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Abstract

The aim of this paper is about presenting some results of the Sen-
tinel Theory in Connection with Control Theory of Distributed Sys-
tems. There is of course a large variety of models where the results
to follow could be applied. What we have particularly in mind is the
classical set of Navier-Stokes equations. We shall denote here by the
velocity field and the pressure, which is a quite unusual notation in
the ”Turbulence” circle. The reason is simply that in all what is fol-
lowing that we think of as the state of our system, this state depends
on control functions, these control functions are being either ”artifi-
cial” or ”natural”. Also in this work we are(trying) working to get
instantaneous information at fixed instant ”T” on pollution term in
Navier-Stokes system in which the initial condition is incomplete. The
best method which can solve this problem is the sentinel one; it allows
the estimation of the pollution term at which we look for information
independently of the missing term that we do not want to identify.
So, we prove the existence of such instantaneous sentinel by solving a
problem of controllability with a constraint on the control.
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1. Introduction

The aim of this paper is to present some findings and remarks to some
extent on turbulence theory in connection with control theory of distributed
systems as well as how to apply the sentinel method to assess the amount
of pollution term.

The first remarks, address the question of using control theory to derive
possibly optimal, numerical algorithms. One has of course to make precise
what is meant by optimal, i.e. to define a ”cost function” in the terminology
of control theory. In general terms, one wants to find algorithms which give
the information we are looking for and which ”suppress” the difficulties
introduced by turbulence or chaos.

The second remarks, address the question of controlling turbulence.
This situation arises if we can act on the system through control functions.
Several approaches are, at least theoretically, conceivable. They also de-
pend on the ”cost function”. We consider two families of ”cost functions”.
The first one to be considered expresses the ”mixing” of scales which is one
of the properties of turbulence. The second family of ”cost functions” is
connected with exact controllability.

There is of course a large variety of models where the remarks to follow
would apply.

What we have particularly in mind is the classical set of Navier-Stokes
equations.

We shall denote here by y the velocity field and by Π the pressure, a
quite unusual notation in the turbulence circle. From now on y0 and f
are sufficiently small (in the neighborhood of zero), so the problem has a
unique solution (see 5[3],[11], [4]])

The reason is simply that in all what follows we think of y as the
state of our system, this state depending on control functions, these control
functions being either artificial or natural.

We shall write therefore for the state equation :⎧⎨⎩
∂y

∂t
+ (y∇) y −∆y + f (y)

divy

=
=
−∇Π
0

in
in

Q = Ω× (0, T ) ,
Q,

(1.1)

we assume here that f : Rn −→ Rn, n = 2, 3 is of class C1.

Subject to initial conditions and to boundary conditions.
In (1.1) Ω is a bounded open set of Rn, n = 2, 3.
The control functions, when there are of the ”natural” type, will be

either in the ”source terms”, in the right hand side of (1.1), or on the
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boundary ; more precisely⎧⎪⎪⎨⎪⎪⎩
∂y

∂t
+ (y∇) y −∆y + f (y)

divy
y

=
=
=

−∇Π+ uχO
0
0

in
in
on

Q = Ω× (0, T ) ,
Q,
Σ = ∂Ω× (0, T ) ,

(1.2)
where ¯̄̄̄

¯̄̄ O
χO

u = u (x, t)

=
=
=

open set contained in Ω,
characteristic function of O,
control function.

Equations (1.2) express the fact that we can act on the system in the
region O (not necessarily connected) and which can be ”very small”.

According to Lesieur [18] it means that the system has two properties

”the” state y sudden ”unpredictable”(1.3)¯̄̄̄
¯̄̄ the system satisfies the ”increased mixing property”
(the flow is able to mix transported quantities much more rapidly than
if only molecular diffusion processes were involved).

(1.4)
In order to make (1.3) more precise, we introduce initial conditions in

a particular form. We shall assume that

y (x, 0) = y0 (x) + τ by0 (x) in Ω,(1.5)

the function y0 is known with y0 ∈ H H = Hilbert space. But, the term
: τ by0 (so-called missing term) is unknown, with norm 1, and where τ ∈ R
is small.

We shall assume that ”the” state y is ”very sensitive” to τ . So the
equations (1.2) and (1.5) uniquely define the solution

y = y(x, t; τ by0, u).(1.6)

The ”contradiction” is apparent since the strategy that we shall (try
to) follow is to derive equations based on (1.6) and on control theory. But
these equations are meaningful independently of (1.6) and we will (try to)
study directly these equations.

It remains to make precise hypothesis (1.3), (1.4) using ”the” state as
in (1.6).
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2. Approximation Methods

The initial condition is given by

y (x, 0) = y0 (x) in Ω.(2.1)

One way (of course not the only one !) to look at this is to rewrite (1.1)
under the form

∂y

∂t
+ (y∇) y −∆y + w = 0,(2.2)

with the constraint

w = f (y) .(2.3)

The next step is to relax (2.3). Let us consider a functional φ (y) where
we think of y, for the time being, as ”the” solution of (1.2), (2.1) and that
we would like to keep ”small”.

Example 1. If we do not want to consider turbulence on O ⊂ Ω and
during the time interval (t0, T ), we could take

φ (y) =

Z Z
O×(t0,T )

(curl y)2dxdt,(2.4)

for example curl contours and curl in the surface stress.

The problem of optimal control we introduce is now the following.

Let y(w) be the solution of (2.2), (2.1), (1.2). We introduce

Jk (w) = φ (y (w)) + k

Z
Ω×(0,T )

(w − f (y))2 dxdt,(2.5)

where k > 0 plays the role of a penalty term.

We consider then the problem

inf
w∈L2(O×(0,T ))

Jk (w) .(2.6)

Remark 1. One can write the optimality system corresponding to problem
(2.6). One can add constraints of other types on w. And very many variants
are of course possible. One can in particular decompose the solution y in
two parts, say y = z + ζ and apply the above ideas to one part, say ζ.
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3. Control of Turbulence

Let us consider now (1.2), (1.5) and let us assume for the time being that
(1.6) holds true. We assume that we are in the situation (1.3), (1.4).

Let us consider a functional φ1 (y) which is, in principle, ”unpredictable”
if there are small variations in the initial condition (1.5).

We shall say that the control u is insensitive with respect to the func-
tional φ1 if

d

dτ
φ1 (y (τ, u)) |τ=0= 0, ∀by0.(3.1)

In (3.1), we have written y(τ, u) for y(x, t; τ by0, u) and we assume that
the τ derivative does exist near the origin.

If f and φ1 are smooth, then (3.1) is equivalent to¡
φ01 (y (u)) , yτ

¢
= 0, ∀by0.(3.2)

Where
φ01 = Frechet’s derivative of φ1,

y (u) = solution of (1.2) and (1.5) where τ = 0,

yτ =
d

dτ
y (x, t; τ by0, u) |τ=0 .

If f is smooth, yτ is given by⎧⎪⎪⎨⎪⎪⎩
∂

∂t
yτ + (y0∇) yτ + yτ (∇y0)−∆yτ + f 0 (y0) yτ

yτ (0)
yτ

=
=
=

0by0
0

in
in
on

Q,
Ω,
Σ.

(3.3)

Where f 0(y0) denotes the derivative of f at point y0 and where y0 is
the solution of the problem

∂y0
∂t
+(y0∇) y0−∆y0+f (y0) = −∇Π in Q, y0 = 0 on Σ, y0 (0) = y0 in Ω.

We restrict the choice of u to those controls - provided they exist - which
satisfy (3.2), the insensitive controls.

We consider next a second functional φ2 (y) which, in principle, is re-
lated to the ”increased mixing property” (1.4).

For instance, in the case of Navier-Stokes equations, we could consider

φ2 (y) = φ (y) as given by (2.4).
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Then the problem of controlling turbulence can be expressed as

inf
u∈L2(O×(0,T ))

φ2 (y (u)) ,(3.4)

where⎧⎪⎪⎨⎪⎪⎩
∂y (u)

∂t
+ (y (u)∇) y (u)−∆y (u) + f (y (u))

y (u) |t=0
y (u)

=
=
=

uχO
y0
0

in
in
on

Q,
Ω,
Σ.

(3.5)

And where u is subject to (3.2) (insensitivity).
We proceed by transforming (3.2). To this effect, we introduce as it is

classical in sensitivity studies, the adjoint state q defined by⎧⎪⎪⎨⎪⎪⎩
−∂q
∂t
+ (y0∇) q + q (∇y0)−∆q + f 0 (y0)

∗ q

q (x, T )
q

=
=
=

φ01 (y)
0
0

in
in
on

Q,
Ω,
Σ.

(3.6)

Then (3.2) becomes, using (3.3) and integration by partsZ
Ω
q (x, 0) dx = 0, ∀by0,(3.7)

such that q (x, 0) = by0 (x) ,i.e.
q (x, 0) = 0 in Ω.(3.8)

The insensitive controls with respect to φ1 are those which are such
that (3.5), (3.6), (3.8) hold true.

Remark 2. The existence of such insensitive controls seems to be in gen-
eral a non trivial problem (see [14]).

The problem can now be formulated, find

inf
u∈L2(Ω×(0,T ))

φ2 (y (u)) , u subject to (3.5), (3.6), (3.8).(3.9)

A quite realistic way to avoid the difficulty indicated in Remark 2 (but
of course the question raised in this Remark remains of interest, at least
we think !) is to relax (3.8) and to consider

inf
u∈L2(Ω×(0,T ))

∙
φ2 (y (u)) + k

Z
Ω
q (x, 0)2 dx

¸
, k > 0.(3.10)

In this formulation one can add other constraints on u.
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4. Exact controllability

Let us now consider the equations

∂y

∂t
+ (y∇) y −∆y + f (y) = uχO,(4.1)

subject to

y = 0 on Γ× (0, T ) ,(4.2)

and where

y (0) = y0 is given.(4.3)

We formulate the problem of exact controllability in a way which makes
sense even if existence and uniqueness of a solution of (4.1), (4.2) and (4.3)
is not known.

The first formulation is as follows: let T be given and let z0 be given in
a suitable function space. We say that the system is exactly controllable
at time T if for every couple y0, z0, there exists a couple (u, y) satisfying
(4.1), (4.2) and (4.3) such that

y (T ) = z0 , (y (T ) = y (x, T )) .(4.4)

Moreover, if there is exact controllability, one wants to find u such that
(4.4) holds true and which minimizes (for instance)Z Z

O×(0,T )
u2dxdt.(4.5)

After J.L. Lions, this formulation may be too restrictive and it can be
replaced by the following

MinimizeZ Z
O×(0,T )

u2dxdt+ k

Z
Ω
|y (T )− z0|2 dx, k > 0,(4.6)

among all couples (u, y) subject to (4.1), (4.2) and (4.3).

Still another possibility is to consider

inf
u∈L2(O×(0,T ))

Z
Ω
|y (T )− z0|2 dx,(4.7)

among all couples (u, y) subject to (4.1), (4.2), (4.3).
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Conjecture 1. 1. We conjecture that for Navier-Stokes equations the inf
in (4.7) equals 0, i.e. that the attainable set (the set spanned in

H =
n
ϕ | ϕ ∈

³
L2 (Ω)

´n
, divϕ = 0, ϕν = 0 on Γ

o
by all possible states (y (T )) is dense in H.

2. It seems possible that the inf in (4.6) decreases as the viscosity u
decreases in Navier-Stokes equations.

3. A vague and fuzzy conjecture is that the more ”chaotic” is a system,
the closest it is from exact controllability.

5. Instantaneous Sentinel

Let y(x, t, λ, τ) = y(λ, τ) with τ = ( τ1, τ2, ..., τN ), be the unique solution
of the problem⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∂y

∂t
+ (y∇) y −∆y + f (y)

divy
y(0)

y

=
=
=
=

−∇Π+ ξ + λbξ
0

y0 +
PN

i=1 τibyi0
0

in
in
in
on

Q,
Q,
Ω,
Σ.

(5.1)

The function ξ is known. But, the terms : λbξ (so-called pollution term)
is unknown, bξ is renormalized and represent the size of pollution.

We denote by

y(x, T ;λ, τ) = yobs,∀x ∈ O,(5.2)

an observation which is a measure of the concentration of the pollution
taken at the fixed time T and on a non empty open subset O ⊂ Ω called
observatory.

Let h be some function in L2(O), for any control function u ∈ L2(O),
we introduce the functional S(λ, τ) as follows

S(λ, τ) =

Z
Ω
(h+ u)χOy(x, T ;λ, τ)dx.(5.3)

Definition 1. Let S be a real function (5.3) depending only on the param-
eters λ and τ . S is said a sentinel defined by h if the following conditions
are satisfied

∂S

∂τ
(λ, τ)

¯̄̄̄
λ=0,τ=0

= 0,(5.4)
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i.e.
∂S

∂τi
(λ, τ)

¯̄̄̄
λ=0,τi=0

= 0, 1 ≤ i ≤ N.

There exists a control u ∈ L2(O) such that

kukL2(O) = minα∈U
kαk ,(5.5)

where U =

(
α ∈ L2(O), such that

∂S

∂τ
(λ, τ)

¯̄̄̄
λ=0,τ=0

= 0

)
.

• Condition (5.4) express insensitivity of S with respect to small varia-
tions of τ and assume the existence of the derivate.

• According to (5.5) which consists in an optimal criterion of selection
for (5.4).

We consider the function y0 and Π0 which solve the problem (5.1) for
λ = 0 and τi = 0⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∂y0
∂t

+ (y0∇) y0 −∆y0 + f (y0)

divy0
y0(0)

y0

=
=
=
=

−∇Π0 + ξ
0
y0
0

in
in
in
on

Q,
Q,
Ω,
Σ.

(5.6)

We consider the function yτi defined by yτi =
∂y

∂τi
(0, 0), which is the unique

solution of the problem

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∂yτi
∂t

+ (y0∇) yτi + yτi (∇y0)−∆yτi + f 0 (y0) yτi
divyτi
yτi(0)

yτi

=
=
=
=

−∇Πτi
0byi0
0

in
in
in
on

Q,
Q,
Ω,
Σ.

(5.7)

The condition (5.4) holds if and only ifZ
Ω
(h+ u)χOyτi(T )dx = 0, 1 ≤ i ≤ N.(5.8)

In order to transform this equation, we introduce the classical adjoint
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state⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−∂q
∂t
+ (y0∇) q + q (∇y0)−∆q + f 0 (y0)

∗ q

divq
q(T )

q

=
=
=
=

−∇Ψ
0
(h+ u)χO
0

in
in
in
on

Q,
Q,
Ω,
Σ.

(5.9)

Theorem 1. Let q = (q1, q2) be the solution to the backward problem
(5.9), then the existence of an instantaneous sentinel insensitive to the
missing data is equivalent to the null-controllability problemZ

Ω
q(0)byi0dx = 0, 1 ≤ i ≤ N ,(5.10)

i.e

q(0) ∈ G⊥,

where G⊥ is the orthogonal of G in L2(Ω).

Proof. Multiplying the first equation in (5.9) by yτi , and integrating by
parts over Ω, we findZ

Ω
q(0)yτi(0)dx−

Z
Ω
q(T )yτi(T )dx = 0, 1 ≤ i ≤ N,

then Z
Ω
q(0)byi0dx− Z

Ω
(h+ u)χOyτi(T )dx = 0, 1 ≤ i ≤ N ,

thanks to (5.8), we haveZ
Ω
q(0)byi0dx = 0, 1 ≤ i ≤ N .

So that

q(0) ⊥ byi0, 1 ≤ i ≤ N.

2
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5.1. Optimal control problem

In this section we are interested to solve the problem (5.5), so we consider
the optimization problem

u ∈Mmin kuk2L2(O) ,(5.11)

with M = {u ∈ L2(O) such hat, we have (5.4) and
R
Ω q(0)byi0dx = 0,

1 ≤ i ≤ N where q is the solution of (5.9)}.

Lemma 1. The problem (5.11) admits an unique solution.

Proof. The set M is a non empty, colsed and convex set. The mapping

v → kvk2L2(O) ,

is continuous, coercive and strictly convex, therefore, the problem (5.11)
admits an unique solution denoted by bv ∈M which satisfies

kbvkL2(O) ≤ kvkL2(O) , ∀v ∈M.

2

5.2. Characterization of optimal control

To characterize the optimal control, let us introduce q0 by⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−∂q0

∂t
+ (y0∇) q0 + q0 (∇y0)−∆q0 + f 0 (y0)

∗ q0

divq0
q0(T )

q0

=
=
=
=

−∇Ψ1
0
hχO
0

in
in
in
on

Q,
Q,
Ω,
Σ.

(5.12)
and let us define z = z(u) as the solution of⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−∂z
∂t
+ (y0∇) z + z (∇y0)−∆z + f 0 (y0)

∗ z

divz
z(T )

z

=
=
=
=

−∇Ψ2
0
uχO
0

in
in
in
on

Q,
Q,
Ω,
Σ.

(5.13)

Then
q = q0 + z = q0 + z(u), Ψ = Ψ1 +Ψ2,
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we want to find u such thatZ
Ω
z(0;u)byi0dx = − Z

Ω
q0(0)byi0dx, 1 ≤ i ≤ N .(5.14)

We define ρ as the solution of⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−∂ρ
∂t
+ (y0∇) ρ+ ρ (∇y0)−∆ρ

divρ
ρ(0)

ρ

=
=
=
=

−∇Ξ
0PN

i=1 αibyi0
0

in
in
in
on

Q,
Q,
Ω,
Σ.

(5.15)

where αi is not determined. Let ξ is the solution of the system⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−∂ξ
∂t
+ (y0∇) ξ + ξ (∇y0)−∆ξ + f 0 (y0)

∗ ξ

divξ
ξ(T )

ξ

=
=
=
=

−∇Υ
0
ρ (T )χO
0

in
in
in
on

Q,
Q,
Ω,
Σ.

(5.16)

and we want to determine α = {α1, α2, ..., αN} ∈ RN such thatZ
Ω
ξ(0)byi0dx = − Z

Ω
q0(0)byi0dx, 1 ≤ i ≤ N .

We introduce the linear operator Λ by

Λα =

½Z
Ω
ξ(0)by10dx, Z

Ω
ξ(0)by20dx, ..., Z

Ω
ξ(0)byN0 dx¾ .(5.17)

Then
Λ ∈ L(RN , RN ),

and

Λα =

½Z
Ω
αby10dx, Z

Ω
αby20dx, ..., Z

Ω
αbyN0 dx¾ .

Theorem 2. According to the unique continuation theorem of Mizohata
[9], we have at least one sentinel given by

S(λ, τ) =

Z
Ω
(h+ ρ(T ))χOy(x, T ;λ, τ)dx,

where ρ is the solution of (5.15), so

u = ρ(T )χO,

is the solution of (5.4)-(5.5).
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Proof. We multiply (5.15) by eρ corresponding to eα, and we integrate
by parts. We obtain

hΛα, eαi = Z
O
ρ(T )eρ(T )dx.(5.18)

Therefore, Λ is a symmetric and positive matrix. Let us now set

kαkF =
µZ

O
ρ(T )2dx

¶1/2
,(5.19)

and let yi(x, t) the solution of⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∂yi
∂t
+ (yi∇) yi −∆yi + f (yi)

divyi
yi(0)

yi

=
=
=
=

−∇Πi
0byi0
0

in
in
in
on

Q,
Q,
Ω,
Σ.

We define in this way a norm on the space F of the functions α, where
the Hilbert space F is the completion of smooth functions for the norm
(5.19) ( indeed if kαkF = 0 then ρ = 0 on O and according to the unique
continuation theorem of Mizohata ρ = 0 on Q so that α = 0 ). Then if F 0

denotes the dual of F, we have

Λ : F −→ F 0 is an isomorphism.

Therefore, the equation

Λα = −
½Z

Ω
q(0)by10dx, Z

Ω
q(0)by20dx, ..., Z

Ω
q(0)byN0 dx¾ ,(5.20)

admits a unique solution if

−
Z
Ω
q(0)byi0dx ∈ F 0, 1 ≤ i ≤ N.(5.21)

We set

β =

½Z
Ω
q(0)by10dx, Z

Ω
q(0)by20dx, ..., Z

Ω
q(0)byN0 dx¾ ,

then the solution of (5.20) is given by

α = −Λ−1β.
If we multiplying (5.12) by ρ, and integrating over Q we obtain

u = ρ(T )χO,(5.22)

is the solution of (5.5), (5.10). 2

Remark 3. The space F is identical to RN , and its norm is equivalent to
the Euclidian norm. Then, Λ is a isomorphism from RN to RN .
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5.2.1. Identification of the pollution term

Let Sobs be the measured sentinel corresponding to the state of the system
on the observatory O at the time T

Sobs (λ, τ) =

Z
Ω
(h+ u)χOyobs(x, T ;λ, τ)dx.(5.23)

Theorem 3. The pollution term is estimated as followsZ T

0

Z
Ω
q(h)λbξdxdt = Sobs (λ, τ)− S (0, 0) ,(5.24)

where S (0, 0) is the sentinel corresponding to the state y(x, T ; 0, 0).

Proof. We have

Sobs (λ, τ) = S (0, 0) + λ
∂S

∂λ
(λ, τi)

¯̄̄̄
λ=0,τi=0

+ ◦ (λ, τi) , for λ, τ small,(5.25)

and
∂S

∂λ
(λ, τ) =

Z
O
(h+ u)yλdx,(5.26)

where yλ defined by yλ =
∂y

∂λ
(0, 0) ( which depends only on bξ and the

other known data) is the unique solution of⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∂yλ
∂t

+ (y0∇) yλ + yλ (∇y0)−∆yλ + f 0 (y0) yλ

divyλ
yλ(0)

yλ

=
=
=
=

−∇Πλ + bξ
0
0
0

in
in
in
on

Q,
Q,
Ω,
Σ,

(5.27)
and

λ
∂S

∂λ
(λ, τ)

¯̄̄̄
λ=0,τ=0

= Sobs (λ, τ)− S (0, 0) .(5.28)

We designate by q(h) the unique solution of (5.9) depending on h.
Multiply (5.9) by y and integrate by part, we obtainZ

Ω
(h+ u)χOyλdx =

Z T

0

Z
Ω
q(h)λbξdxdt.(5.29)

Therefore, the pollution term can be characterizedZ T

0

Z
Ω
q(h)λbξdxdt = Sobs (λ, τ)− S (0, 0) .

2
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5.3. Conclusion

In this paper we are working to get instantaneous information at fixed
instant T on pollution term in Navier-Stokes system in which the initial
condition is incomplete. The best method which can solve this problem is
the sentinel method; it allows estimating the pollution term at which we
look for information independently of the missing term that we do not want
to identify. So, we prove the existence of such instantaneous sentinel by
solving a problem of controllability with constraint on the control. From
this we conclude that there is a harmony between the theory of turbulence
and sentinel with the theory of control.
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