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1. Introduction

In 1938, A. M. Ostrowski proved an interesting integral inequality, estimat-
ing the absolute value of the derivative of a differentiable function by its
integral mean as follows:

Theorem 1. [3] Let f : K → R, K is an interval in R, be a differentiable
function in Ko, the interior of K and a, b ∈ Ko, a < b. If |f 0(t)| ≤ M for
all t ∈ [a, b], then

¯̄̄̄
¯f(x)− 1

b− a

Z b

a
f(t)dt

¯̄̄̄
¯ ≤

⎡⎢⎣1
4
+

³
x− a+b

2

´2
(b− a)2

⎤⎥⎦ (b− a)M,(1.1)

for x ∈ [a, b], where M is a constant.

Inequality (1.1) has great importance in numerical analysis and in the
theory of some special means, it attracts the attention and interest of
mathematicians and researchers. It was generalized, extended and differ-
ent variants were given. These studies include, among others, the works
in [1, 2, 12, 15]. The development of the theory of fractional calculus is
prior to the turn of 20th century. It has a lot of applications in different
fields of science and engineering including viscoelastic materials, fluid flow,
rheology, diffusive transport, electrical networks, electromagnetic theory,
probability. Fractional calculus is the generalization of classical calculus.
Like ordinary calculus, fractional derivatives and integrals are not defined
in a unique way. Different authors have their contributions [6, 7, 11, 14].
For n = 1, the sum

Pn−1
k=1 is vacuously considered to be zero. R is the set

of real numbers. In the whole presentation all the integrals are finite while,
I := [aρ, (a+ η(b, a))ρ] is an interval in R, U depicts a convex set in R and
η : M ×M → R a continuous function where M ⊆ R. This work is orga-
nized in the following way. After this Introduction, in Section 2 some basic
concepts are discussed. In Section 3 some results relating to the topic are
established and Section 4 deals with some applications on special means.

2. Preliminaries

Definition 1. [10] The left- and right-sided Riemann-Liouville fractional
integrals of order α > 0 of f, denoted by Jαa+f and Jαb−f respectively, are
defined as:

Jαa+f(x) :=
1

Γ(α)

Z x

a
(x− t)α−1f(t)dt, x > a,(2.1)
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Jαb−f(x) :=
1

Γ(α)

Z b

x
(t− x)α−1f(t)dt, x < b,(2.2)

where, Γ is the Euler gamma function; α → 1 gives the classical integral
and it may be noted that:

J0a+f(x) = J0b−f(x) = f(x).

Definition 2. [17] The left- and right-sided Hadamard fractional integrals
of order α > 0 of f, denoted by Hα

a+f and Hα
b−f respectively, are defined

as:

Hα
a+f(x) :=

1

Γ(α)

Z x

a

µ
ln

x

t

¶α−1 f(t)
t

dt,(2.3)

Hα
b−f(x) :=

1

Γ(α)

Z b

x

µ
ln

t

x

¶α−1 f(t)
t

dt.(2.4)

Definition 3. [9] Let Xp
c (a, b), for c ∈ R and p ∈ [1,∞], be the space of all

real-valued Lebesgue measurable functions f for which kfkXp
c
<∞, where

kfkXp
c
:=

p

sZ b

a
|tcf(t)|pdt

t
, ∀ p ∈ [1,∞); kfkX∞c := ess sup

a≤t≤b
|tcf(t)|.

Recently Katugampola defined the following integrals generalizing both
Riemann-Liouville and Hadamard fractional integrals.

Definition 4. [7] Let [a, b] ⊆ R be a finite interval. Then, the left- and
right-sided Katugampola fractional integrals of order α > 0 of f ∈ Xp

c (a, b)
are defined as:

ρIαa+f(x) :=
ρ1−α

Γ(α)

Z x

a
tρ−1(xρ − tρ)α−1f(t)dt,(2.5)

ρIαb−f(x) :=
ρ1−α

Γ(α)

Z b

x
tρ−1(tρ − xρ)α−1f(t)dt,(2.6)

with a < x < b and ρ > 0, provided that the integrals exist. For ρ → 1,
integrals in (2.5) and (2.6) coincide with the integrals in (2.1) and (2.2),
respectively, while for ρ→ 0+ integrals in (2.5) and (2.6) coincide with the
integrals in (2.3) and (2.4) respectively. Katugampola fractional integral
operators are well-defined on Xp

c (a, b) [8].
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Definition 5. [10] Let f : U → [0,∞) be a function, then f is said to be
convex (or that f ∈ Conv(U)), provided that: f(tx+(1-t)y)≤ tf(x) + (1−
t)f(y), ∀ x, y ∈ U ; t ∈ [0, 1].

Definition 6. [3] Let f : U → [0,∞) and h : J ⊆ R → (0,∞) be two
functions such that [0, 1] ⊆ J, then f is called h−convex (or that f ∈
SX(h,U)), provided that f(tx + (1 - t)y) ≤ h(t)f(x)+h(1−t)f(y), ∀ x, y ∈
U.

Definition 7. [13] Let f : U → [0,∞) be a function, then f is said
to be MT−convex (or that f ∈ MT (U)), provided that f(tx+(1-t)y)≤√

t
2
√
1−tf(x) +

√
1−t
2
√
t
f(y), ∀ x, y ∈ U ; t ∈ (0, 1).

The ρ−gamma and ρ−Beta functions for any two positive real numbers
x, y are, denoted by ρΓ(x) and ρB(x, y) respectively, defined as [4]:

ρΓ(x) =

Z ∞
0

e−t
ρ
(tρ)x−

1
ρdt; ρB(x, y) =

ρΓ(x)ρΓ(y)
ρΓ(x+ y)

.(2.7)

3. Results

Lemma 1. [5] Let f : I = [aρ, (a + η(b, a))ρ] ⊆ R → R be r−times
differentiable function on Io, interior of I, and f (r) ∈ Xp

c (a, a+ η(b, a)) for
r ∈N0; let β := α− j+1+ 1−n

ρ for r ≥ j; ρ, α, β > 0 and n ∈N. If xρ ∈ I
and η(b, a) ≤ b, then

Ω(x; a, b, ρ) := ρj−1
(xρ − aρ)j+β−1 + [(a+ η(b, a))ρ − xρ]j+β−1

η(b, a)
f (r−1)(xρ)

+
j−1X
k=1

Y
1≤i≤k

ρ(α+ r + 1− i)− n

ρk−j+1 η(b, a)
{(−1)k(xρ − aρ)j+β−k−1 + [(a+ η(b, a))ρ

−xρ]j+β−k−1}f (r−1−k)(xρ) +
Y
1≤i≤j

(−1)j [ρ(α+ r + 1− i)− n]Γ(α)

ρ1−α η(b, a)

×
n
ρIαx−f

(r−j)(aρ)+ (−1)j+1{ρIαx+f (r−j)(a+ η(b, a))ρ
o
= ρj

(xρ − aρ)j+β

η(b, a)

×
Z 1

0
tαρ+rρ−nf (r)(tρxρ + (1− tρ)aρ)dt− ρj

[(a+ η(b, a))ρ − xρ]j+β

η(b, a)

×
Z 1

0
tαρ+rρ−nf (r)(tρxρ + (1− tρ)(a+ η(b, a))ρ)dt.
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Theorem 1. Let f : I ⊆ R→ R be r−times differentiable function on Io,
interior of I, and f (r) ∈ Xp

c (a, a+η(b, a)) for r ∈ N0; let β := α−j+1+ 1−n
ρ

for r ≥ j; ρ, α, β > 0 and n ∈ N. Moreover, if
¯̄̄
f (r)

¯̄̄
∈ MT (I) is such that¯̄̄

f (r)(xρ)
¯̄̄
≤M for M > 0. If xρ ∈ I and η(b, a) ≤ b, then

|Ω(x; a, b, ρ)| ≤Mρj ρB

µ
α+ r − 1

2
+
1− n

ρ
,
1

2

¶
×(x

ρ − aρ)j+β + [(a+ η(b, a))ρ − xρ]j+β

2 η(b, a)
.

Proof. Applications of Lemma 1, boundedness, MT−convexity of
¯̄̄
f (r)

¯̄̄
and relation (2.7) yield:

|Ω(x; a, b, ρ)|

≤ ρj
(xρ − aρ)j+β

η(b, a)

Z 1

0
tαρ+rρ−n|f (r)(tρxρ + (1− tρ)aρ)|dt

+ρj
[(a+ η(b, a))ρ − xρ]j+β

η(b, a)

×
Z 1

0
tαρ+rρ−n|f (r)(tρxρ + (1− tρ)(a+ η(b, a))ρ)|dt

≤ ρj
(xρ − aρ)j+β

η(b, a)

×
Z 1

0
tαρ+rρ−n

" √
tρ

2
√
1− tρ

|f (r)(xρ)|+
√
1− tρ

2
√
tρ

|f (r)(aρ)|
#
dt

+ρj
[(a+ η(b, a))ρ − xρ]j+β

η(b, a)

×
Z 1

0
tαρ+rρ−n

" √
tρ

2
√
1− tρ

|f (r)(xρ) +
√
1− tρ

2
√
tρ

|f (r)(a+ η(b, a))ρ|
#
dt

≤Mρj
(xρ − aρ)j+β

η(b, a)

Z 1

0
tαρ+rρ−n

" √
tρ

2
√
1− tρ

+

√
1− tρ

2
√
tρ

#
dt

+Mρj
[(a+ η(b, a))ρ − xρ]j+β

η(b, a)

Z 1

0
tαρ+rρ−n

"√
1− tρ

2
√
tρ

+

√
tρ

2
√
1− tρ

#
dt

≤Mρj
(xρ − aρ)j+β + [(a+ η(b, a))ρ − xρ]j+β

2η(b, a)
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×
Z 1

0
[tαρ+rρ−n+

ρ
2 (1− tρ)−

1
2 + tαρ+rρ−n−

ρ
2 (1− tρ)

1
2 ]dt

≤Mρj−1 ρB

µ
α+ r − 1

2
+
1− n

ρ
,
1

2

¶
×(x

ρ − aρ)j+β + [(a+ η(b, a))ρ − xρ]j+β

2 η(b, a)
.

This completes the proof. 2

Corollary 1. Let the conditions of Theorem 1 be satisfied for x = 2a+η(b,a)
2 ,

then¯̄̄̄
¯ρj−1 [(2a+ η(b, a))ρ − (2a)ρ]j+β−1 + [(2(a+ η(b, a)))ρ − (2a+ η(b, a))ρ]j+β−1

2jρ+βρ−ρ η(b, a)

f (r−1)
µ
2a+ η(b, a)

2

¶ρ
+

j−1X
k=1

Y
1≤i≤k

2ρ+kρ−jρ−βρ
ρ(α+ r + 1− i)− n

ρk−j+1 η(b, a)

×{[(2(a+ η(b, a)))ρ − (2a+ η(b, a))ρ]j+β−k−1 + (−1)k[(2a+ η(b, a))ρ

−(2a)ρ]j+β−k−1}f (r−1−k)
µ
2a+ η(b, a)

2

¶ρ
+

Y
1≤i≤j

(−1)j [ρ(α+ r + 1− i)− n]

ρ1−α η(b, a)

×Γ(α){ ρIα¡ 2a+η(b,a)
2

¢−f (r−j)(aρ) + (−1)j+1 ρIα¡ 2a+η(b,a)
2

¢+f (r−j)(a+ η(b, a))ρ}
¯̄̄̄
¯

≤Mρj
[(2a+ η(b, a))ρ − (2a)ρ]j+β + [(2(a+ η(b, a)))ρ − (2a+ η(b, a))ρ]j+β

2ρj+ρβ+1 η(b, a)

×ρB

µ
α+ r − 1

2
+
1− n

ρ
,
1

2

¶
.(3.1)

Theorem 2. Let the conditions of Theorem 1 be satisfied; Moreover, if

p, q > 1 for which p = q
q−1 and

¯̄̄
f (r)

¯̄̄q
∈MT (I), then

|Ω(x; a, b, ρ)| ≤M
(xρ − aρ)j+β + [(a+ η(b, a))ρ − xρ]j+β

η(b, a) p
√
pαρ+ prρ− np+ 1

× q

s
ρjq−1

2

∙
ρB

µ
ρ

2
+ 1,

1

2

¶
+ ρB

µ
1− ρ

2
,
3

2

¶¸
.(3.2)

Proof. Applications of Lemma 1, Holder’s inequality [15] and relation
(2.7) yield:

|Ω(x; a, b, ρ)|
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≤ ρj
(xρ − aρ)j+β q

qR 1
0 |f (r)(tρxρ + (1− tρ)aρ)|qdt

η(b, a) p
√
pαρ+ rpρ− np+ 1

+ρj
[(a+ η(b, a))ρ − xρ]j+β q

qR 1
0 |f (r)(tρxρ + (1− tρ)(a+ η(b, a))ρ)|qdt

η(b, a) p
√
pαρ+ rpρ− np+ 1

(3.3)

By boundedness of
¯̄̄
f (r)(xρ)

¯̄̄
and

¯̄̄
f (r)

¯̄̄q
∈ MT (I), the following in-

equalities hold.

Z 1

0
|f (r)(tρxρ + (1− tρ)aρ)|qdt ≤

Z 1

0

" √
tρ

2
√
1− tρ

|f (r)(xρ)|q +
√
1− tρ

2
√
tρ

|f (r)(aρ)|q
#
dt

≤M q
Z 1

0

" √
tρ

2
√
1− tρ

+

√
1− tρ

2
√
tρ

#
dt

≤ M q

2

Z 1

0

h
t
ρ
2 (1− tρ)−

1
2 + t−

ρ
2 (1− tρ)

1
2

i
dt

≤ M q

2ρ

∙
ρB

µ
ρ

2
+ 1,

1

2

¶
+ ρB

µ
1− ρ

2
,
3

2

¶¸
.(3.4)

R 1
0 |f (r)(tρxρ + (1− tρ)(a+ η(b, a))ρ)|qdt

≤ Mq

2ρ

h
ρB

³
ρ
2 + 1,

1
2

´
+ ρB

³
1− ρ

2 ,
3
2

´i
. A combination of (3.3)-(3), yields

the desired result. 2

Corollary 2. Let the conditions of Theorem 2 be satisfied for x = 2a+η(b,a)
2 ,

then¯̄̄̄
¯ρj−1 [(2a+ η(b, a))ρ − (2a)ρ]j+β−1 + [(2(a+ η(b, a)))ρ − (2a+ η(b, a))ρ]j+β−1

2jρ+βρ−ρ η(b, a)

f (r−1)
µ
2a+ η(b, a)

2

¶ρ
+

j−1X
k=1

Y
1≤i≤k

2ρ+kρ−jρ−βρ
ρ(α+ r + 1− i)− n

ρk−j+1 η(b, a)

×{[(2(a+ η(b, a)))ρ − (2a+ η(b, a))ρ]j+β−k−1 + (−1)k[(2a+ η(b, a))ρ

−(2a)ρ]j+β−k−1}f (r−1−k)
µ
2a+ η(b, a)

2

¶ρ
+

Y
1≤i≤j

(−1)j [ρ(α+ r + 1− i)− n]

ρ1−α η(b, a)

×Γ(α){ ρIα¡ 2a+η(b,a)
2

¢−f (r−j)(aρ) + (−1)j+1 ρIα¡ 2a+η(b,a)
2

¢+f (r−j)(a+ η(b, a))ρ}
¯̄̄̄
¯

≤M
[(2a+ η(b, a))ρ − (2a)ρ]j+β + [(2(a+ η(b, a)))ρ − (2a+ η(b, a))ρ]j+β

p
p
(pαρ+ prρ− pn+ 1) η(b, a)
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× q

s
ρjq−1

2ρqj+ρqβ+1

∙
ρB

µ
ρ

2
+ 1,

1

2

¶
+ ρB

µ
1− ρ

2
,
3

2

¶¸
.

(3.5)

Corollary 3. Let the conditions of Theorem 2 be satisfied for x = a and
x = a+ η(b, a), then¯̄̄̄

¯ ρj−1η(b, a)
[(a+ η(b, a))ρ − aρ]j+β−1{f (r−1)(aρ) + f (r−1)(a+ η(b, a))ρ}

+
j−1X
k=1

Y
1≤i≤k

ρ(α+ r + 1− i)− n

ρk−j+1 η(b, a)

n
[(a+ η(b, a))ρ − aρ]j+β−k−1f (r−k−1)(aρ)

+(−1)k[(a+ η(b, a))ρ − aρ]j+β−k−1f (r−k−1)(a+ η(b, a))ρ
o
+

Y
1≤i≤j

(−1)j

× [ρ(α+ r + 1− i)− n]

ρ1−α η(b, a)
Γ(α){ ρIαa−f

(r−j)(aρ) + ρIα(a+η(b,a))−f
(r−j)(aρ)

+(−1)j+1 ρIαa+f
(r−j)(a+ η(b, a))ρ + (−1)j+1ρIα(a+η(b,a))+f (r−j)(a+ η(b, a))ρ

o¯̄̄
≤ 2M [(a+ η(b, a))ρ − aρ]j+β

η(b, a) p
√
pαρ+ prρ− np+ 1

q

s
ρjq−1

21−q

∙
ρB

µ
ρ

2
+ 1,

1

2

¶
+ ρB

µ
1− ρ

2
,
3

2

¶¸
.

Theorem 3. Let the conditions of Theorem 1 be satisfied; Moreover, if

q ≥ 1 for which
¯̄̄
f (r)

¯̄̄q
∈MT (I), then

|Ω(x; a, b, ρ)| ≤ M
(xρ − aρ)j+β + [(a+ η(b, a))ρ − xρ]j+β

q
p
(αρ+ rρ− n+ 1)q−1 η(b, a)

× q

s
ρjq−1

2
ρB

µ
α+ r − 1

2
+
1− n

ρ
,
1

2

¶
.(3.6)

Proof. Applications of Lemma 1, power mean inequality [16] and rela-
tion (2.7) yield:

|Ω(x; a, b, ρ)|

≤ ρj
(xρ − aρ)j+β

η(b, a)

Z 1

0
tαρ+rρ−n|f (r)(tρxρ + (1− tρ)aρ)|dt

+ρj
[(a+ η(b, a))ρ − xρ]j+β

η(b, a)

Z 1

0
tαρ+rρ−n|f (r)(tρxρ + (1− tρ)(a+ η(b, a))ρ)|dt
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≤ ρj
(xρ − aρ)j+β( q

qR 1
0 t

αρ+rρ−n|f (r)(tρxρ + (1− tρ)aρ)|qdt)
η(b, a) q

p
(pαρ+ rpρ− np+ 1)q−1

+ρj
[(a+ η(b, a))ρ − xρ]j+β

η(b, a) q
p
(pαρ+ rpρ− np+ 1)q−1

× q

sZ 1

0
tαρ+rρ−n|f (r)(tρxρ + (1− tρ)(a+ η(b, a))ρ)|qdt

(3.7)

By boundedness of
¯̄̄
f (r)(xρ)

¯̄̄
and

¯̄̄
f (r)

¯̄̄q
∈MT (I), following inequalities

hold.

Z 1

0
tαρ+rρ−n|f (r)(tρxρ + (1− tρ)aρ)|qdt

≤
Z 1

0
tαρ+rρ−n

" √
tρ

2
√
1− tρ

|f (r)(xρ)|q +
√
1− tρ

2
√
tρ

|f (r)(aρ)|q
#
dt

≤Mq
Z 1

0
tαρ+rρ−n

" √
tρ

2
√
1− tρ

+

√
1− tρ

2
√
tρ

#
dt

≤ Mq

2

Z 1

0
tαρ+rρ−n+

ρ
2 (1− tρ)−

1
2 + tαρ+rρ−n−

ρ
2 (1− tρ)

1
2dt

≤ Mq

2ρ
ρB

µ
α+ r − 1

2
+
1− n

ρ
,
1

2

¶
.(3.8)

R 1
0 t

αρ+rρ−n
¯̄̄
f (r)(tρxρ + (1− tρ)(a+ η(b, a))ρ)

¯̄̄q
dt

≤ Mq

2ρ
ρB

³
α+ r − 1

2 +
1−n
ρ , 12

´
. A combination of (3.7)-(3), yields the de-

sired result. 2

Corollary 4. Let the conditions of Theorem 3 be satisfied for x = 2a+η(b,a)
2 ,

then

¯̄̄̄
¯ρj−1 [(2a+ η(b, a))ρ − (2a)ρ]j+β−1 + [(2(a+ η(b, a)))ρ − (2a+ η(b, a))ρ]j+β−1

2jρ+βρ−ρ η(b, a)

f (r−1)
µ
2a+ η(b, a)

2

¶ρ
+

j−1X
k=1

Y
1≤i≤k

2ρ+kρ−jρ−βρ
ρ(α+ r + 1− i)− n

ρk−j+1 η(b, a)

×{[(2(a+ η(b, a)))ρ − (2a+ η(b, a))ρ]j+β−k−1 + (−1)k[(2a+ η(b, a))ρ
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−(2a)ρ]j+β−k−1}f (r−1−k)
µ
2a+ η(b, a)

2

¶ρ
+

Y
1≤i≤j

(−1)j [ρ(α+ r + 1− i)− n]

ρ1−α η(b, a)

×Γ(α){ ρIα¡ 2a+η(b,a)
2

¢−f (r−j)(aρ) + (−1)j+1 ρIα¡ 2a+η(b,a)
2

¢+f (r−j)(a+ η(b, a))ρ}
¯̄̄̄
¯

≤M
[(2a+ η(b, a))ρ − (2a)ρ]j+β + [(2(a+ η(b, a)))ρ − (2a+ η(b, a))ρ]j+β

q
p
(αρ+ rρ− n+ 1)q−1 η(b, a)

× q

s
ρjq−1

2ρqj+ρqβ+1
ρB

µ
α+ r − 1

2
+
1− n

ρ
,
1

2

¶
.

(3.9)

Remark 1. On letting ρ, n, r, j → 1 and η(b, a) = b− a,

• Theorem 1 reduces to [13, Theorem 5]. Moreover, for α→ 1 Theorem
1 reduces to [18, Theorem 2] and Corollary 1 reduces to [18, Remark
1].

• Theorem 2 reduces to [13, Theorem 6]. Moreover, for α→ 1 Theorem
2 reduces to [18, Theorem 3] and Corollary 2 reduces to [18, Remark
2].

• for α→ 1 Corollary 3 reduces to [18, Corollary 1].

• Theorem 3 reduces to [13, Theorem 7]. Moreover, for α→ 1 Theorem
3 reduces to [18, Theorem 4] and Corollary 4 reduces to [18, Remark
4].

4. Applications

Let a, b > 0 with a 6= b, then the arithmetic mean and p−logarithmic mean
on a, b is defined as:

A(a, b) := a+b
2

Lp(a, b) :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
h
(bp+1−ap+1)
(b−a)(p+1)

i 1
p
, p 6= 0, p 6= −1;

1
e (

bb

aa )
1

b−a , p = 0;
b−a

log b−log a , p = −1.
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Proposition 1. Let f : (0, 1] → R, be defined by f(x) = − lnxs where
s > 0, obviously f is MT−convex and hence from inequality (3.1), the
following inequality holds:¯̄̄̄

¯s(−1)r−1 ρ2j+β−2 Γ(r − 1)
2jρ+βρ−ρ[η(b, a)]2−j−β

n
[Lρ−1

ρ−1(2a+ η(b, a), 2a)]j+β−1

+[Lρ−1
ρ−1(2(a+ η(b, a), 2a+ η(b, a))]j+β−1

o
[A(a, a+ η(b, a))]ρ(1−r)

+
j−1X
k=1

Y
1≤i≤k

s(−1)r−k−1Γ(r − k − 1)2ρ+kρ−jρ−βρ ρ(α+ r + 1− i)− n

ρ2k−2j+2−β[η(b, a)]k+2−j−β

×[A(a, a+ η(b, a))]ρ(1+k−r){[Lρ−1
ρ−1(2(a+ η(b, a)), 2a+ η(b, a))]j+β−k−1

+(−1)k[Lρ−1
ρ−1(2a+ η(b, a), 2a)]j+β−1}+

Y
1≤i≤j

s(−1)r [ρ(α+ r + 1− i)− n]

ρ2−α η(b, a)

×Γ(α)Γ(r − j)

½
(−1)α−1aρα+j−r

∙
B

µµ
2a+ η(b, a)

2a

¶ρ
;
j − r

ρ
+ 1, α

¶
−B

µ
aρ(ρ−1);

j − r

ρ
+ 1, α

¶¸
+

∙
B

µ
(a+ η(b, a))ρ(ρ−1);

j − r

ρ
+ 1, α

¶
−B

µµ
2a+ η(b, a)

2(a+ η(b, a))

¶ρ
;
j − r

ρ
+ 1, α

¶¸
(−1)j+1(a+ η(b, a))ρα+j−r

¾¯̄̄̄
≤Mρj ρB

µ
α+ r − 1

2
+
1− n

ρ
,
1

2

¶
× [(2a+ η(b, a))ρ − (2a)ρ]j+β + [(2(a+ η(b, a)))ρ − (2a+ η(b, a))ρ]j+β

2ρj+ρβ+1 η(b, a)
.

where, B is the Incomplete Beta function.

Proposition 2. Let f : R → R+ be defined by f(x) = x−m

m where 0 6=
m ∈ R, obviously f is MT−convex and hence from inequality (3.5) the
following inequality holds:¯̄̄̄

¯ρ2j+β−2(−1)r−1Γ(m+ r − 1)
2jρ+βρ−ρ[η(b, a)]2−j−β

n
[Lρ−1

ρ−1(2a+ η(b, a), 2a)]j+β−1+

[Lρ−1
ρ−1(2(a+ η(b, a)), 2a+ η(b, a))]j+β−1 }[A(a, a+ η(b, a))]ρ(1−m−r)

+
j−1X
k=1

Y
1≤i≤k

(−1)r−k−1Γ(m+ r − k − 1)2ρ+kρ−jρ−βρ ρ(α+ r + 1− i)− n

ρ2+β−2k−2j [η(b, a)]k+2−j−β

×[A(a, a+ η(b, a))]ρ(1+k−m−r){[Lρ−1
ρ−1(2(a+ η(b, a)), 2a+ η(b, a))]j+β−k−1 + (−1)k
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×[Lρ−1
ρ−1(2a+ η(b, a), 2a)]j+β−k−1}+

Y
1≤i≤j

(−1)r [ρ(α+ r + 1− i)− n]

ρ2−α η(b, a)
Γ(α)

×Γ(m+ r − j)

½
(−1)α−1aρα+j−m−r

∙
B

µµ
2a+ η(b, a)

2a

¶ρ
;
j −m− r

ρ
+ 1, α

¶
−B

µ
aρ(ρ−1);

j −m− r

ρ
+ 1, α

¶¸
+

∙
B

µ
(a+ η(b, a))ρ(ρ−1);

j −m− r

ρ
+ 1, α

¶
−B

µµ
2a+ η(b, a)

2(a+ η(b, a))

¶ρ
;
j −m− r

ρ
+ 1, α

¶¸
(−1)j+1(a+ η(b, a))ρα+j−m−r

¾¯̄̄̄
≤M

[(2a+ η(b, a))ρ − (2a)ρ]j+β + [(2(a+ η(b, a)))ρ − (2a+ η(b, a))ρ]j+β

p
p
(pαρ+ prρ− pn+ 1) η(b, a)

× q

s
ρjq−1

2ρqj+ρqβ+1

∙
ρB

µ
ρ

2
+ 1,

1

2

¶
+ ρB

µ
1− ρ

2
,
3

2

¶¸
.

Proposition 3. Let f : R → R+ be defined by f(x) = xn for n ∈ R,
obviously f is MT−convex and hence from inequality (3.6), the following
inequality holds:¯̄̄̄

¯̄ 2 ρ2j+β−2

[η(b, a)]2−j−β
Γ(r)[Lρ−1

ρ−1(a+ η(b, a), a)]j+β−1 +
j−1X
k=1

Y
1≤i≤k

ρ(α+ r + 1− i)− n

[η(b, a)]k+2−j−β

× Γ(r − k)

ρ2+β−2k−2j
(1 + (−1)k)[Lρ−1

ρ−1(a+ η(b, a), a)]j+β−k−1 +
Y
1≤i≤j

(−1)j

×ρ(α+ r + 1− i)− n

α ρ2−α η(b, a)
Γ(α)Γ(r − j + 1)

n
(1 + (−1)j+1)((a+ η(b, a))ρ − aρ)α

−2(aρ2 − aρ)α − 2(−1)j+1((a+ η(b, a))ρ − (a+ η(b, a))ρ
2
)α
o¯̄̄

≤ 2M [(a+ η(b, a))ρ − aρ]j+β

η(b, a) p
√
pαρ+ prρ− np+ 1

q

s
ρjq−1

21−q

∙
ρB

µ
ρ

2
+ 1,

1

2

¶
+ ρB

µ
1− ρ

2
,
3

2

¶¸
.

Remark 2. On letting ρ, n, r, j, α→ 1 and η(b, a) = b− a,

• for s→ 1 Proposition 1 reduces to [18, Proposition 2 ].

• Proposition 3 reduces to [18, Proposition 3 ].
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