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1. Introduction

The idea of rough convergence was first introduced by Phu [12-14] in finite
dimensional normed spaces. He showed that the set LIMr

x is bounded,
closed and convex; and he introduced the notion of rough Cauchy sequence.
He also investigated the relations between rough convergence and other
convergence types and the dependence of LIMr

x on the roughness of degree
r.

Aytar [1] studied of rough statistical convergence and defined the set
of rough statistical limit points of a sequence and obtained two statistical
convergence criteria associated with this set and prove that this set is closed
and convex. Also, Aytar [2] studied that the r− limit set of the sequence
is equal to intersection of these sets and that r− core of the sequence is
equal to the union of these sets. Dündar and Cakan [11] investigated of
rough ideal convergence and defined the set of rough ideal limit points of a
sequence The notion of I− convergence of a triple sequence spaces which
is based on the structure of the ideal I of subsets of N×N×N, where N
is the set of all natural numbers, is a natural generalization of the notion
of convergence and statistical convergence.

Let K be a subset of the set of positive integers N ×N ×N and let
us denote the set Kik = {(m,n, k) ∈ K : m ≥ i, n ≤ j, k ≤ } . Then the
natural density of K is given by

δ (K) = limi,j, →∞
|Kij |
ij ,

where |Kij | denotes the number of elements in Kij .
The Bernstein operator of order (r, s, t) is given by

Brst (f, x) =
Pr

m=0

Ps
n=0

Pt
k=0 f

³
mnk
rst

´³
r
m
´ ³

s
n
´µ t

k

¶
xm+n+k (1− x)(m−r)+(n−s)+(k−t)

where f is a continuous (real or complex valued) function defined on [0, 1] .
Throughout the paper, R denotes the real of three dimensional space

with metric (X,d) . Consider a triple sequence of Bernstein polynomials
(Bmnk (f, x)) such that (Bmnk (f, x)) ∈ R,m, n, k ∈ N.

Let f be a continuous function defined on the closed interval [0, 1] . A
triple sequence of Bernstein polynomials (Bmnk (f, x)) is said to be statis-
tically convergent to 0 ∈ R, written as st − lim x = 0, provided that the
set

K :=
©
(m,n, k) ∈ N3 : |Bmnk (f, x)− f (x)| ≥

ª
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On rough convergence of triple sequence space of Bernstein ... 271

has natural density zero for any > 0. In this case, 0 is called the statistical
limit of the triple sequence of Bernstein polynomials. i.e., δ (K ) = 0. That
is,

limrst→∞
1
rst |{(m,n, k) ≤ (r, s, t) : |Bmnk (f, x)− (f, x)| ≥ }| = 0.

In this case, we write δ − limBmnk (f, x) = f (x) or Bmnk (f, x) →SB

f (x) .

Throughout the paper, N denotes the set of all positive integers , χA−
the characteristic function of A ⊂ N,R the set of all real numbers. A
subset A of N is said to have asymptotic density d (A) if

d (A) = limij →∞
1
ij

Pi
m=1

Pj
n=1

P
k=1 χA (K) .

A triple sequence (real or complex) can be defined as a function x :
N×N ×N → R (C) , where N,R and C denote the set of natural num-
bers, real numbers and complex numbers respectively. The different types
of notions of triple sequence was introduced and investigated at the initial
by Sahiner et al. [15,16], Esi et al. [3-8], Datta et al. [9], Subramanian et
al. [17], Debnath et al. [10] and many others.

A triple sequence x = (xmnk) is said to be triple analytic if

supm,n,k |xmnk|
1

m+n+k <∞.

The space of all triple analytic sequences are usually denoted by Λ3.

The set of fuzzy real numbers is denoted by f (x) (R) , and d denotes the
supremum metric on f (X)

¡
R3
¢
. Now let r be nonnegative real number.

A triple sequence space of Bernstein polynomials of (Bmnk (f,X)) of fuzzy
numbers is r− convergent to a fuzzy number f (X) and we write

Bmnk (f,X)→r f (X) as m,n, k →∞,

provided that for every > 0 there is an integer m ,n , k so that

d (Bmnk (f,X) , f (X)) < r + whenever m ≥ m ,n ≥ n , k ≥ k .
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272 M. J. Bharathi, S. Velmurugan, N. Subramanian and R. Srikanth

The set LIM rBmnk (f,X) :=
©
f (X) ∈ f (X)

¡
R3
¢
: Bmnk (f,X)→r f (X) , as m, n, k →∞

ª
is called the r− limit set of the triple sequence space of Bernstein polyno-
mials of (Bmnk (f,X)) .

A triple sequence space of Bernstein polynomials of fuzzy numbers
which is divergent can be convergent with a certain roughness degree. For
instance, let us define

Bmnk (f,X) =

(
η (X) , if (m,n, k) is odd integer,
µ (X) , otherwise

)
,

where

η (X) =

⎧⎪⎨⎪⎩
X, if X ∈ [0, 1] ,

−X + 2, ifX ∈ [1, 2] ,
0, otherwise

⎫⎪⎬⎪⎭
and

µ (X) =

⎧⎪⎨⎪⎩
X − 3, if X ∈ [3, 4] ,
−X + 5, ifX ∈ [4, 5] ,
0, otherwise

⎫⎪⎬⎪⎭ .

Then we have where

LIM rBmnk (f,X) =

(
φ, ifr < 3

2 ,
[µ− r1, η + r1] , otherwise

)
,

where r1 is nonnegative real number with
[µ− r1, η + r1] :=

©
Bmnk (f,X) ∈ f (X)

¡
R3
¢
: µ− r1 ≤ Bmnk (f,X) ≤ η + r1

ª
.

The ideal of rough convergence of a triple sequence space of Bernstein
polynomials can be interpreted as follows:

Let (Bmnk (f, Y )) be a convergent triple sequence space of Bernstein
polynomials of fuzzy numbers. Assume that (Bmnk (f, Y )) cannot be de-
termined exactly for every (m,n, k) ∈ N3. That is, (Bmnk (f, Y )) cannot
be calculated so we can use approximate value of (Bmnk (f, Y )) for sim-
plicity of calculation. We only know that (Bmnk (f, Y )) ∈ [µmnk, λmnk] ,
where d (µmnk, λmnk) ≤ r for every (m,n, k) ∈ N3. The triple sequence
space of Bernstein polynomials of (Bmnk (f,X)) satisfying (Bmnk (f,X)) ∈
[µmnk, λmnk] , for all m,n, k. Then the triple sequence space of Bernstein
polynomials of (Bmnk (f,X)) may not be convergent, but the inequality
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On rough convergence of triple sequence space of Bernstein ... 273

d (Bmnk (f,X) , f (X)) ≤ d (Bmnk (f,X) , Bmnk (f, Y )) +
d (Bmnk (f, Y ) , f (Y )) ≤ r + d (Bmnk (f, Y ) , f (Y ))

implies that the triple sequence space of Bernstein polynomials of (Bmnk (f,X))
is r− convergent.

In this paper, we first define the concept of rough convergence of a triple
sequence space of Bernstein polynomials of fuzzy numbers. Also obtain the
relation between the set of rough limit and the extreme limit points of a
triple sequence space of Bernstein polynomials of fuzzy numbers. We show
that the rough limit set of a triple sequence space of Bernstein polynomials
is closed, bounded and convex.

2. Definitions and Preliminaries

A fuzzy number X is a fuzzy subset of the real R3, which is normal
fuzzy convex, upper semi-continuous, and the X0 is bounded where X0; =
cl
©
x ∈ R3 : X (x) > 0

ª
and cl is the closure operator. These properties

imply that for each α ∈ (0, ] , the α− level set Xα defined by

Xα =
©
x ∈ R3 : X (x) ≥ α

ª
=
h
Xα,X

α
i

is a non empty compact convex subset of R3.
The supremum metric d on the set L

¡
R3
¢
is defined by

d (X,Y ) = supα∈[0,1]max
³
|Xα − Y α| ,

¯̄̄
X

α − Y
α
¯̄̄´
.

Now, given X,Y ∈ L
¡
R3
¢
, we define X ≤ Y if Xα ≤ Y α and X

α ≤ Y
α

for each α ∈ [0, ] .
We write X ≤ Y if X ≤ Y and there exists an α0 ∈ [0, 1] such that
Xα0 ≤ Y α0 or X

α0 ≤ Y
α0 .

A subset E of L
¡
R3
¢
is said to be bounded above if there exists a fuzzy

number µ, called an upper bound of E, such that X ≤ µ for every X ∈ E.
µ is called the least upper bound of E if µ is an upper bound and µ ≤ µ

0

for all upper bounds µ
0
.

A lower bound and the greatest lower bound are defined similarly. E is
said to be bounded if it is both bounded above and below.
The notions of least upper bound and the greatest lower bound have been
defined only for bounded sets of fuzzy numbers. If the set E ⊂ L

¡
R3
¢
is

bounded then its supremum and infimum exist.
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274 M. J. Bharathi, S. Velmurugan, N. Subramanian and R. Srikanth

The limit infimum and limit supremum of a triple sequence spaces
(Xmnk) is defined by

limmnk→∞inf Xmnk := inf AX .

limmnk→∞sup Xmnk := inf BX .

where

AX :=
©
µ ∈ L

¡
R3
¢
: The set

©
(m,n, k) ∈ N3 : Xmnk < µ

ª
is infinite

ª
BX :=

©
µ ∈ L

¡
R3
¢
: The set

©
(m,n, k) ∈ N3 : Xmnk > µ

ª
is infinite

ª
.

Now, given two fuzzy numbers X,Y ∈ L
¡
R3
¢
, we define their sum as

Z = X + Y, where Zα := Xα + Y α and Z
α
:= X

α
+ Y

α
for all α ∈ [0, 1] .

To any real number a ∈ R3, we can assign a fuzzy number a1 ∈ L
¡
R3
¢
,

which is defied by

a1 (x) =

(
1, if x = a,
0, otherwise

)
.

An order interval in L
¡
R3
¢
is defined by [X,Y ] :=

©
Z ∈ L

¡
R3
¢
: X ≤ Z ≤ Y

ª
,

where X,Y ∈ L
¡
R3
¢
.

A set E of fuzzy numbers is called convex if λµ1 + (1− λ)µ2 ∈ E for all
λ ∈ [0, 1] and µ1, µ2 ∈ E.

3. Main Results

3.1. Theorem

Let f be a continuous function defined on the closed interval [0, 1] . A triple
sequence of Bernstein polynomials of (Bmnk (f,X)) of real numbers. If
f (X) ∈ LIMrBmnk (f,X) , then diam (lim sup Bmnk (f,X) , f (X)) ≤ r
and
diam (lim inf Bmnk (f,X) , f (X)) ≤ r.

Proof: We assume that diam (lim sup Bmnk (f,X) , f (X)) > r.

Define ˜ := (lim sup Bmnk(f,X),f(X))−r
2 . By definition of limit supremem, we

have that given m
0
˜, n

0
˜, k

0
˜ ∈ N3 there exists an (m,n, k) ∈ N3 with m ≥

m
0
˜, n ≥ n

0
˜, k ≥ k

0
˜ such that diam (lim sup Bmnk (f,X) , f (X)) ≤ .̃ Also,

since Bmnk (f,X)→r f (X) as m,n, k →∞, there is an integer m
00
˜ , n

00
˜ , k

00
˜

so that
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On rough convergence of triple sequence space of Bernstein ... 275

d (Bmnk (f,X) , f (X)) < r + ˜

whenever m ≥ m
00
˜ , n ≥ n

00
˜ , k ≥ k

00
˜ . Let

(m˜, n˜, k˜) := max
n³

m
0
˜, n

0
˜, k

0
˜

´
,
³
m

00
˜ , n

00
˜ , k

00
˜

´o
.

There exists (m,n, k) ∈N3 such that m ≥ m˜, n ≥ n˜, k ≥ k˜ and
diam (lim sup Bmnk (f,X) , f (X)) ≤ (f,X) diam (lim sup Bmnk (f,X) , Bmnk (f,X))+
diam (Bmnk, f (X))

< ˜+ r + ˜
< r + 2˜
= r + diam (lim sup Bmnk (f,X) , f (X))− r

= diam (lim sup Bmnk (f,X) , f (X)) .

The contradiction proves the theorem. Similarly, diam (lim inf Bmnk (f,X) , f (X)) ≤
r can be proved using definition of limit infimum.

3.2. Theorem

Let f be a continuous function defined on the closed interval [0, 1] . A triple
sequence of Bernstein polynomials of (Bmnk (f,X)) of real numbers. If
LIMrBmnk (f,X) 6= φ, then we have
LIMrBmnk (f,X) ⊆ [(limsupBmnk (f,X))− r1, (liminfBmnk (f,X)) + r1] .

Proof: To prove that f (X) ∈ [(limsupBmnk (f,X))− r1, (liminfBmnk (f,X)) + r1]
for an arbitrary f (X) ∈ LIM rBmnk (f,X) , i.e.,

(limsupBmnk (f,X))− r1 ≤ f (X) ≤ (liminfBmnk (f,X)) + r1.

Let us assume that (limsupBmnk (f,X))−r1 ≤ f (X) does not hold.Thus,
there exists an α0 ∈ [0, 1] such that³

limsupBmnk (f,X)
α0
´
− r1 > f (X)α0 or³

limsupBmnk (f,X)
α0
´
− r1 >≤ f (X)

α0

holds i.e., ³
limsupBmnk (f,X)

α0
´
− f (X)α0 > r1 or³

limsupBmnk (f,X)
α0
´
− ≤ f (X)

α0
> r1.
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On the other hand, by theorem (3.1) we have¯̄̄³
limsupBmnk (f,X)

α0
´
− f (X)α0

¯̄̄
≤ r1 and¯̄̄³

limsupBmnk (f,X)
α0
´
− ≤ f (X)

α0
¯̄̄
≤ r1.

We obtain a contradiction. Hence we get (limsupBmnk (f,X)) − r1 ≤
f (X) . By using the similar arguments and get it for second part.

3.3. Note

The converse inclusion in this theorem holds for f be a continuous function
defined on the closed interval [0, 1] . A triple sequence of Bernstein poly-
nomials of (Bmnk (f,X)) of real numbers, but it may not hold for triple
sequences of Bernstein polynomials of fuzzy numbers as in the following
example:

Example: Define

Bmnk (f,X) =

( −1
2(mnk)X + 1, if X ∈ [0, 1] ,

0, otherwise

)

and

f (X) =

(
1, if X ∈ [0, 1] ,
0, otherwise

)
.

Then we have
¯̄̄
f (X)

1 −Bmnk (f,X)
1
¯̄̄
= |1− 0| = 1, i.e., d (Bmnk (f,X) , f (X)) ≥

1 for all (m,n, k) ∈ N3. Although the triple sequence spaces of Bernstein
poynomials of (Bmnk (f,X)) is not convergent to f (X), limsupBmnk (f,X)
and liminfBmnk (f,X) of this triple sequence space of Bernstein polyno-
mials are equal to f (X). Hence we get

L ∈
h
limsupBmnk (f,X)−

³
1
2

´
1
, liminfBmnk (f,X) +

³
1
2

´
1

i
, but

f (X) /∈ LIM
1
2Bmnk (f,X) .

3.4. Theorem

Let f be a continuous function defined on the closed interval [0, 1] . A
triple sequence of Bernstein polynomials of (Bmnk (f,X)) of real numbers
converges to the fuzzy number f (X), then
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On rough convergence of triple sequence space of Bernstein ... 277

LIMrBmnk (f,X) = B̄r (f (X)) :=
©
µ ∈ f (X)

¡
R3
¢
: d (µ, f (X)) ≤ r

ª
Proof: Let > 0. Since the triple sequence space of Bernstein polyno-

mials of (Bmnk (f,X)) is convergent to f (X), there is an integer m ,n , k
so that

d (Bmnk (f,X) , f (X)) < whenever m ≥ m ,n ≥ n , k ≥ k .

Let Y ∈ B̄r (f (X)) , we have

d (Bmnk (f,X) , Y ) ≤ d (Bmnk (f,X) , f (X)) + d (f (X) , Y ) < + r for
every m ≥ m ,n ≥ n , k ≥ k .

Hence we have Y ∈ LIMrBmnk (f,X) .
Now let Y ∈ LIMrBmnk (f,X) . Hence there is an integer m

0
, n

0
, k

0
so that

d (Bmnk (f,X) , Y ) < r +

whenever m ≥ m
0
, n ≥ n

0
, k ≥ k

0
. Let³

m
00
, n

00
, k

00
´
:= max

n
(m ,n , k ) ,

³
m

0
, n

0
, k

0
´o

for all m ≥ m
00
, n ≥ n

00
, k ≥ k

00
, we obtain

d (Y, f (X)) ≤ d (Y,Bmnk (f,X)) + d (Bmnk (f,X) , f (X)) < r + + <
r + 2 .

Since is arbitrary, we have d (Y, f (X)) ≤ r. Hence we get Y ∈
B̄r (f (X)) . Thus, if the triple sequence space of Bernstein polynomials
of (Bmnk (f,X))→r f (X) , then LIMrBmnk (f,X) = B̄r (f (X)) .

3.5. Theorem

Let f be a continuous function defined on the closed interval [0, 1] . A triple
sequence of real numbers of Bernstein polynomials of (Bmnk (f,X)) and
(Bmnk (f, Y )) ∈ f (X)

¡
R3
¢
. If Bmnk (f,X)→r f (X) then Bmnk (f, Y )→r

f (Y ) and d (Bmnk (f,X) , Bmnk (f, Y )) ≤ r for every (m,n, k) ∈N3.

Proof: Assume that Bmnk (f, Y ) →r f (Y ), as m,n, k → ∞ and
d (Bmnk (f,X) , Bmnk (f, Y )) ≤ r for every (m,n, k) ∈ N3. We have
Bmnk (f, Y ) →r f (Y ), as m,n, k → ∞ means that for every > 0 there
exists an m ,n , k such that
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d (Bmnk (f, Y ) , f (Y )) < for all m ≥ m ,n ≥ n , k ≥ k .

If the in equality d (Bmnk (f,X) , Bmnk (f, Y )) ≤ r yields then

d (Bmnk (f,X) , f (X)) ≤
d (Bmnk (f,X) , Bmnk (f, Y )) + d (Bmnk (f, Y ) , f (Y )) < r + for all

m ≥ m ,n ≥ n , k ≥ k .

Hence the triple sequence space of Bernstein polynomials of (Bmnk (f,X))
is r− convergent to the fuzzy number f (X).

3.6. Theorem

Let f be a continuous function defined on the closed interval [0, 1] . A triple
sequence of Bernstein polynomials of (Bmnk (f,X)) of real numbers and
the diameter of an r− limit set is not greater than 3r.
Proof: We have to prove that

sup {d (W,Z) :W,Y,Z ∈ LIMrBmnk (f,X)} ≤ 3r.

Assume on the contrary that

sup {d (W,Z) :W,Y,Z ∈ LIMrBmnk (f,X)} > 3r.

By this assumption, there exists, W,Y,Z ∈ LIMrBmnk (f,X) satisfy-

ing λ := d (W,Z) > 3r. For an arbitrary ∈
³
0, λ3 − r

´
, we have

∃
³
m

0
, n

0
, k

0
´
∈ N3 : ∀ (m,n, k) ≥

³
m

0
, n

0
, k

0
,
´
=⇒ d (Bmnk (f,X) ,W ) ≤

r + ,

∃
³
m

00
, n

00
, k

00
´
∈ N3 : ∀ (m,n, k) ≥

³
m

00
, n

00
, k

00
,
´
=⇒ d (Bmnk (f,X) , Y ) ≤

r + ,

∃
³
m

000
, n

000
, k

000
´
∈N3 : ∀ (m,n, k) ≥

³
m

000
, n

000
, k

000
,
´
=⇒ d (Bmnk (f,X) , Z) ≤

r + .
Define (m ,n , k ) := max

n³
m

0
, n

0
, k

0
´
,
³
m

00
, n

00
, k

00
´
,
³
m

000
, n

000
, k

000
´o

.

Thus we get
d (W,Z) ≤ d (Bmnk (f,X) ,W ) + d (Bmnk (f,X) , Y ) + d (Bmnk (f,X) , Z)

< (r + ) + (r + ) + (r + )
< 3 (r + )

< 3r + 3
³
λ
3 − r

´
< 3r + λ− 3r

= λ for all m ≥ m ,n ≥ n , k ≥ k
which contradicts to the fact that λ = d (W,Z) .
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3.7. Theorem

Let f be a continuous function defined on the closed interval [0, 1] . A triple
sequence of Bernstein polynomials of (Bmnk (f,X)) of real numbers is an-
alytic if and only if there exists an r ≥ 0 such that LIM rBmnk (f,X) 6= φ.

Proof: Necessity: Let the triple sequence space of Bernstein polyno-
mials of (Bmnk (f,X)) be a analytic sequence and

s := sup
n
d
³
Bmnk (f,X)

1/m+n+k , 0
´
: (m,n, k) ∈N3

o
<∞.

Then we have 0 ∈ LIMsBmnk (f,X) , i.e., LIM
rBmnk (f,X) 6= φ,

where r = s.

Sufficiency: If LIM rBmnk (f,X) 6= φ for some r ≥ 0, then there
exists f (X) ∈ LIMrBmnk (f,X) . By definition, for every > 0 there is an
integer (m ,n , k ) so that

d (Bmnk (f,X) , f (X)) < r + whenever m ≥ m ,n ≥ n , k ≥ k .

Define

t = t ( ) :=
Max {d (f (X) , 0) , d (B111 (f,X) , 0) , · · · , d (Bm n k (f,X) , 0) , r + } .

Then we have

Bmnk ∈
©
µ ∈ f (X)

¡
R3
¢
: d (µ, 0) ≤ t+ r +

ª
for every (m,n, k) ∈ N3,

which proves the boundedness of the triple sequence space of Bernstein
polynomials of (Bmnk (f,X)) .

3.8. Theorem

Let f be a continuous function defined on the closed interval [0, 1] . A
triple sequence of Bernstein polynomials of (Bumvnwk (f,X)) of real num-
bers is a sub sequence of a triple sequence space of Bernstein polynomials
of (Bmnk (f,X)) , then LIMrBmnk (f,X) ⊂ LIMrBumvnwk (f,X) .

Proof: Omitted.
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3.9. Theorem

Let f be a continuous function defined on the closed interval [0, 1] . A triple
sequence of Bernstein polynomials of (Bmnk (f,X)) of real numbers, for all
r ≥ 0, the r−limit set LIMrBmnk (f,X) of an arbitrary triple sequence
space of Bernstein polynomials of Bmnk (f,X) is closed.

Proof: Let (Ymnk) ⊂ LIMrBmnk (f, Y ) and Bmnk (f, Y ) → f (Y ) as
m,n, k →∞. Let > 0. Since the triple sequence space of Bernstein poly-
nomials of (Bmnk (f, Y ))→r f (Y ) , there is an integer i j so that

d (Bmnk (f, Y ) , f (Y )) < 2 whenever m ≥ i , n ≥ j , k ≥ .

Since Bi j (f, Y ) ∈ LIMrBmnk (f,X) , there is an integer (m n k ) so
that

d (Bmnk (f,X) , Bi j (f, Y )) < r + 2 whenever m ≥ m ,n ≥ n , k ≥ k .

Therefore, we have

d (Bmnk (f,X) , f (X)) ≤ d (Bmnk (f,X) , Bi j (f, Y )) < r+ 2 + 2 = r+
for every m ≥ m ,n ≥ n , k ≥ k .

Hence L ∈ LIMrBmnk (f,X) implies that the set LIM
rBmnk (f,X) is

closed.

4. Conclusions and Future Work

We introduced triple sequence space of Bernstein polynomials of rough
convergence of fuzzy numbers. For the reference sections, consider the fol-
lowing introduction described the main results are motivating the research.
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