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Abstract:

Edge irregular mapping or vertex mappingh: V(U) —— {1, 2,3, 4, .., s}isa
mapping of vertices in such a way that all edges have distinct weights. We
evaluate weight of any edge by using equation wtn(cd) = h(c)+h(d), V¢, d €
V (U ) and Vcd € E(U ). Edge irregularity strength denoted by es(U ) is a
minimum positive integer use to label vertices to form edge irregular label-
ing. In this paper, we find exact value of edge irregularity strength of differ-
ent families of comb graph.
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1. Introduction:

In this paper, we consider finite, simple and undirected graphs. The proce-
dure of assignment of numbers (either positive or negative) to the elements
of a graph G is termed as labeling. Vertex set V(G) and edge set F(G) are
the elements of a graph G. If we label vertices or edges then this labeling
is categorized as vertex labeling or edge labeling respectively. If we label
both vertices and edges, then this labeling is termed as total labeling.
Chartrand et al.[13] had introduced edge labeling for a graph G. We call
this labeling as irregular assignments because all vertices have distinct
weights. Irregularity strength s(G) is a minimum positive integer which
is used to form irregular labeling. Results regarding irregularity strength
can be seen in [8, 12, 14, 18]

Vertex irregular mapping or edge mapping h : E(G) — {1,2,3,4,...,s} is
a mapping of edges in such a way that all vertices have distinct weights.
We evaluate weight of any vertex by using equation wity(c) = Xh(cd),
Ve,d € V(G) and c¢d € F(G). Motivated by Chartrand’s work, Baca at
[10] introduced new labeling named as vertex irregular total labeling. Ver-
tex irregular total labeling for a graph G is a mapping h : E(G)U V(G) —
{1,2,3,4,...,s} in such a way that the total vertex weight is different for
all vertices. We can evaluate total vertex weight by using the relation
wtp(c) = h(c) + Xh(ced), Ve,d € V(G) and Ved € E(G). Total vertex ir-
regularity strength denoted by tvs(G) is a minimum positive integer use to
label vertices to form vertex irregular total labeling. For more results on
labeling and trees we refer to see [1,2,4,5,9,11,15,16,17,19,20,21,22,24].
Both edge irregular and vertex irregular was a new labeling categorized as
totally irregular total labeling developed by Marzuki in [10] by the motiva-
tion of previous improvements. Total irregularity strength for a graph U is
denoted as ts(U). Results related to irregular total labeling were developed
in [10].

Because of provocation of preceding results Ahmed et. al in [2] developed
a new concept of edge irregularity strength denoted by es(U) which is a
minimum positive integer use to label vertices to form edge irregular label-
ing. Inspired by this, more results were developed in [5,6,23].

Theorem 1.1. [2] Let G be a simple graph with maximum degree A =
A(G). Then es (G) > max {[(|F (G)| +1) /2], A (G)}.
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2. Comb Graph:

Let us consider a path graph P,, having n > 1 vertices and (n — 1) edges.
The comb graph Cb,, is defined by P, ® K. It has 2n vertices and (2n—1)
edges.

3. Comb Graph Ca,:

Comb graph Cay, is formed by vertex set V(Cay) = {ag; 1<i<j+1,1<
J < n} and edge set ]%’(Can) = {alaltt:1 %j <n—-1}U{alal ;1 <j <n,
1 <4< j}. It has (%£32) vertices and (“—£3"=2) edges.

Theorem 3.1. Let Ca,, be a comb graph. Then es(Cay,) = [@}

Proof. Let Ca, be a comb graph. We have to show that es(Cay,)

= [%] From Theorem 1.1 we get lower bound es(Ca,) > [@1

For converse, we have to prove that es(Cay,) < [@] For this define a
labeling on vertex set such that

If 5 is odd,
Ef ifj=11<i<j+1
) [EEB22] - f = 3(modd), 1 < < j
G724 o if = 3(modd),i = j + 1
(24312042 if j=1(modd),1 <i<j+1
If j is even,
. [462], if j=21<i<j+1
f(a‘]): ) i19i_9
' [LEE227 0 4 5> 21 <i<j+1

Now we evaluate weights for all edges as

EL3052 - if § is odd
wi(alal™) = ﬂ#, if 7 = 2(mod4)

LJ“;M, if 7 = 4(mod4)
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If j is odd,
2, ifi=1,j=1
wy(alal, ) = #> if j =3(mod4),1 <i<j—1
VT B = 3(modd), i =
PA32042 if § = 1(modd), 1 <i < j
If j is even,
wt(agangl) = w,if 1<i<jy

2

On the basis of above calculations we see that all edges have distinct
weights.

Hence, es(Cay) = [@] O

4. Comb Graph Cd,:

Comb graph Cd,,, is formed by vertex set V(Cd,,) = {aj 1<j<n1<i<
Lﬁj} and edge set E(C’d )= {aZaH_l, 1<j<n,1<i< LLJ}U{alaJH,
1<j<n-—1}. It has (=2 26") vertices and (%) edges.

Theorem 4.1. Let Cd,, be a comb graph. Then es(Cd,,) = ”Zf‘;G”.

Proof. Let Cd,, be a comb graph. We have to show that es(Cd,) =
”2—;6”. From Theorem 1.1 we get lower bound es(Cd,,) > ”zf‘;ﬁn. For con-
verse, we have to prove that es(Cay) < ”2486”.. For this define a labeling
on vertex set such that

(=42, j=1,2,1<i< |3

. ) . -
flady = [ 5> 1 0dd, 1 < i < |12
i+3

[jz—&-ﬁj#} j>2,even,1 <i < |57

Now we evaluate weights for all edges as follows:

.2 .
jc+65+4
™ =[—]

wi(alal 1 , 1<j<n-1
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2, i=1,j=1
wi(alal,;) = ¢ TS j > 1 0ddi1 < < [T

i
2467 —4i+4 . . . j+1
L= j>2even;1 <i < [ L=

On the basis of above calculations we see that all edges have distinct
weights.

2
Hence, es(Cd,) = 2452 O

5. Comb Graph Ce,:

Comb graph Ce, is formed by vertex set V(C’Qn) = {ag; 1<ji<nl<L
i < 2j 4+ 1} and edge set E(Cey) = {agﬂaﬁé;l <j<n-1i=
JtU{alal ;1 <j <n,1<i<2j}. It has n2 4+ 2n vertices and n2+2n—1
edges.

Theorem 5.1. Let Ce, be a comb graph. Then es(Ce,) = LWJ

Proof. Let Ce, be a comb graph. We have to show that es(Ce,) =
(n+1)? (n+1)?
~=5~. From Theorem 1.1 we get lower bound es(Ce,) > |*—5=]. For con-

verse, we have to prove that es(Ce,) < Lﬁ%l)zj For this define a labeling
on vertex set such that

P24i—1

fla) =T s hif 1<i<2j+11<j<n

Now we evaluate weights for all edges as follows:

wy(alalfy) = (i+1)%ifi=j1<j<n-1

wi(alal,) =i+%if1<i<2j,1<j<n

)

On the basis of above calculations we see that all edges have distinct
weights.

Hence,es(Ce,,) = LWJ O
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6. Comb Graph Cf,:

Let C'f,, be a comb graph, which is formed by vertex set V(C' f,) = {al;1 <
i < 1,1 < j < n} and edge set E(Cf,) = {a]liajill;l <j<n-—
2 2

1}U{a§a{+1;1 <j<n1<i<I[l-—1}. It has (nl) vertices and (nl — 1)
edges and [ is the length of vertices in each j

Theorem 6.1. Let Cf, be a comb graph. Then es(Cf,) = [%]

Proof. Let Cf, be a comb graph. We have to show that es(Cf,) =
[217. From Theorem 1.1 we get lower bound es(C'f,,) > [2]. For converse,
we have to prove that es(C'f,,) < [2]. For this define a labeling on vertex
set such that

wwlgigl’lgjgn

flal) =T

Now we evaluate weights for all edges as follows:

wi(@),dl)=1j+1,1<j<n-—1

wt(a‘jag+1):i+l(j—1)+1, 1<i<i-1,1<j<mn

(3

On the basis of above calculations we see that all edges have distinct
weights.
Hence, es(Cf,) = [%] O

7. Comb Graph Cg,:

Comb graph an is formed by vertex set V(Cyg,) = {ag; 1<i<j+1,1<
j < [%1}U{ai,[%1 < j<mni=mn-—j+ 2} and edge set E(Cg,) =
{ajar"51<j<n—1}Ufajai,51 <5 < T3]0 <0 < jhUfajag, 5 [4]
j<mn;i=mn—j+1}. It has (ZF824L) vertices and (2+82=3) edges.

N

Theorem 7.1. Let Cg, be a comb graph, then es(Cgy,) = L%J
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Proof.
L%J. From Theorem 1.1 we get lower bound es(Cg,) >
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Let Cg, be a comb graph. We have to show that es(Cyg,) =

2
Ln +gn+5J .

For converse, we have to prove that es(Cg,) < LMJ. For this define
a labeling on vertex set such that

(ﬂ
LZ 2+21 J

Y

L%mJ

)

If n = 5(mod4),

242741)2 ;
5 )+ 14,
odd

iti=1,2;7=1
if 1<i<j+1,0dd;2<j<[%]
if 2<i<j+1even;2<j<[%]

L&J + Y0 ey (22 4|4,

1<i<n—7+20dd
n_+22+3
=

even

1—2
T

n+2
[w1 + 30 iy [Rojidy g i2

2<1<n—j+2,even

If n = 3(mod4),

n+274 1)2 i
LWJ + 4],
odd

nt27,1)2
LR

1<i<n—7+20dd
nt212 )
[WW%—%,
even

n+2 +3
[LMPFZP[_—L}(
2<1<n—j+2,even
"_JF2+12

L%J +Z >[n+21 (
1<i<n—7+20dd
n_+22+3
]+ 52 e
2<i<n—j+2even

n—j+4
2

n—j+1
2

n—j+5
2

7

=) + 13,

i—2
)+ZTv

if [”TH] < j < n,even;

if [242] < j < n,even;
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Now we evaluate weights for all edges as follows:

. . .2 . 2
wiladad) =TI 2 << <i<

+374+2 .
wt(ajl {-H)_] ] i

If n = 5(mod4),

i a+p, ifj=[2l1<i<n—j+1
w(a; @iy q) = v+6, i [H2]<j<ml<i<n—j+1
where
nt2141)2 i
o= [y g
5= [<<r"72w>2+3>1 =1
= 1 3
274 _
v = th—J + Z >[n2] (LL—‘ + I_%J
n+2 . .
(5 = ly(([ D +3)-| +Z]>["+21 |— _%+3—| + L%J

a+ B, ifj:[%}1<z<n j+1
y4+4, if [H2]<j<nodd;1<i<n—j+1

Atp, if [22] <j<n,even;1<i<n—j+1

where
o= TERE ) )

2 2 3 i
= [(([;#W_Ft_lj
nt21y g
L(( ]+)J

Y= + ZJ>(TL+2] (niz )+ L J
2427)243 n n— i—
6= U 5 ) (42) + |55

n+2 1 n—i i
A= | CEE 5 (51 + 1)

n+42 +3 ’n* i
p= [P e (0 4 | 55
On the basis of above calculatlons we see that all edges have distinct
weights.

2
Hence we can say that es(Cg,) = | Z22 *S”“’J O
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Conclusion:

In this paper, we obtained exact values of edge irregularity strength of
different families of comb graph.
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