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Abstract

Inequalities regarding the solutions of the monlinear differential
equation with multiple delays

a'(t) = a(t) f(2(t)) + Zbi<t)f<x<t = hi)),

are obtained by means of Lyapunov functionals. These inequalities
are then used to obtain sufficient conditions that guarantee exponen-
tial decay of solutions to zero of the multi delay nonlinear differential
equation.

In addition, we obtain a criterion for the instability of the zero
solution. The results generalizes some results in the literature.
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1. Introduction

The study of the stability properties of differential equations has attracted
the attention of many mathematicians lately, see [1], [4], [5], [6], [7], [8].
[9],[10], [11] and the references cited therein. In particular, Wang in [11]
considered the scalar linear functional differential equation

(1.1) 2 (t) = a(t)z(t) + b(t)z(t — h).

The author obtained sufficient conditions for asymptotic stability if
a(t) > 0 and instability if a(¢) <0 for (1.1).

Moreover, Cable and Raffoul in [1] used Lyapunov functionals to obtain
sufficient conditions that guarantee exponential decay of solutions to zero
for the multi delay linear differential equation

n

(1.2) o' (t) = a(t)z(t) + Y bi(t)z(t — hy).

=1

They also obtained a criterion for instability of the zero solution of (1.2).
The highlight of the paper by Cable and Raffoul is that a(t) is allowed to
change signs. Motivated by [1] and [11] we consider the scalar nonlinear
differential equation with multi delay

n

t)) + D bi(t)f(x(t — ha)),

i=1

(1.3) 2'(t) = a(t)f(x

—~

where a, b are continuous with 0 < h; < h* for ¢ = 1, ..., n for some positive
constant h* and f: R — R with f(0) = 0 is continuous.

Let

_ B a0
fl(m){f’(o), z=0.

Then equation (1.3) is equivalent to

: /t bl ) f(als)ds,

(14 20 = QA -3 4
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where .
Q) = (aft) + bt + 1)),
i=1
Let ¢ : [=h*,0] — (—00,00) be a given bounded initial function with
]l = _max_fo(s)].
We also denote the norm of a function ¢ : [-h*, 00) — (—00, 00) by
lell = sup  o(s)].
—h*<s<oo

We say that x(t) = z(t, to, ) is a solution of (1.3) if x(t) satisfies (1.3)
for t > tg and xy, = x(to + s) = ¥(s), s € [-h*,0]. We end this section by
stating a Lemma which contains the Lyapunov functionals we propose to
use to obtain our inequalities in this paper without proof.

Lemma 1.1. Let § and H be constants such that § > 0 and H > 0. Then
the functionals V (t) and Vi (t) defined by

V() =

2
+Z/ s+ ha)f (())ds]

(1.5) +5Z/ 62 24 hi) f2((2))d=ds

2
Vi(t) = l +Z/ (5 + hi) (())ds]
(1.6) - HZ/t BR(s R (w(s)ds
i=17t="
respectively are Lyapunov functionals.
The rest of the paper is organized as follows. In the next section, we use
a Lyapunov functional to obtain inequalities that can guarantee exponential

stability and in the final section inequalities that lead to instability are
obtained by a Lyapunov functional for (1.3).
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2. Exponential Stability

In this section we obtain inequalities that can be used to deduce the expo-
nential stability of (1.3).

Lemma 2.1. Suppose that

B} i
@1 i S QWAEE) S —0K 3 K+ h) i)
hold for 6 > 0. If fi(x) > 1 then
(2.2) V(t) < Q)V(t)

where V (t) is given by (1.5).

Proof.

Let z(t) = x(t,to,%) be a solution of (1.3) with V(¢) defined by (1.5). It
must be noted that Q(¢) < 0 for all £ > 0 in view of condition (2.1) and
the fact that fi(x) > 1. Then along the solutions of (1.4) we have

V'(t)

[ <3 [, et <>>ds] Q) A (0)a()
+ 5; /7 B+ h) P (0)ds

_ ij/_o Bt s+ o) f(a(t + 5))ds

IN

+Z ) IRCCEIONET >>ds] Q) r(a(t)a(t)

+ 5h*zbf (t+ hi) f2(x(1))

i=1

_ 5§nj/_0h_ B2t + 5+ hi) f2(a(t + 5))ds
=1 g

IN

Q) [x%) +2) [ nls+ hi>f<x<s>>ds]

oS B+ ) F(a()a(®)

i=1
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_5 i /Ohi B2(t+ 5+ hi) f2(x(t + 8))ds + Q(t) fi(x(£)22(t)

< QOAEOYVO - QOAEY. [ [ Fe+ b () dzds
=17 ~hi Jits
no .t 2
~ Q) (3 [, nsnstetoan)
i=17t—hi
—5%/0 V2(t+ s+ hi) f2(x(t + 5))ds
R Z

(2.3) + <5h* zn: b7 (¢ + hi) f7 (z(t)) + Q(t)fl(:v(t))) z?(t).

=1

If we let uw =1+ s, then

2 i 2.’1} S S = 2u 1 2.'L'u S.
5;/hibi(t+s+hz)f( (t+5))d 5;/thibl( + i) £ ((u))d
(2.4)

By the Holder’s inequality we obtain

(2.5)

IN

QU Y [ B+ ) a(s)ds.
i=1vt i
We observe that

n 0 t t n
6;/}” . V2 (2 + hi) f2(x(2))dzds < 5h* /thi ;bf(s + hi) f2(x(s))ds

(2.6)

Substituting (2.4), (2.5), and (2.6) into (2.3) and making use of (2.1)
we obtain

Vi) < Q<t>f1<x<t>>v<t>+[—Q<t>f1<x<t>>h*<6+1>
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5}2/ b2(s + i) £2(2(s))ds

n (M* Zb2 (t + ha) FR(a() +Q(t)f1(fv(t))> 22(t)
t

Q)f
Q(t)

IN A

V(t)

Theorem 2.2. Suppose that condition (2.1) hold. Then any solution
x(t) = x(t, to, ) satisfies the exponential inequality

h.
_sh* [t s s
(2.7) [z(t)] < \/Q(QTM)V(tO)e 5, 2 Do (s +ha)ld

for t >ty + h*/2.

Proof.

By changing the order of integration of the second term in V(¢) given by
(1.5) and using the fact that ¢t — % < z < t implies that %7- <z—t+h; <h
we obtain

52/ b2z+h)f( (2))dzds
_ 52/ h/ B2(z + hi) f2(w(2))dsdz
_ 52/_ .b?(z—i—hi)fz(x(z))(z—t—i—hi)dz
_ 52/ b2z+h Vf2(2(2)) (2 — t + hy)dz

4 52/ B (s + hi) 2(2(2)) (=2 — £+ ha)d
=17/t %

v

552/; B(= + hi) f2(2(2)) (2 — t + hi)dz

t

(2.8) > 0y ?z 0 V2 (2 + h) f2(x(2))dz
i=1 2

t—

3
I
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Thus, in view of (2.8) we have

V() > 52/ b2 (2 + ) f2((2))dzds
> 5y = b2 (z + hy) f2(2(2))dz
;2/_ (= + ) f2(a(2)
Consequently

(2.9) V(t—h—> > 52 / b2z+h ) 12(3(2))dz.

Due to the fact that V’(¢) < 0 we have for ¢t > ¢y + h*/2 that

OgV()JrV(t—%) <2V(t—%)

Using (2.8) and (2.9) we obtain

V(t)+V<t—%)

= |z(t)+ Z/tt N bi(s + hz)f(:v(s))ds]
g=17""""
n 0 t .
+5;/h2 N bf(z%—hi)f?(:c(z))dzds%—V(t— %)
n t 2 n . t
> :L‘(t)—l—;/t_hi bi(s + hi) f(a(s))ds +5;%/t_hb?(s+hi)f2(;p(s))ds
" hs t—%
5y — b2 (s + hy) f2(x(s))ds
I AR BIE)
> x(t)—i—;/t_hi bi(s + hi)f(x(s))ds +§ (; /t—hl- bi(s—i-hi)f(x(s))ds)
2
_ 2i5x2<t)+ +yf142 Z/th (s + i) f ())d]
> 0 z2(t).
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Consequently,

0
2+

(2.10) 2?(t) < V(¢ )+V<t— %) < 2v< };z>

An integration of (2.2) from ¢¢ to t yields V(t) < V(to)e f [a(s)+) i, bi(s+hi )lds

This implies that V(t _ %) < V(to)eft a(s)+y i bi(s+hi)]

It follows from (2.11) that
$2(t) < 2<2+6>V(t0)6‘[ as)—f—Zq 1 bi(s+hs) ]ds

Hence
1 t7_2 s S
()] < 2<2T+6)V(t0)62f02 iy ilethold

/2(2+5)V(t0) e [

for t > to + h*/2. This completes the proof.

[ZZ 1 b2(s+h;)ds

IN

Corollary 2.3. Suppose condition (2.1) hold. If fi(x) > 1 and

n

(2.11) Zb?(sjthi) >

=1

for some positive constant vy for all t > ty then the zero solution of (1.3) is
exponentially stable.

Proof.
It follows from (2.7) that

|z (t)]

VAN

0

\/2(2% 2 ttge 0w,

This completes the proof.

__on* g s s
\/2(2+5)V(t0)e [ s R
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3. Instability Criteria

In this section, a Lyapunov functional is used to obtain a criterion that can
be applied to test for instability of the zero solution of (1.1).

Lemma 3.1. Assume that there exists a positive constant H > h* such

that

(1) QWA - Hibf(t o) £2(w(t) 2 0.
If fi () > 1 and Vi(¢) is given b_y (1.6), then

(3.2) Vi () > Q(t)Va(t).

Proof.

In view of condition (3.1 and the fact that fi(z) > 1 it is clear that Q(¢) > 0
for allt > 0. Let x(t) = x(t, to, ) be a solution of (1.3) with V;(¢) defined by
(1.6). Taking the time derivative of the functional V;(¢) along the solution
of (1.3) we have

Vi) = [ +Z/ i(s+ ha) f (2 (s ))ds] Q1) fi(x(t)=(t)
—HZb2t+h)f2 +sz2 ()2 (x(t = hi))
1=1

= Q)fi(z(t)) |z

t) + 2x(t Z/th i(s+ hi) f ())d]

SR+ RS0 + H SBR[l — hi)a( - ho)
=1 =1

+ QA (a)a()
= QOAEEVE+QWAEH Y. [ 1+ h) A (a(s)ds

— QA3 [, b+ haratis)

- Hibf(t)ff(x(t — hi))x?(t — hy)

=1
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+ Q1) fi(x(1)2*(t) - Hi b7 (t + ha) f2 (1)) 2% (t)

— QA+ Q) [Hz/ B2+ i) (o)) ds
n t 2
(33) - (; /h bi<s+hi>f<x<s>>ds) }
T [Q(tm(m)) CHS B+ hi>f3<x<t>>}x2<t>

i=1
+ HZH: V2 (1) f2 (2t — hy))z?(t — hy)
i=1
> Q(t) fr(z(t)Vi(t)

(34) = Q)Vi(?),

where we have used (3.1) and the fact that by Holder’s inequality

(Z/th (s + ha) f2(a(s s> <h*z/ 2(s + hy) f2(2(s))ds.

This completes the proof.

Theorem 3.2. Suppose that condition (3.1) hold and fi(x) > 1. Then
the zero solution of (1.3) is unstable, provided that

Z T B2(s + hi)ds = oo

Proof.
Integrating (3.5) from ¢y to ¢ we obtain

(3.5) Vi) > V(tg)elnlOrr I tilstholds

With V(¢) given by (1.6) we have

n

Vi(t) = 2*(t)+2x(t) ) /tih bi(s + hi) f(x(s))ds

=1



Ezxponential stability and instability in nonlinear differential ...

+ (; /t—hi bi(s + hz‘)f(x(s))d3>
(3.6) - HZ/tih b2(s + h) f2(x(s))ds

Let 8 = H — h*. Then it follows from

2
vh _ﬁb >0

N Vﬁ) -
that

(3.7) 2ab < b2 + %zﬂ

B
Using inequality (3.7) we obtain

691

2603 [ wls+hf e )ds < e S [ ils+h)SGals)

<

(3.8) < S0+ 8Y [ Bsh

WO < 0+ 20+ @n Y [+ h P
i=17t=hi
= mg(t)+%x2(t)
= B—;h z%(t)
(3.9 = Hlj h*xz(t)

Using inequalities (3.1), (3.5) and (3.9) we obtain

_ h* t n _ .
()] > HHh V2 (1) e? Jro Iy bl ha)lds
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1/2 5 (8)+y i bi(s+hi)lds

> H — h* 1/2 Hftozl L b2( s+hi)ds

T?

This completes the proof.
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