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Abstract

In this paper, we introduce the notion of degree to which a fuzzy
subset is a fuzzy subgroup by means of the implication operator of
[0,1]. A fuzzy subset u in a group G is a fuzzy subgroup if and only if
its subgroup degree mg,(p) = 1. Some properties of subgroup degrees
are investigated.
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1. Introduction

In 1971, A. Rosenfeld introduced the concept of fuzzy groups [14]. In 1979,
Anthony and Sherwood [4] redefined fuzzy groups. Since then many results
in group theory has been generalized to fuzzy setting. Some properties of
products, set products, unions, intersections, the homomorphic images and
preimages of fuzzy subgroups are introduced (see [1, 2, 3, 6, 8, 9, 10, 13,
15]). Some authors discussed the relations between the fuzzy subgroups
and their level subgroups. V. N. Dixit, et al. gave characterizations of
fuzzy conjugate subgroups and fuzzy characteristic subgroups by their level
subgroups [8].

From the above results, we can know that a fuzzy set in a group G is
either a fuzzy subgroup or not. The philosophy is developing a technique
with which we no longer merely decide whether a fuzzy subset is a fuzzy
subgroup or not but with which we actually measure a degree to which it
is a fuzzy subgroup.

In this paper, our aim is to introduce the notion of degree to which a
fuzzy subset of a group G is a fuzzy subgroup by means of the implication
operator of [0, 1].

2. Preliminaries

Throughout this paper, [0,1]% (or IX) denotes the set of all fuzzy sets
on X. a denotes the constant fuzzy sets on X taking the value a. For
A €10,1)% and a € [0, 1], we can use the notations:

A ={r e X A(z) > a}, A ={reX:A(x)>a}.

A function T": [0,1] x [0,1] — [0, 1] is called a triangular norm (shortly
t-norm) if it satisfies, for all z,y, z € [0, 1], the following conditions:

(T1) T(z,y) =T(y, @),

(T2) T'(z,T(y, 2)) = T(T'(z,y), 2),

(T3) if y < z, then T'(z,y) < T'(z, 2), i.e., T(z,-) is increasing,

(T4) T'(z,1) = .

A function I : [0,1] x [0,1] — [0, 1] is called an R-implication if there
exists a t-norm 7' such that

Ip(z,y) =sup{t € [0,1] : T(z,t) <y}, =z,y € [0,1].

It is also called the residual of the t-norm 7.
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3. The subgroup degrees of L-fuzzy sets

A fuzzy subset p of a group G is said to be a fuzzy subgroup of G [14] if
for any =,y € G, p(zy=")> (@) A p(y).

According to the above definition, we know that a fuzzy subset of a
group G is either a fuzzy subgroup or not.

If the degree of a< b is defined by Ir(a,b), then we can naturally intro-
duce the notion of subgroup degree as follows:

Definition 3.1. Let i be a fuzzy subset in a group G and T be a t-norm
on [0,1]. The subgroup degree mgy(p) of p is defined as

my(p) = N Ir (T (@), p(y) , sy ™))

z,yeG

If T is taken as T'(a,b) = a A b for any a,b € [0, 1], then obviously p is
a fuzzy subgroup of G if and only if my(p) = 1.

In the sequel, we shall take T" as T'(a,b) = a A b for any a,b € [0, 1] and
Ir(a,b) is written as a — b.

Example 3.2. Let Z be an integer additive group. Define p : Z — [0, 1]
by
(n) = 0.3, ifn is even;
] 0.5, ifn is odd.

It is easy to check that mgy(u) = 0.3.

Theorem 3.3. Let u be a fuzzy subset in a group G. Then

my(p) = A (@) A p) = wa) A N () - p™).

z,yeG zeG

Proof. It is obvious that

mg(p) = A ((u(@) A p(y) — pley™))
z,yeG

A ((ule) A p(y) = ply™™)) A A () A p(z) = ple) A p(z)).
yeG zeG

A (p(z) = plzh)).

z€G

IN

IN
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Further we have

mg(p) < Ly/éG (@) A () = plzy ™)) A mé\G(M(fU) = p(zh)
< Ly/éG (@) A () = plzy ™)) A m,y/éG(u(x) A p(y) = p(@) A ply™))
< m’y/éG (@) A p(y)) = p(y)) -
This shows
myg(p) < /\G((u(x) A p(y)) = p(zy)) A /\G (1) = ph).
T,y€ T€

Moreover by

x,yeG zeG
<’ /\G (o) A a) = len)) A A () A ) = o) ™)
< A ((u@) A p(y) = play™h)) = mg(p)
z,yeG
we obtain
my(p) = A (@) A p@) = ) A N (=) = p).
z,yeG z€G

The following lemma is obvious.

Lemma 3.4. Let u be a fuzzy subset in a group G. Then mg(p)> a if and
only if for any z,y € G,

p(@) A ply) Aa< pry ™).
By Lemma 3.4, we can easily obtain the following result.
Theorem 3.5. Let u be a fuzzy subset in a group G. Then
my(w) =/ {a € (0.1]: ple) A ply) A a< play ™), Ve € G
Theorem 3.6. Let u be a fuzzy subset in a group G. Then

mg(p) = \/ {a € (0,1 : ¥b € (0,a], pp is a subgroup of G} .
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Proof.  Suppose that u(x) A u(y) Aa< p(xy=1),Va,y € G. Then for any
b € (0,a] and for any =,y € ), we have
play™h)= p(x) A ply) Aaz p(@) A p(y) Ab = p(z) A py)= b,
this shows zy~! € pp)- Therefore pp) is a subgroup of G. Hence
mg(p) = V{a € (0,1] : u(@) A uly) Aa< pley™'), Yo,y € G}
<V{a € (0,1]: Vb € (0,a], pp is a subgroup of G'}.

Conversely, assume that a € (0, 1] and Vb € (0, al, pp) is a subgroup of
G. For any z,y € G, let b = pu(z) A pu(y) Aa, then b< a and =,y € pup), thus
-1 _
Y € ppy, e p(zy” 1> b= p(x) A u(y) A a. This means that

) A
(z
my(p) = V{a € (0,1] : p(x) A p(y) Aa< play ™), Va,y € G}
> V{a € (0,1] : ¥b< a, pyq) is a subgroup of G}.

Theorem 3.7. Let u be a fuzzy subset in a group G. Then

mg(p) = \/ {a € (0,1] : Vb < a, pp) is a subgroup of G} .

Proof.  Suppose that a € (0,1] and u(z) A u(y) A a< p(zy~t) for any
2,y € G. Let b < a, and z,y € ). Then b < p(z) A p(y) A a< plzy™).
Hence zy~! € (v)- This shows that 1) is a subgroup of G. Therefore

mg(p) = V{a € (0,1]: u(x) A p(y) Aa< p(zy ™), Yo,y € G}
<V{a € (0,1] : Vb < a, pp isasubgroup of G}.

Conversely, assume that a € {a € (0,1] : Vb < a, p) is a subgroup
of G}. Now we prove that u(x) A pu(y) A a< u(zy~!) for any 2,y € G. Let
b < p(w) Ap(y) Aa. Then p(z) > b, u(y) > b and a > b, ie, z,y € pp).
Since fi(p) is a subgroup of G, it holds that zy € Kby, 1€ pw(xy=t) > b.
This shows that u(z) A u(y) A a< u(zy~!). Therefore

mg(p) = V{a € (0,1] : p(x) A py) Aa< play ™), Va,y € G}
> V{a € (0,1] : Vb < a, pp is asubgroup of G}.

Theorem 3.8. Let {u;}iecr be a family of fuzzy subsets in a group G. Then
my (/\ ﬂi) > A My (:U*Z)
il icl
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Proof. This can be proved from the following inequality.

) 2l s

(@) A pi(y)) — pi(zy ™!

v

A

zyGGzGI

A

i€l x,yeG

= N\ mg(i).

i€l

i (
pi(

z,yeG i€l <
A ((
A

)
i /\sz))'_’ﬂz Ty )

The following result is obvious.
Theorem 3.9. Let f be a homomorphism from a group G to a group G'.

(1) Ifpisafuzzy subset in G, thenmg (f~ (1)) > mgy(p), where f~(u)(y) =
Vi{u(z) : f(z) = y};

(2) Ifnis afuzzy subset in G, then mg (f(n)) > m(n), where f(n)(z) =
n(f(x)).

Proof. (1) can be proved from Theorem 3.5 and the following fact.

my (£~ ()
V{ae 01 F= () A F= W) Aas F= )y ™), vy € &)

V {a €0,1: V pE)AN V wy)res Vo pz),Val,y' € G'}
! fy)=y’ f(z)=aly' 1

> VV{a e (0,1]: pu(z) Aply) Aa< ;: zy~1),Vz,y € G}
= mg(p).

(2) can be proved from the following fact.
mg(f~m) = A ((f=m@) AL~ ) = f~()(zy™)

z,yeG

= A (((f@)An(fW) —n(f@)fy)™))

z,yeG

> A (@) An@y)) =Gy )
$l7,y/€Gl

= mg(??)‘
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