Proyecciones (Antofagasta. On line) | vol. 40, n. 1 (2021) | pp. 187-198.

0i)10.22199/issn.0717-6279-2021-01-0012

Journal of Mathematics

ISSN 0717-6279 (On line)

New approach to Somos’s Dedekind eta-
function identities of level 6

D. Anu Radha'® orcid.org/0000-0001-5756-3291
B. R. Srivatsa Kumar?® orcid.org/0000-0002-5684-9834

Shruthi®® orcid.org/0000-0002-3305-0085

Manipal Academy of Higher Education, Manipal Institute of Technology, Dept. of
Mathematics, Manipal, KA, India.
1™ anurad13@gmail.com ; 2™ sri_vatsabr@yahoo.com; 3®shruthikarranth@gmail.com

Received: November 2019 | Accepted: September 2020

Abstract:

In the present work, we prove few new Dedekind eta-function identities of
level 6 discovered by Somos in two different methods. Also during this pro-
cess, we give an alternate method to Somos’s Dedekind eta-function identi-
ties of level 6 proved by B. R. Srivatsa Kumar et al. As an application of this,
we establish colored partition identities.

Keywords: Modular equations; Dedekind eta-functions; Colored partitions.

MSC (2020): 11F20, 33C05, 11P83.

Cite this article as (IEEE citation style):

D. Anu Radha, B. R. Srivatsa Kumar, and Shruthi, “New ap-
proach to Somos’s Dedekind eta-function identities of level 6”,
Proyecciones (Antofagasta, On line), vol. 40, no. 1, pp. 187-
198, 2021, doi: 10.22199/issn.0717-6279-2021-01-0012

Article copyright: © 2021 D. Anu Radha, B. R. Srivatsa Kumar, and Shruthi. This is an open access article
distributed under the terms of the Creative Commons License, which permits unrestricted use and dis-
tribution provided the original author and source are credited. )y |

*Corresponding author


https://www.revistas.ucn.l
https://doi.org/10.22199/issn.0717-6279
https://doi.org/10.22199/issn.0717-6279-2021-01-0012
https://orcid.org/0000-0001-5756-3291
https://orcid.org/0000-0002-5684-9834
https://orcid.org/0000-0002-3305-0085
https://portal.issn.org/resource/ISSN/0717-6279#
https://creativecommons.org/licenses/by/4.0/

188 D. Anu Radha, B. R. Srivatsa Kumar and Shruthi

1. Introduction

Throughout the paper, we use the standard g-series notation and f(—g¢*)
is defined as

F(=") = (@" ") = [ (1 — ™) keZ,lg <1
n=1

Ramanujan’s modular equation involve quotients of the function f(—g*)
at certain arguments. For example [7, p. 204, Entry 51] and [11], let

) _ (=)
B e B YRy

then

9 Q\> /P\3
1.1 ro+ 2 —(QY _ (LY
. 0+ 35-(7) - (3)
After the publication of [7] many authors including C. Adiga et. al.[l, 2, 3],
N. D. Baruah[4, 5], M. S. M. Naika[10], K. R. Vasuki et. al.[19, 20], N.
Saikia [13], J. Yi [22], have found additional modular equations of the type

(1.1) to evaluate various continued fractions, Weber class invariants, two
parametric evaluation of theta function and many more.

In the spirit of Ramanujan, M. Somos [14] used computer to discover
around 6277 new elegant Dedekind eta-function identities of various levels
without offering the proof. He has a large list of eta-product identities and
he runs PARI/GP scripts and it works as a sophisticated programmable
calculator. In 2010, Z. Cao [8] has given the proof of Somos’s dissection
identities. B. Yuttanan [23], K. R. Vasuki and R. G. Veeresha [21], B. R.
Srivatsa Kumar and Veeresha [15], Srivatsa Kumar and D. Anu Radha [16],
Srivatsa Kumar et. al. [17, 18] have obtained the proofs for the levels 4, 6,
8, 10, 12 and 14. The purpose of this paper is to prove Somos’s Dedekind
eta-function identities of level 6 by employing Ramanujan’s modular equa-
tions of degree 3 in two different methods. Also, we provide an alternate
method to Somos’s Dedekind eta-function identities of level 6 proved by Sri-
vatsa Kumar et. al. [17]. Some Somos’s identities are simple consequences
of others and we do record only few of them in Section 3. Moreover, our
proofs are similar to each other and so in the interest of brevity and avoid-
ing the repetition of the same ideas, we provide proofs of few identities.
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Furthermore we establish combinatorial interpretations of some of our the-
orems.

2. Preliminaries

We use the standard g¢-series notation as
o0
(a;q)0e := [J (1 — agq)"
n=0

and

(a1>a2> <o Qnj Q)oo = (al; Q)oo(a% Q)oo e (an; Q)ooa \QI <L

The Ramanujan’s theta function f(a,b) is defined by

f(a,b): Z an(n+1)/2bn(n—1)/2, \ab\<l.

n=—oo

In Ramanujan’s notation Jacobi’s triple product identity [6, p. 36] is stated
as
f(a,b) = (—a;ab) oo (—b; ab) o (ab; ab) o, lab| < 1.

The two important special cases of f(a,b) are

o0

0@ =fa9)= Y ¢ =% )
and -
fl=a) == f(=¢, =) = Y (=1)"¢"®" D7 = (g;9)ee

Also after Ramanujan, define
X(@) = (=4:¢°)oo-

Note that, if ¢ = e*™7 then f(—¢q) = e~*"7/12(7), where 7(7) denotes the
Dedekind eta-function is defined as

n(m) = ¢/ T (1 - ¢ Im(7) >0,

n=1
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here 7 is any complex number. A theta function identity which asso-
ciates f(—q), f(—¢?), f(—q") and f(—q?") is called theta function identity
of level 2n. After expressing Dedekind eta-function identities, which we
are proving in Section 3, interms of f(—¢™), we obtain the arguments in
f(=a), f(=¢%), f(—=¢*) and f(—4°), namely —q, —¢?, —¢* and —¢® all have
exponents dividing 6, which is thus equal to the ‘level’ of the identity 6.
For convenience all through the paper, we write f(—¢") = fp.

Before concluding this section, we now define a modular equation as
defined by Ramanujan. A modular equation of degree n is an equation
relating  and ( that is induced by

where

oF1(a,b;¢c;2) = Z %z”

n=0

denotes an ordinary hypergeometric function with

I'(a+k)
I'(a)

(a)r =

Then, we say that 3 is of n" degree over a. Also, we define the multi-
plier m by

3. Main results: Somos’s identities of level 6

Theorem 3.1. We have
X(=¢*) . 8ac(-q) _ fifs

ax*(—q) (=)  afifd

Proof. On page 230 of his notebook [6, pp. 230-238, Entry 5] and [12],
the following modular equation of degree 3, recorded by Ramanujan is as
follows. If

B(1L- B))”“

P :=[16a5(1 — a)(1 — B)]"/® and @:= (a(l )
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then

(3.1) Q+%+2\/§<P+%>:O,

here B has degree three over a. Suppose that if
y:7T2F1(1—$)/2F1($) and Z =9 Fl(a:)

then we have from [6, pp. 122-124, Entry 10(i) and Entry 12(v)],

(3-2) ple™) =z
and
(3.3) x(e7Y) =216 (z(1 - z)e*y)fl/M.
On transforming (3.1) using (3.3), we obtain
ARETS 8
3.4 LT
(3.4) y6+x6 TY T By

where z := z(q) = ¢~ /?*x(q) and y := y(q) = ¢~/®x(¢*). On multiplying
(3.4) throughout by x~2y=2(8z'2 + 29" + 1623y — 16y'2), we obtain

83 1693 16yl5+ 80 11295 128 17y o

49 - 18 +$15y3 -7+ 212 _5207

9 21 $6y6

which is equivalent to

2 2
83 o 49 912 423
Also from [6, pp. 230-238, Entry 5], we have

1—2(ap)t/* m 1—2(aB)/A

m =

which implies
2 1-2 (63(176)3)1/8

m- a(l—a)
3 a3(1—a)8 1/8
2( B(-P) ) B

On transforming the above identity into theta functions from (3.2) and
(3.3), we deduce
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3
ol _1-4p
3p4(¢®) A

Employing (3.6) in (3.5), we find that

(3.6)

3 9 12 8
(37) 82° y Ly ¥
R 212 8 (¢P)
By using g-identities, one can easily deduce that
f3 13 fi
3.8 = 5=, = == and —q) = —.
38)  ¢(q) 2 x(q) il x(—q) T

From (3.8), we observe that

pl@) _ X’ fo
p(@®)  x*(@®) fo
Using (3.9) in (3.7), we obtain

=0.

(3.9)

fe

Y 3 yl
Now, replacing ¢ — —¢ in the above and simplifying using (3.8), we deduce
the result. O

Proof. [Alternate Proof]
Using (3.8) in Theorem 3.1 and then multiplying throughout by qf4 f&/ fi f4,
we obtain

o Safe®  Tafifs

3.10 3 _ — —1=0.
(3.10) R
From [19, Theorem 3.4(i)], if
= L and = IE;
TogiAf, T gt fs

then we have

(3.11) (AB)® + (A88)3 = (§>6 - (%)6.
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Employing P, @, A and B as defined as in (1.1) and (3.11), (3.10) reduces
to
QU(AB)’ = ((PQ)* + T)(PQ)*(AB)’ = 8P" =0

equivalently

_ (PQ?*+ 7+ V((PQ)Z+ 7)) (PQ)5 + 32(PQ)°
(AB)? = 500 .

Since AB > 0, we choose

s _ (PQP+ 7+ V(PR +7)2(PQ)° + 32(PQ)°
= 500 )

Using (3.12) in (3.11) and then factorizing, we obtain

(3.12) (AB)

where
L(P,Q) = P%—9P?Q* - P'Q" + @°

" M(P,Q) = PPQ*(P® + 9P*Q* + P*Q* + Q°).
But L(P, Q) is nothing but (1.1) and it verifies Theorem 3.1. O
Theorem 3.2. We have

R I18 + 9aftfof§ = 1315 = 0.
Proof. On dividing Theorem 3.2 throughout by f{ f3f&, we obtain
Rfg B _

q =
faft f58
Employing P, @), A and B as defined as in (1.1) and (3.11), (3.13) reduces

(3.13) 149

to

Q )3 9

14 ABP = (5] — —.

(314) ny = (2) - 55

Using (3.14) in (3.11) then factorizing, we obtain (1.1) and it verifies The-
orem 3.2. O

Theorem 3.3. We have f?f25f3f6 + 8quféi — f16f§ — 9qf1f2f§’f§ =0.
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Proof.  On dividing Theorem 3.3 throughout by f? 3 f3f6, we obtain

(3.15) 14 8qafofd S} _gq.)"élufé1 —0

fifs  Bfs THE
Employing P, ), A and B as defined as in (1.1) and (3.11), (3.15) reduces

to
(AB)S + (PiQ - PQ) (ABY® —8 =0

equivalently

s _ (PQ)* — 94 (PQ)T+14(PQ)* + 8T

(AB) 3P0

Since AB > 0, we choose

5 (PQ)P? -9+ /(PQ)*+14(PQ)% +381
B 2PQ '

(3.16) (AB)

Using (3.16) in (3.11) and then factorizing, we obtain
L(P,Q)M(P,Q) =0,

where

L(P,Q) = P° - 9P*Q* - P'Q" + Q°

and
M(P,Q) = —32P%Q*(P% + 9P%Q? + P*Q* + Q).

But L(P,Q) is nothing but (1.1) and it verifies Theorem 3.3.

a

Remark: Similarly, we can prove the remaining Dedekind eta-function
identities of level 6 due to Somos [14]. Some of them are listed below:
RS +afltfs — £3fsfs =0,
FUBIE + VT2 fafafe® + T20 f3 167 — £3°£3° = 0,
FRFL0E + 8afE S 18 — SR + s i3 2 = o,
and many more identities listed in [14, 17].
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4. Applications to Colored Partitions

The identities proved in Section 3 have applications in colored partitions.
In this Section, we present partition interpretation for Theorem 3.1. This
concept was first introduced by S. S. Huang [9]. Now we define colored
partition as given in the literature.

“A positive integer n has [ colors if there are [ copies of n available colors
and all of them are viewed as distinct objects. Partitions of a positive
integer into parts with colors are colored partitions”.

For instance if 3 colors are assigned to 1, then the possible colored partitions
of 2 are 1p + 1y, 1, + 1y, 1; + 1;, 1y + 15, 1 + 1;, 1; + 1, and 2, where we
represent the indices b (blue), y (yellow) and ¢ (indigo) to recognize three
colors of 1. For our convenience, we use the notation,

(qr:t

(4.1)

As an example of this, (¢*F; ¢®)s means (¢3, ¢°; ¢®) oo, Which is (¢3; ¢®) oo
(¢°:¢®)oo. Also the number of partitions of n where all the parts are con-
gruent to [ modulo m with n colors is given by the generating function

as
1

(¢ q™)n

Theorem 4.1. Let «;(n) represent the partitions of n being divided into
parts congruent to £1 modulo 6 with 7 colors and £2 modulo 6 with 8
colors. Let ag(n) is chosen to represent the partitions of m into parts
congruent to +1 modulo 6 with 4 colors, +2 modulo 6 with 8 colors and
+3 modulo 6 with 6 colors. Let as(n) indicates the partitions of n being
split into parts congruent to £1 modulo 6 with 1 colors, £2 modulo 6 with
8 colors and +3 modulo 6 with 12 colors. Let as(n) is taken to represent
the partitions of n into several parts congruent to +3 modulo 6 with 6
colors. Then we have

aj(n) — Tag(n — 1) — 8az(n — 2) — au(n) =0, n>2.

Proof. On using (3.8) in Theorem 3.1, dividing throughout by f{ fy 3 f§
and then simplifying subject to the common base ¢%, we deduce

1 7q 8q> 1

10%)00 = (0", 4% 4% )0, (r <s);r,seN.

(2,8, 0% (ah.03. 43,08, 03:0%) 0 (a}, a2, 432, 48,07 00) 00 (033 0%) oo

=0.
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On using (4.1) in the above, we have

1 7q 8¢ B 1 0

(Z%;, G300 (GG % 500 (@G 4310 (@875¢%)0
We observe that (4.2) gives the generating functions for a;(n), az(n), az(n)
and ay(n) respectively. Hence the above identity is equivalent to

Z ar(n)g" =7 Z as(n)g™t — 8 Z as(n)g"? — Z ag(n)g" =0
n=0 n=>0 n=0 n=0

and we set a1(0) = a2(0) = a3(0) = a4(0) = 1. Now on extracting terms
of ¢" in the above, we obtain the required result. O

Example: For n = 2, the partition representations are given by the fol-
lowing table.

a1(2) =36: 1, + 1,1y + Ly, 1p+ 15,1y + 1,15+ 10,15 + 14, Ly, + Ly, L + 1y,
Lo+ 1p, 1y 4 Ly, 1+ o, Ly Ly L+ 1y, Ly + 1, 1y + 1y, 1y + 1o,
1w + 1m> 1w + 19, 1b + 1y7 1b + 107 1b + 1m7 1b + 1g, 1y + 107 1y + lma
Ly 4+ 1y, 1o+ Liny 1o + 1, Loy + 1y, 20, 20, 26, 24, 20, 25 25 20-

ag(l) =4: 1r71w71balg-

013(()) =1:

014(2) =0:
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