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1. Introduction

The notion of a fuzzy set and fuzzy set operations as an extension of the
classical notion of set, were introduced by Zadeh [18] in 1965. The poten-
tial has caused great interest among both pure and applied mathematicians.
General topology was one of the branches of pure mathematics to which
fuzzy sets has been applied systematically. It was in 1968, Chang [5] made
the first ”grafting” of the notion of a fuzzy set into general topology. Many
authors used Chang’s definition in many directions to obtain some results
which are compatible with results in general topology. In 1976, Lowen [8]
suggested an alternative and more natural definition for achieving more
results which are compatible to the general case in topology. Since then,
many researchers have tried successfully to generalize several pivot con-
cepts of general topology in fuzzy setting [15, 16, 17]. In 1985, Sostak [14]
introduced the smooth fuzzy topology as an extension of Chang’s fuzzy
topology. In 1987, Monsef and Ramadan [11] introduced supra topology
in fuzzy senses and named it fuzzy supra topology. These are the natural
generalizations corresponding to the notions in general topology as given by
Mashhour et al. [10]. In 1994, Dang, Behera, Nanda [7] further investigated
and characterized some more properties of supra α-compactness and supra
α∗-compactness in fuzzy supra topological space. The concept of minimal
structure and minimal spaces, as a generalization of topology and topolog-
ical spaces were introduced by Maki et. al [9]. Alimohammady and Roohi
[1, 2] introduced and studied the notions of fuzzy minimal structures and
fuzzy minimal spaces. Moreover, Alimohammady et. al [3] also discussed
the separation axiom in fuzzy minimal spaces. Chetty [12], introduced the
concept of generalized fuzzy topology. This is also a generalization of fuzzy
topological spaces. In [6], authors introduced infi topological spaces as a
generalization of topological spaces and studied various properties of that
space. Saha and Bhattacharya [13] introduced and characterized the con-
cept of fuzzy infi topological spaces, which is also a generalization of fuzzy
topological spaces, inducing with NLSC functions.

In this paper we further analysed the fuzzy infi topological spaces. We
studied the basic properties of fuzzy topological space like fuzzy interior,
fuzzy closure, continuity, fuzzy open mapping and fuzzy closed mapping,
product fuzzy topology etc in the fuzzy infi topological spaces.
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2. Preliminaries

Before proceeding to the main results we need some preliminary ideas of
fuzzy topology, fuzzy supra topology, fuzzy minimal space etc.

2.1. Definition [5]

A family τ ⊆ IX , where IX is the collection of all functions from X to the
interval I = [0, 1], of fuzzy sets in X is called a fuzzy topology if it satisfies
the following conditions:

(i) 0, 1 ∈ τ,

(ii) if λ and µ ∈ τ , then λ ∧ µ ∈ τ,

(iii) if λi ∈ τ , for each i = 1, 2, 3, ....., then ∨λi ∈ τ.

τ is called a fuzzy topology for X, and the pair (X, τ) is a fuzzy topological
space, or fts for short. Every member of τ is called a τ -open fuzzy set. A
fuzzy set is τ -closed if and only if its complement is τ -open.

2.2. Definition [4]

Let (X, τ) and (Y, σ) be two fuzzy topological spaces and f : X → Y be a
function. f is called fuzzy continuous if the inverse image under f of any
open fuzzy set in Y is an open fuzzy set in X; i.e., if f−1(v) ∈ τ , whenever
v ∈ σ.

2.3. Definition [9]

Let X be a set. A fuzzy supra topology τ∗ on X is a collection of subsets
of X, each called a supra-open set, such that

(i) Φ and X are open sets,

(ii) The union of any collection of open sets is an open set.

The set X together with a supra topology τ∗ on X is called a supra
topological space.

2.4. Definition [2]

We say a family M of fuzzy sets in X is a fuzzy minimal structure on X if
α1X ∈ M , for any α ∈ I. We call the structure, (X,M) a fuzzy minimal
space.
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2.5. Definition [6]

Let X be a non-empty set and τ be a collection of subsets of X with the
following properties

(i) Φ, X ∈ τ,

(ii) τ is closed under finite intersection.

Then τ is said to be an infi topology onX and the structure (X, τ) is known
as an infi topological space.

3. Fuzzy Infi Topological Spaces

Having these preliminary ideas we now analyse fuzzy infi topological space.
In this section we first give the definition and existence of a fuzzy infi
topological space, as it was given in [13]. Then, we study some important
properties of this space. Also we define fuzzy I-continuity and establish
some results. We also study fuzzy infi open mappings and fuzzy infi closed
mappings and investigate their behaviour in the same environment.

3.1. Definition [13]

A family F of fuzzy sets in X is said to form a fuzzy infi topology in X if

(i) r1X ∈ F , for r ∈ I,

(ii) for any two fuzzy subsets λ and µ of F , λ ∧ µ ∈ F .

The space (X,F) is called fuzzy infi topological space. Every member of
F is called fuzzy infi open set. A fuzzy set λ is fuzzy infi closed if its
complement is fuzzy infi open.

3.2. Definition [13]

A function f : X → R is called lower semi-continuous if for each r ∈ R, the
set {x : f(x) > r} is open in X, i.e., {x : f(x) ≤ r} is closed in X.
A lower semi-continuous (LSC) function φ on X is normal (NLSC) iff for
each x ∈ X, φ(x) < λ and an open set U containing x, there exists a
non-void open set V such that V ⊂ U with φ(v) < λ, for each v ∈ V .



Some remarks on Fuzzy infi topological spaces 403

3.3. Example

Let us consider the family F = {fα : α ∈ Λ} of all NLSC functions from a
topological space X to the closed unit interval I. Thus by Theorems 2.10
and 2.12, in [13], we see that F satisfies the following properties:

(i) t1X ∈ F , for all t ∈ I,

(ii) fi ∈ F , implies infii fi ∈ F .

Thus by Definition 3.1, the family F of NLSC functions from X to I
(henceforth, denoted by nL(X)) forms a fuzzy infi topological space.

3.4. Theorem

Finite union of fuzzy infi closed set in a fuzzy infi topological space is a
fuzzy infi closed set.

Proof: It is obvious.

3.5. Remark

Intersection of two fuzzy infi closed set is not fuzzy infi closed, in general.
It is clear from the following example.

3.6. Example

LetX = {a, b, c} and τ∗ = {0X , 1X , {(a, 12), (b,
1
3), (c,

1
4)}, {(a,

1
2), (b,

1
4), (c,

1
3)},

{(a, 12), (b,
1
4), (c,

1
4)}} be an fuzzy infi topology defined over it. Now the

class of all infi-closed sets is = {0X , 1X , {(a, 12), (b,
2
3), (c,

3
4)}, {(a,

1
2), (b,

3
4), (c,

2
3)},

{(a, 12), (b,
3
4), (c,

3
4)}}. Let us consider two fuzzy infi closed sets λ and µ

such that λ = {(a, 12), (b,
2
3), (c,

3
4)} and µ = {(a, 12), (b,

3
4), (c,

2
3)}. Then

λ ∧ µ = {(a, 12), (b,
2
3), (c,

2
3)}. Thus λ ∧ µ is not fuzzy infi closed.

3.7. Definition

For a fuzzy set λ in fuzzy infi topological space X, the fuzzy infi interior
λii of λ is the union of all fuzzy infi open sets contained in λ, and the fuzzy
infi closure λic of λ is the intersection of all fuzzy infi closed sets containing
λ.
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3.8. Theorem

If λ and µ are two fuzzy sets in the fuzzy infi topological space X, then

• λii ≤ λ and λ is fuzzy infi open iff λ = λii

• µ ≤ µic and µ is fuzzy infi closed iff µ = µic

• If λ ≤ µ, then λii ≤ µii and λic ≤ µic

• (λ ∧ µ)ii = λii ∧ µii and λii ∨ µii ≤ (λ ∨ µ)ii
• (λ ∨ µ)ic = λic ∨ µic and (λ ∧ µ)ic ≤ λic ∧ µic

• (λii)ii = λii and (λic)ic = λic

• (λic)c = (λc)ii and (λii)
c = (λc)ic

Proof: The proofs are obvious.

3.9. Definition

Let (X, τ) be a fuzzy topological space and τ∗ be a fuzzy infi-topology on
X. We call τ∗ a fuzzy infi-topology associated with τ if τ ⊂ τ∗.

3.10. Definition

Let (X, τ1) and (Y, τ2) be fuzzy topological spaces and τ
∗
1 and τ

∗
2 be associ-

ated fuzzy infi-topologies with τ1 and τ2 respectively. A function f : X → Y
is a fuzzy I-continuous function if the inverse image of each τ∗2 fuzzy infi open
set in Y is τ∗1 -fuzzy infi open in X. That is, a mapping f : (X, τ∗1 )→ (Y, τ∗2 )
between two fuzzy infi topological spaces is called fuzzy infi continuous or
fuzzy I-continuous function if f−1(τ∗2 ) ⊂ τ∗1 .

3.11. Theorem

Let (X, τ∗1 ) and (Y, τ
∗
2 ) be two fuzzy infi topological spaces. Let f be a

function from X into Y . Then the followings are equivalent:

(i) f is fuzzy I-continuous;

(ii) the inverse image of each fuzzy infi closed set in Y is τ∗1 -fuzzy infi
closed;
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(iii) (f−1(µ))ic ≤ f−1(µic), for all fuzzy set µ of Y ;

(iv) f(λic) ≤ (f(λ)ic, for all fuzzy set λ of X;

(v) f−1(µii) ≤ (f−1(µ))ii, for every fuzzy set µ in Y ;

(vi) for each fuzzy set λ in X and each fuzzy neighborhood η of f(λ),
there is a fuzzy infi neighborhood β of λ such that f(β) ≤ η.

Proof: (i)⇒ (ii) : Let µ be fuzzy infi closed set in Y . Then 1− µ is fuzzy
infi open in Y . Since f is fuzzy I-continuous, f−1(1 − µ) = 1 − f−1(µ) is
fuzzy infi open in X. Therefore f−1(µ) is a fuzzy infi closed set in X.
(ii)⇒ (iii) : Since µic is fuzzy infi closed for every fuzzy set µ in Y, f

−1(µic)
is τ∗1 -fuzzy infi closed.

(f−1(µ))ic ≤ (f−1(µic))ic = f−1(µic).

(iii) ⇒ (iv) : Let λ be fuzzy subset in X and let f(λ) = µ. Then
(f−1(µ))ic ≤ f−1(µic).

So

λic ≤ f−1(f(λ))ic ≤ f−1(f(λ))

and hence f(λic) ≤ f(f−1(f(λ)ic)) ≤ (f(λ))ic.
(iv) ⇒ (ii) : Let µ be a fuzzy infi closed set in Y and λ = f−1(µ). Then
f(λic) ≤ (f(λ))ic = (f(f−1(µ)))ic ≤ µic = µ.
Thus, λic ≤ f−1(f(λic) ≤ f−1(µ) = λ. Then λ is τ∗1 - fuzzy infi closed.
(ii) ⇒ (i) : Let µ be a fuzzy infi open set in Y . Then (1− µ) is fuzzy infi
closed. Thus, f−1(1− µ) = 1− f−1(µ) is fuzzy infi-closed in X and hence
f−1(µ) is fuzzy infi-open in X. Thus f is fuzzy I-continuous.
(i) ⇒ (v) : Let µ be a fuzzy subset in Y . Since f−1(µii) is τ∗1 -fuzzy infi
open in X,

f−1(µii) ≤ (f−1(µii))ii ≤ (f−1(µ))ii.

Thus, f−1(µii) ≤ (f−1(µ))ii.
(v)⇒ (i) : Let µ be a fuzzy infi open set in Y . Since f−1(µii) = f−1(µ) ≤
(f−1(µ))ii, therefore, f

−1(µ) is τ∗1 - fuzzy infi open.
(i)⇒ (vi) : Let f : X → Y be fuzzy I-continuous. For any fuzzy set λ in X
and for any fuzzy open set η of Y containing f(λ), let β = f−1(η). Clearly
β is a neighbourhood of λ. Now f(β) = f(f−1(η) ≤ η.
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(vi) ⇒ (i) : Let η be any fuzzy open set in Y and f−1(η) = β. Then η
is a fuzzy neighbourhood of f(β) = f(f−1(η)). There exists a fuzzy infi
neighbourhood γ of β = f−1(η) such that f(γ) ≤ β. Thus γ ≤ f−1f(γ) ≤
f−1(η). Therefore, f−1(η) is a fuzzy infi neighbourhood of f−1(η) and
f−1(η) is a fuzzy infi open set in X.

3.12. Theorem

Let (X, τ1), (Y, τ2) be fuzzy topological spaces and τ
∗
1 , τ

∗
2 be the associated

fuzzy infi topologies with τ1, τ2 respectively. If f : (X, τ1) → (Y, τ2) is a
fuzzy mapping, and one of the following:

(i) f−1(µii) ≤ (f−1(µ))0, for each fuzzy set µ in (Y, τ2);

(ii) (f−1(µ)) ≤ f−1(µic), for each fuzzy set µ in (Y, τ2);

(iii) f(λ) ≤ (f(λ))ic, for each fuzzy set λ in (X, τ1),

holds, then f is fuzzy continuous.

Proof: Let the condition (ii) is satisfied. Suppose µ is a fuzzy closed set
in Y , then (f−1(µ)) ≤ f−1(µic) = f−1(µ). Therefore f−1(µ) is fuzzy closed
in X.
If the condition (iii) is satisfied, then for any fuzzy set µ in Y , f−1(µ) is
a fuzzy set in X. Then, f((f−1(µ))) ≤ (f(f−1(µ)))ic and thus (f−1(µ)) ≤
f−1(λic). Therefore, as condition (ii) is satisfied, f is fuzzy continuous.
Similarly we can prove the case (i).

3.13. Theorem

Every fuzzy continuous mapping is fuzzy I-continuous.

Proof: Let a fuzzy mapping f : (X, τ1)→ (Y, τ2) is fuzzy I-continuous and
τ∗1 and τ

∗
2 be the associated fuzzy infi topology with τ1 and τ2 respectively.

Suppose that µ ∈ τ1, then µ ∈ τ∗1 . Now since f is fuzzy continuous,
f−1(µ) ∈ τ2, consequently f

−1(µ) ∈ τ∗2 . Thus f is fuzzy I-continuous.

3.14. Remark

The converse of the above implication is not true, in general. It is shown
in the following example.
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3.15. Example

Let λ1, λ2 and λ3 be fuzzy subsets of X = I, defined as,

λ1(x) =

(
0 if 0 ≤ x ≤ 1

2 ;
2x− 1 if 12 ≤ x ≤ 1;

λ2(x) =

⎧⎪⎨⎪⎩
1 if 0 ≤ x ≤ 1

4 ;
−4x+ 2 if 14 ≤ x ≤ 1

2 ;
0 if 12 ≤ x ≤ 1;

and

λ3(x) =

(
1 if 0 ≤ x ≤ 1

2 ;
−2x+ 2 if 12 ≤ x ≤ 1;

Let τ1 = {0X , λ1, λ2, λ1 ∨ λ2, 1X} be a fuzzy topology on X and τ∗1 =
{0X , λ1, λ2, λ3, λ1∨λ2, λ1∧λ3, λ2∧λ3, 1X} be an associated fuzzy infi topol-
ogy with τ1. Let g : X → X be a function defined by g(x) = 1

2x.

Now

λ1 ∨ λ2 =

⎧⎪⎨⎪⎩
1 if 0 ≤ x ≤ 1

4 ;
−4x+ 2 if 14 ≤ x ≤ 1

2 ;
2x− 1 if 12 ≤ x ≤ 1;

λ1 ∧ λ3 =

⎧⎪⎨⎪⎩
0 if 0 ≤ x ≤ 1

2 ;
2x− 1 if 12 ≤ x ≤ 3

4 ;
−2x+ 2 if 34 ≤ x ≤ 1;

and

λ2 ∧ λ3 =

⎧⎪⎨⎪⎩
1 if 0 ≤ x ≤ 1

4 ;
−4x+ 2 if 14 ≤ x ≤ 1

2 ;
0 if 12 ≤ x ≤ 1;

so that, g−1(0X) = 0X , g−1(1X) = 1X , g−1(λ1) = 0X , g−1(λ2) = λ3, g
−1(λ1∨

λ2) = λ3, g
−1(λ1 ∧ λ3) = 0X , and g−1(λ2 ∧ λ3) = λ3. Thus g is fuzzy I-

continuous. But since g−1(λ1 ∨ λ2) = λ3 and λ3 /∈ τ1, therefore g is not a
continuous function.

3.16. Theorem

The composition of two fuzzy I-continuous functions is fuzzy I-continuous.

Proof: The proof is obvious.
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3.17. Corollary

Suppose (X, τ1), (Y, τ2), (Z, τ3) be fuzzy topological spaces and τ
∗
1 , τ

∗
2 , τ

∗
3 be

the associated infi fuzzy topologies with τ1, τ2, τ3 respectively. If a fuzzy
mapping f : (X, τ∗1 )→ (Y, τ∗2 ) is fuzzy I-continuous and g : (Y, τ2)→ (Z, τ3)
is fuzzy continuous, g ◦ f is fuzzy I-continuous.

3.18. Definition

Let (X, τ1), (Y, τ2) be two fuzzy infi topological spaces and f : (X, τ1) →
(Y, τ2) be a function. Then f is said to be fuzzy infi open if f(λ) is fuzzy
infi open in Y , for each fuzzy infi open set λ in X. It is said to be fuzzy
infi closed if f(λ) is fuzzy infi closed in Y , for each fuzzy infi closed set λ
in X.

3.19. Remark

It is clear that a fuzzy open mapping (resp. fuzzy closed mapping) is fuzzy
infi open (resp. fuzzy infi closed). The converse is not true, in general, as
the following example will shows.

3.20. Example

Let X = I. Let us consider the fuzzy sets λ, µ and ν be fuzzy sets given
by:

λ(x) =

(
1 if 0 ≤ x ≤ 1

3 ;
1
3 if 13 ≤ x ≤ 1;

µ(x) =

(
1
2 if 0 ≤ x ≤ 1

3 ;
1
3 if 13 ≤ x ≤ 1;

and

ν(x) =
n

1
3 for all 0 ≤ x ≤ 1

Let τ1 = {0X , λ, 1X} be any fuzzy topology defined on X. Then
τ∗1 = {0X , λ, µ, ν, 1X} is an associated fuzzy infi topology with τ1 (since,
λ ∧ µ = λ ∧ ν = µ ∧ ν = ν.). We define f , a function from X into Y as

f(x) = (x+1)
3 .
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Then f(0X) = 0X , f(1X) = 1X , f(λ) = f(µ) = f(ν) = ν. Thus we
have, f is fuzzy infi open, but since f(λ) = ν /∈ τ1, therefore f is not fuzzy
open.

3.21. Theorem

Let f : X → Y be a mapping from a fuzzy infi topological space X into
another fuzzy infi topological space Y . Then, f is fuzzy infi open iff for
each fuzzy point λx of X and each fuzzy infi open set λ in X containing
λx, there exists a fuzzy infi open set µ in Y containing f(λx) such that
µ(f(x)) ≤ f(λ).

Proof: Necessary part is obvious.

To prove the sufficient part, let λ be a fuzzy infi open set in X. Now by
the given condition, for each fuzzy point λx of X such that λx ∈ λ, there
exists a fuzzy infi open set µ of Y containing f(λx) such that µ(f(x)) ≤ f(λ).
Then, we have, f(λ) = f(

S
λx∈λ f(λx) =

S
λx∈λ f(λx) ≤

S
λx∈λ µ(f(x)) ≤

f(λ), that is, f(λ) =
S
λx∈λ µ(f(x)) is a fuzzy infi open set in Y . Therefore

f is fuzzy infi open.

3.22. Theorem

Let f : X → Y be a mapping from a fuzzy infi topological space X
into another fuzzy infi topological space Y . Then f is fuzzy infi closed
iff (f(λ))ic ≤ f(λic), for each fuzzy set λ in X.

Proof: It is obvious.

3.23. Theorem

The composition of two fuzzy infi open mapping is fuzzy infi open. Also,
the composition of two fuzzy infi closed mapping is fuzzy infi closed.

Proof: It is obvious.

4. Product Fuzzy Infi Topological Spaces

In this particular section we establish the existence of product fuzzy infi
topological space and we study some properties of fuzzy I-continuous func-
tion on product fuzzy infi topological space.
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4.1. Lema

The intersection of any collection of fuzzy infi topological spaces is a fuzzy
infi topological space.

Proof: Let B = {K : K is a fuzzy infi topology on X} and P = ∩{K :
K ∈ B}. To prove P is a fuzzy infi topology.
Clearly 0X , 1X ∈ P , since 0X , 1X ∈ K, for each K ∈ B.
Let us consider a finite family of fuzzy infi topology say, τ1, τ2, ....., τn ∈ P
and so τ1, τ2, ......, τn ∈ C, and consequently belongs to

Vn
i=1 τi, for each

C ∈ B. So Vn
i=1 τi ∈ P .

Hence, the intersection of any collection of fuzzy infi topology is again a
fuzzy infi topology.

4.2. Theorem

Suppose (X, τ) be a fuzzy infi topological space and f : X → Y a fuzzy
function. Then there is a weak fuzzy infi topology on X for which f is
fuzzy I-continuous.

Proof: Suppose B = {τ∗ : τ∗ is a fuzzy infi topology on X, f : (X, τ∗) →
(Y, τ) a fuzzy I-continuous function}. Clearly IX ∈ B and so B 6= 0X . Then
by lemma 4.1, τ0 = ∩{τ∗ : τ∗ ∈ B} is a fuzzy infi topology on X, which is a
weak fuzzy infi topology on X such that f is a fuzzy I-continuous function.
It is pertinent to mention here that, the weak fuzzy infi topology τ0 is the
coarsest fuzzy infi topology on X such that each element in X∗ (dual space)
remains a continuous function.

4.3. Corollary

Suppose (X, τ) be a fuzzy infi topological space and Y ⊆ X. Then there
is a weak fuzzy infi topology on Y , say τ∗, such that the inclusion map
i : (Y, τ∗)→ (X, τ) is fuzzy I-continuous.

4.4. Corollary

Suppose Y ⊆ X and f : (X, τ)→ (Z, τ0) are fuzzy I-continuous. Then f |Y
is fuzzy I-continuous if Y is endowed with induced fuzzy infi topology.

Proof: Clearly, f |Y = f ◦ i, where i : Y → X is the inclusion map and
by theorem 4.2, Y is endowed with induced fuzzy infi topology. Then by
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Corollary 4.3, i : Y → X is fuzzy I-continuous. Again, by Theorem 3.16,
the composition of two fuzzy I-continuous function is fuzzy I-continuous
and hence f |Y is fuzzy I-continuous.

4.5. Theorem

Consider a family {(Xi, τi), i ∈ I} of fuzzy infi topological spaces and fi :
X → Xi, a family of fuzzy functions. Then there is a weakest fuzzy infi
topology on X such that each fi is fuzzy I-continuous.

Proof: From the Theorem 4.2, for any i ∈ I there is a weakest fuzzy infi
topology Ci on X for which fi : (X,Ci) → (Xi, τi) is a fuzzy I-continuous
function. Then, clearly, C = ∪{Ci : i ∈ I} is the subbase for a fuzzy
infi topology on X making each fi fuzzy I-continuous. Moreover, it can be
easily verified that this is the smallest fuzzy infi topology with this property.

4.6. Definition

The weakest fuzzy infi topology generated on X by the family {(Xj , τj), j ∈
J} of fuzzy infi topological spaces and a family of fuzzy functions fj : X →
Xj is called the initial fuzzy infi topological space that makes each fj fuzzy
I-continuous.

4.7. Corollary

For any set Y , a fuzzy infi topological space (X, τ) and a function f : X →
Y it can be easily verified that D = {δ ∈ IY : f−1(δ) ∈ τ} is the finest fuzzy
infi topology on Y making f a fuzzy I-continuous function. More generally,
consider a family of fuzzy infi topological spaces {(Xj , τj), j ∈ J}and for
each j ∈ J , a function fj : Xj → Y , then the intersection ∩jDj is the
finest fuzzy infi topology on Y making all fj fuzzy I-continuous functions,
where for each j ∈ J,Dj is the finest fuzzy infi topology on Y for which
fj : (Xj , τj) → (Y,Dj) is fuzzy I-continuous. This topology ∩jDj on Y is
called the final fuzzy infi topology.

4.8. Theorem

Consider a family fj : X → Xj, j ∈ J , of functions, where (Xj, τj) are fuzzy
infi topological spaces and X is a given set equipped with the initial fuzzy
infi topology τ . Then, a function f : (Y, τ∗)→ (X, τ) is fuzzy I-continuous
iff fj ◦ f is a fuzzy I-continuous function for all j ∈ J .
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Proof: If f is a fuzzy I-continuous function, then from Theorem 3.16, for
each j ∈ J, fj ◦f is a fuzzy I-continuous function. Conversely, let if possible,
each fj ◦ f be a fuzzy I-continuous function for each j ∈ J , with f is not
a fuzzy I-continuous function, which means that there is λ ∈ τ such that
f−1(λ) ∈ τ∗. Then one of the following two statements holds:

(i) for any particular i ∈ J , there exists λi ∈ τi such that λ = fi−1(λi),

(ii) for all j ∈ J and λj ∈ τj , λ 6= f−1j (λj).

In case (i), we have

f−1(λ) = f−1(f−1i (λi)) = (fi ◦ f)−1(λi).
Therefore (fi ◦f)−1 ∈ τ∗, which is a contradiction to the fact that fi ◦f

is fuzzy I-continuous.
In case (ii), since f−1(0X) = 0Y and f−1(1X) = 1Y , so λ 6= 0X , 1X . Then
τ−{λ} is a fuzzy infi topology on X. But for each j ∈ J, fj : (X, τ−{λ})→
(Xj , τj) is fuzzy I-continuous, which is a contradiction with the choice of τ ,
as τ is the weakest fuzzy infi topology on X.
Thus f is fuzzy I-continuous.
As a consequence of Theorem 4.5 we now present a product fuzzy infi
topology for an arbitrary family {(Xj , τj) : j ∈ J} of fuzzy infi topological
spaces. The product fuzzy infi topology on X =

Q
j∈J Xj is the weakest

fuzzy infi topology on X, such that for each k ∈ J , the projection πk :Q
j∈J Xj → Xk is a fuzzy I-continuous function.

4.9. Corollary

For any family {(Xj , τj) : j ∈ J} of fuzzy infi topological spaces, a fuzzy
product fuzzy infi topology on X =

Q
j∈J Xj exists.

Proof: In Theorem 4.5, if we replace fj by πj , then we get the required
theorem.

4.10. Corollary

Suppose the family (Xj , τj) consists of fuzzy infi topological spaces and
X =

Q
j∈J Xj is equipped with the product fuzzy infi topology generated

by projection maps {πj : X → Xj , j ∈ J}. Then f : (Y, τ∗) → (X, τ) is a
fuzzy I-continuous function iff πj ◦ f is a fuzzy I-continuous function for all
j ∈ J.

Proof: The proof follows immediately from Theorem 4.8.
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4.11. Corollary

Suppose f : (X, τ) → (Y, τ∗) and g : (X, τ) → (Z, τ0) are two fuzzy I-
continuous functions. Then the function f × g : (X, τ)→ (Y × Z, τ∗ × τ0)
defined by (f × g)(x) = (f(x), g(x)) is fuzzy I-continuous.

Proof: Consider π1 and π2 such that (π1 ◦ (f × g))(x) = π1(f(x), g(x)) =
f(x) and (π2 ◦ (f × g))(x) = π2(f(x), g(x)) = g(x).
Clearly, (π1 ◦ (f × g)) and (π2 ◦ (f × g)) are fuzzy I-continuous functions.
Hence by Corollary 4.10, f × g is fuzzy I-continuous.

Conclusion

In [6], we introduced and discussed the concept of infi topological spaces.
In [13] Saha and Bhattacharya introduced the concept of induced fuzzy infi
topological space. They showed the existence of this space with the help of
NLSC functions. But they didnt go further. Fuzzy topological space is such
a concept which created a great impact in applied math and in different
dimensions of physics also like quantum physics, string theory, ε∞-theory
. Now since fuzzy infi topological space is a generalization of fuzzy topo-
logical space, we contemplate this space also, is very much convenient in
those fields. In this paper we went on to study some basic properties of
fuzzy infi topological space like fuzzy infi interior, fuzzy infi closure, fuzzy
I-continuous functions, composition of fuzzy I-continuous functions, fuzzy
infi open mappings, fuzzy infi closed mappings etc and also established some
theorems related to those concepts. Further we established the existence of
product fuzzy infi topological space and studied some properties of fuzzy
I-continuous functions on product fuzzy infi topological space. There is a
scope to study the notion of fuzzy connectedness, fuzzy hyper connected-
ness, fuzzy locally connectedness, fuzzy extremely disconnectedness, fuzzy
sub maximal spaces etc in a given fuzzy infi topological space.
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