤ n, odd; 1 ≤ i ≤ n− j + 1

λ+ µ, if dn+22 e < j ≤ n, even; 1 ≤ i ≤ n− j + 1

where

α = b (d
n+2
2
e+1)2
4 c+ b i2c

β = d ((d
n+2
2
e)2+3)
4 e+ b i−12 c

γ = b (d
n+2
2
e+1)2
4 c+Pn

j>dn+2
2
e (

n−j+4
2 ) + b i2c

δ = d ((d
n+2
2
e)2+3)
4 e+Pn

j>dn+2
2
e (

n−j+2
2 ) + b i−12 c

λ = b (d
n+2
2
e+1)2
4 c+Pn

j>dn+2
2
e (

n−j+1
2 ) + b i2c

µ = d ((d
n+2
2
e)2+3)
4 e+Pn

j>dn+2
2
e (

n−j+5
2 ) + b i−12 c

On the basis of above calculations we see that all edges have distinct
weights.
Hence we can say that es(Cgn) = bn

2+6n+5
8 c 2
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