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1. Introduction

The idea of rough convergence was first introduced by Phu [12-14] in finite
dimensional normed spaces. He showed that the set LIM! is bounded,
closed and convex; and he introduced the notion of rough Cauchy sequence.
He also investigated the relations between rough convergence and other
convergence types and the dependence of LIM] on the roughness of degree
r.

Aytar [1] studied of rough statistical convergence and defined the set
of rough statistical limit points of a sequence and obtained two statistical
convergence criteria associated with this set and prove that this set is closed
and convex. Also, Aytar [2] studied that the r— limit set of the sequence
is equal to intersection of these sets and that r— core of the sequence is
equal to the union of these sets. Dindar and Cakan [11] investigated of
rough ideal convergence and defined the set of rough ideal limit points of a
sequence The notion of I— convergence of a triple sequence spaces which
is based on the structure of the ideal I of subsets of N x N x N, where N
is the set of all natural numbers, is a natural generalization of the notion
of convergence and statistical convergence.

Let K be a subset of the set of positive integers N x N x N and let
us denote the set Ky = {(m,n, k) € K :m >i,n < jk</{}. Then the
natural density of K is given by

§ (K) = lim j—oo m’, ,

where |Kijg’ denotes the number of elements in K.

The Bernstein operator of order (r, s,t) is given by
T S

Byt () = Yo i oo £ (225 () (%) (;;) e (1 ) () (=) (k)

where f is a continuous (real or complex valued) function defined on [0, 1].
Throughout the paper, R denotes the real of three dimensional space

with metric (X,d). Consider a triple sequence of Bernstein polynomials

(Bmnk (f,x)) such that (Bynk (f,x)) € Rym,n, k € N.
Let f be a continuous function defined on the closed interval [0, 1]. A

triple sequence of Bernstein polynomials (By,ux (f,x)) is said to be statis-

tically convergent to 0 € R, written as st — lim x = 0, provided that the

set

KE = {(m,n, ]43) S ]N'3 : ’ank (f,.%') - f((]?)| > 6}
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has natural density zero for any € > 0. In this case, 0 is called the statistical
limit of the triple sequence of Bernstein polynomials. i.e., d (K¢) = 0. That
is,

liMyst—oorgg {(m,n, k) < (r,5,8) | Bonr, (f,20) — (f,2)] > €} = 0.

In this case, we write 6 — limByk (f,2) = f(x) or By (f,z) —58

f(=).
Throughout the paper, N denotes the set of all positive integers , x 4—

the characteristic function of A C N, R the set of all real numbers. A
subset A of N is said to have asymptotic density d (A) if

. i j l
d(A) = lzmijfaoo%g Y=t 2on=1 Sk=1X4 (K).
A triple sequence (real or complex) can be defined as a function x :
N xN x N — R(C), where N,R and C denote the set of natural num-
bers, real numbers and complex numbers respectively. The different types
of notions of triple sequence was introduced and investigated at the initial

by Sahiner et al. [15,16], Esi et al. [3-8], Datta et al. [9], Subramanian et
al. [17], Debnath et al. [10] and many others.

A triple sequence © = (k) is said to be triple analytic if

1
SUPm,n k |xmnk| mtntk < 00.
The space of all triple analytic sequences are usually denoted by A3.
The set of fuzzy real numbers is denoted by f (x) (R), and d denotes the
supremum metric on f (X) (R3). Now let 7 be nonnegative real number.

A triple sequence space of Bernstein polynomials of (B,,,x (f, X)) of fuzzy
numbers is r— convergent to a fuzzy number f (X) and we write

Bk (f, X) =" f(X) as m,n, k — oo,
provided that for every e > 0 there is an integer me, ne, ke so that

d (Bmnk (f, X), f (X)) <7+ e whenever m > me,n > ne, k > ke.
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The set LIM" By (f, X) = {f (X) € f(X) (R?) : Bk (f, X) =" f(X), as m,n, k — oo}
is called the r— limit set of the triple sequence space of Bernstein polyno-
mials of (Bpnk (f, X)) .
A triple sequence space of Bernstein polynomials of fuzzy numbers
which is divergent can be convergent with a certain roughness degree. For
instance, let us define

Boni: (f, X) _{ n(X), if(m,n, k) is odd integer, }

w(X), otherwise
where
X, if X €10,1],
n(X)=¢ —X+2, ifX €]l,2],
0, otherwise
and

X -3, ifXel[34],
w(X)=¢ —X+5, ifX € [4,5],
0, otherwise

Then we have where

o, ifr < 3,
., _ 2
LIM" By (f, X) = { [u—r1,n+71], otherwise [’

where 71 is nonnegative real number with
[ —=r1,m+71] = { Bk, (f, X) € f(X) (R?) : pp =71 < By (f, X) <411}

The ideal of rough convergence of a triple sequence space of Bernstein
polynomials can be interpreted as follows:

Let (Bpnk (f,Y)) be a convergent triple sequence space of Bernstein
polynomials of fuzzy numbers. Assume that (Bp,,x (f,Y)) cannot be de-
termined exactly for every (m,n,k) € N3. That is, (Bynk (f,Y)) cannot
be calculated so we can use approximate value of (B (f,Y)) for sim-
plicity of calculation. We only know that (Bpnk (f,Y)) € [tmnks Amnk] s
where d (fmnks Amnk) < 7 for every (m,n,k) € N3. The triple sequence
space of Bernstein polynomials of (By,x (f, X)) satisfying (Bnk (f, X)) €
[mnks Amnk] , for all m,n, k. Then the triple sequence space of Bernstein
polynomials of (B,ux (f, X)) may not be convergent, but the inequality
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d(ank (er)uf(X)) < d<ank (va)aank (vK))+

implies that the triple sequence space of Bernstein polynomials of ( B,k (f, X))

is r— convergent.

In this paper, we first define the concept of rough convergence of a triple
sequence space of Bernstein polynomials of fuzzy numbers. Also obtain the
relation between the set of rough limit and the extreme limit points of a
triple sequence space of Bernstein polynomials of fuzzy numbers. We show
that the rough limit set of a triple sequence space of Bernstein polynomials
is closed, bounded and convex.

2. Definitions and Preliminaries

A fuzzy number X is a fuzzy subset of the real R3, which is normal
fuzzy convex, upper semi-continuous, and the X° is bounded where X?; =
c{z e R3: X (z) > 0} and cl is the closure operator. These properties
imply that for each « € (0,], the a— level set X“ defined by

X ={zcR*: X (2) > a} = [X*, X"

is a non empty compact convex subset of R3.
The supremum metric d on the set L (R?) is defined by

d(X,Y) = supyepo,1ymaz (|XO‘ -Y“, ’Ya - YO‘D .

Now, given X,Y € L (R3), we define X <Y if X* <Y*and X~ <Y"
for each o € [0,].

We write X < Y if X < Y and there exists an ag € [0,1] such that
X <Y or X <Y,

A subset E of L (R?) is said to be bounded above if there exists a fuzzy
number g, called an upper bound of F, such that X < u for every X € E.
w is called the least upper bound of F if u is an upper bound and pu < ,u/
for all upper bounds .

A lower bound and the greatest lower bound are defined similarly. E is
said to be bounded if it is both bounded above and below.

The notions of least upper bound and the greatest lower bound have been
defined only for bounded sets of fuzzy numbers. If the set E C L (R3) is
bounded then its supremum and infimum exist.
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The limit infimum and limit supremum of a triple sequence spaces
(Xonnk) is defined by

llmmnkﬁoolnf ank: = an Ax.
LMk —ooSUP Xmnk := tnf Bx.
where

Ax :={p e L(R®) : The set {(m,n, k) € N3: X, < pu}isinfinite}
Bx :={u € L(R3) :Theset {(m,n,k) € N3: X,k > pu}isinfinite} .
Now, given two fuzzy numbers X,Y € L (R3), we define their sum as
Z=X+Y,where Z* =X +Y%and Z* := X" +Y" for all a € [0,1].
To any real number a € R?, we can assign a fuzzy number a; € L (R?),
which is defied by

() = 1, ifzx=a,
“u\r) = 0, otherwise [’

An order interval in L (R3) is defined by [X,Y]:={Z € L(R?) : X < Z <Y},
where X,Y € L (R?).
A set E of fuzzy numbers is called convex if Ay + (1 — X) ug € E for all
A€ [0,1] and pg, g € E.

3. Main Results

3.1. Theorem

Let f be a continuous function defined on the closed interval [0, 1]. A triple
sequence of Bernstein polynomials of (By,nx (f, X)) of real numbers. If
f(X) € LIM"Bpni (f, X), then diam (lim sup Byni (f, X), f(X)) < r
and

diam (lim inf Bk (f, X), f (X)) <.

Proof: We assume that diam (lim sup Bk (f, X), f (X)) > r.

Define ¢ := {imsup Bm”’“(f X)f(X))=r . By definition of limit supremem, we

have that given mE,nG,kE € N3 there exists an (m,n, k) € N3 with m >
mz,n > ng, k > k- such that diam (lim sup By, (f, X), f (X)) < e Also
since B (f, X) =" f(X) as m,n, k — oo, there is an integer my.,n, , k;

€ € €
so that
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d Bk (f, X), f(X)) <r+€

whenever m > my,n > n;, k> k;. Let

(me, ne, ke) := max {(mlg, n,g, ké) , (mg, ng, k:g)} .
There exists (m,n, k) € N3 such that m > mg,n > ng, k > ke and
diam (lim sup Bk (f, X), f (X)) < (f, X) diam (lim sup Bk (f, X) , Bonk (f, X))+
diam (Bpmnk, f (X))
<E+r+e
<r+2€
=1+ diam (lim sup By (f, X), f(X)) =7

= diam (llm sup ank (f: X) ’ f (X)) .

The contradiction proves the theorem. Similarly, diam (lim inf Bk (f, X), f (X)) <
r can be proved using definition of limit infimum.

3.2. Theorem

Let f be a continuous function defined on the closed interval [0,1]. A triple
sequence of Bernstein polynomials of (B (f, X)) of real numbers. If
LIM" Bk (f, X) # ¢, then we have

LIM" By (f, X) C [(limsupBuni (f, X)) — r1, (liminf Bynk (f, X)) +71] -

Proof: To prove that f (X) € [(limsupBunnk (f, X)) — r1, (liminf By (f, X)) + 7]
for an arbitrary f(X) € LIM"Bni (f, X), i.e.,

(limsup Bk (f, X)) —r1 < f(X) < (liminf By (f, X)) + 1.

Let us assume that (limsupBnk (f, X))—r1 < f (X) does not hold.Thus,
there exists an o € [0, 1] such that

(limsumenk (f, X)O‘O) Mo‘o or

-ry >
(limsumenk (f, X)ao) —ry ><f (X)ao

holds i.e.,

X)* >y or
f(X)aO >Try.

AN s

(limsumenk (f, X)O‘O) —
(limsumenk (f, X)ao)
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On the other hand, by theorem (3.1) we have

’(limsumenk (f,X)a()) — f(X)*

|(Timsup B (X)) = < F(X)

<7y and

@0

<r.

We obtain a contradiction. Hence we get (limsupBpni (f, X)) —r1 <
f(X). By using the similar arguments and get it for second part.

3.3. Note

The converse inclusion in this theorem holds for f be a continuous function
defined on the closed interval [0,1]. A triple sequence of Bernstein poly-
nomials of (Bynk (f, X)) of real numbers, but it may not hold for triple
sequences of Bernstein polynomials of fuzzy numbers as in the following
example:

Example: Define

=X +1, if X €[0,1], }

B X) = 2(mnk)
mnk (f5 X) { 0, otherwise

and

)1, X elo1],
F(X) = { 0, otherwise }

Then we have [f(X)' = By (F, X)' | =1 = 0] = L,i.e., d By (f, X) , £ (X)) >
1 for all (m,n,k) € N3. Although the triple sequence spaces of Bernstein
poynomials of (By,,k (f, X)) is not convergent to f (X), limsupBnk (f, X)
and liminf By, (f, X) of this triple sequence space of Bernstein polyno-
mials are equal to f (X). Hence we get

Le {limsumenk (f,X)— (%)1 Jliminf B (f, X) + (%)J , but
f(X) ¢ LIM? By (£, X)

3.4. Theorem

Let f be a continuous function defined on the closed interval [0,1]. A
triple sequence of Bernstein polynomials of (By,,k (f, X)) of real numbers
converges to the fuzzy number f (X), then
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LIM" By, (f, X) = By (f (X)) := {p € f(X) (R?) : d (p, f (X)) <7}

Proof: Let e > 0. Since the triple sequence space of Bernstein polyno-
mials of (Bpnk (f, X)) is convergent to f (X), there is an integer me, n, ke
so that

d (Bpnk (f, X), f (X)) < € whenever m > me,n > ne, k > ke.
Let Y € B, (f (X)), we have

d(Bpnk (f, X),Y) <d(Bpnk (f, X), f (X)) +d(f(X),Y) <e+r for
every m > me,n > Ne, k > ke.

Hence we have Y € LIM" Bp,x (f, X) .
Now let Y € LIM" B,k (f, X) . Hence there is an integer m,

".n_ k sothat

e Ther Fe
d(Bpnk (f, X),Y)<r+e¢
whenever m > m;,n > n;, k> k‘; Let
(mlel,n:, k‘;’) ‘= max {(me,nﬁ, ke), (m;,n;, k‘é)}
for all m >m, ,n >n.,k > k., we obtain

d(Y, (X)) < d (Y, Bk (f, X))+ d Bk (f, X), f (X)) <7 +e+e<
r + 2e.

_ Since € is arbitrary, we have d (Y, f (X)) < r. Hence we get Y €
B, (f (X)). Thus, if the triple sequence space of Bernstein polynomials

of (Bt (f, X)) —" f(X), then LIM" Byi (f, X) = By (f (X)).

3.5. Theorem

Let f be a continuous function defined on the closed interval [0, 1] . A triple
sequence of real numbers of Bernstein polynomials of (B,.x (f, X)) and
(ank (f, Y)) S (X) (R3) A Bk (f7 X)—="f (X) then Bk (f,Y) —"
f (Y) and d (ank: (fv X) 7ank (f> Y)) <r for every (m7 n, k) € N2,

Proof:  Assume that By, (f,Y) =" f(Y), as m,n,k — oo and
d (Bunk (fs X) s Bk (f,Y)) < 1 for every (m,n, k) € N3. We have
Bk (f,Y) =" f(Y), as m,n,k — 0o means that for every ¢ > 0 there
exists an me, Ne, ke such that
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d (Bpmnk (f,Y), f(Y)) <eforall m > me,n > ne, k> ke
If the in equality d (Bnk (f; X), Bmnk (f,Y)) <7 yields then

d Byt (£, X) s By (£,Y)) + d Byt (£,Y), f (V) < 7 + € for all
m > mg,nz TLG,]C > ké-

Hence the triple sequence space of Bernstein polynomials of (By,nx (f, X))
is r— convergent to the fuzzy number f (X).
3.6. Theorem

Let f be a continuous function defined on the closed interval [0, 1]. A triple
sequence of Bernstein polynomials of (By,ux (f, X)) of real numbers and
the diameter of an r— limit set is not greater than 3r.

Proof: We have to prove that

sup{d (W, 2Z) - W,Y,Z € LIM" Byni. (f, X)} < 3r.
Assume on the contrary that
sup{d (W, Z) : W)Y, Z € LIM" By (f, X)} > 3r.

By this assumption, there exists, W)Y, Z € LIM" Bk (f, X) satisfy-
ing A :=d (W, Z) > 3r. For an arbitrary € € (O,% — r) , we have

El(m/ n, k’,) € N3 :V(m,n, k) > (m/ n., k. ) = d (Bynk (f, X), W) <

+ 767 €) Ve [ A
- (nznk) € N3V (m,n, k) > (m,nl k., ) = d (B (f, X),Y) <

+ Y
; (ﬂjgl,n:/,kzé") e N3:V(m,n, k) > (mgl,ng,k;",) = d(Byni (f,X),Z) <
T+ e

’ !/ ! " " " n n n
Define (me, ne, ke) := mazx {(me,ne,k€> , (me,nﬁ,k:E) , (me M s ke )}

Thus we get
d(W>Z) Sd(ank (f>X)7W)+d(ank:(va)7Y)+d(ank(va)>Z)
<(r+e)+(r+e+(r+e
<3(r+e)
<37’+3(%—7’) <3r+XA—3r
= Afor all m > me¢,n > ne, k> ke
which contradicts to the fact that A =d (W, Z).


rvidal
Cuadro de texto
270


On rough convergence of triple sequence space of Bernstein ... 271

3.7. Theorem

Let f be a continuous function defined on the closed interval [0, 1]. A triple
sequence of Bernstein polynomials of (By,nx (f, X)) of real numbers is an-
alytic if and only if there exists an 7 > 0 such that LIM" B,k (f, X) # ¢.

Proof: Necessity: Let the triple sequence space of Bernstein polyno-
mials of (Bynk (f, X)) be a analytic sequence and

5= sup {d (ank (f,X)l/mM”rk ,O) i (m,n,k) € N3} < 0.

Then we have 0 € LIM?®Buyi (f,X), ie., LIM" B (f, X) # ¢,

where r = s.

Sufficiency: If LIM" B (f,X) # ¢ for some r > 0, then there

exists f (X) € LIM" Bk (f, X) . By definition, for every € > 0 there is an
integer (me, ne, kc) so that

d (Bpmnk (f, X), f (X)) <7+ € whenever m > me,n > ne, k > ke.
Define

t=1

(€) ==
Maz {d(f (X),0),d (B (f,X),0

€

)7"'7d(Bmeneke (f,X),O),T+€}.
Then we have

Brnk € {n € f(X) (R3) : d(1,0) < t+71+ ¢} for every (m,n, k) € N3,

which proves the boundedness of the triple sequence space of Bernstein
polynomials of (B (f, X)) .

3.8. Theorem

Let f be a continuous function defined on the closed interval [0,1]. A
triple sequence of Bernstein polynomials of (By,,v,w, (f, X)) of real num-
bers is a sub sequence of a triple sequence space of Bernstein polynomials
of (Bynk (f, X)), then LIM" By (f, X) C LIM" By, v,w, (f, X) .

Proof: Omitted.
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3.9. Theorem

Let f be a continuous function defined on the closed interval [0,1]. A triple
sequence of Bernstein polynomials of (B, (f, X)) of real numbers, for all
r > 0, the r—limit set LIM" By, (f, X) of an arbitrary triple sequence
space of Bernstein polynomials of By,,x (f, X) is closed.

Proof: Let (Yur) C LIM" Bk (f,Y) and Bpi (f,Y) — f(Y) as
m,n,k — o0o. Let € > 0. Since the triple sequence space of Bernstein poly-
nomials of (Bpuk (f,Y)) =" f(Y), there is an integer icjelc so that

d(Bynk (f,Y), f(Y)) < § whenever m > ic,n > je, k > L.

Since B;_j.¢. (f,Y) € LIM" By (f, X) , there is an integer (mencke) so
that

d(Bpnk (f, X), Bijo. (f,Y)) <1+ § whenever m > me,n > ne, k > ke.
Therefore, we have

d (Bpnk (f, X), f (X)) < d(ank(faX)7Bieje€e (f,Y)) <7’—|—§—|—§ =r+e
for every m > me,n > ne, k > ke.

Hence L € LIM" By (f, X) implies that the set LIM" By (f, X) is
closed.

4. Conclusions and Future Work

We introduced triple sequence space of Bernstein polynomials of rough
convergence of fuzzy numbers. For the reference sections, consider the fol-
lowing introduction described the main results are motivating the research.
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