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Abstract

In this paper we study the unidimensional Stationary Boltzmann
Equation by an approach via Morse theory. We define a functional
J whose critical points coincide with the solutions of the Stationary
Boltzmann Equation. By the calculation of Morse index of J"(0)h
and the critical groups Co2(J,0) and Ca(J, 00) we prove that J has two
different critical points w1 and us different from 0, that is, solutions
of Boltzmann Equation.
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1. Introduction

Let us consider a dilute gas which is composed of a large number of molecules
moving in the space according to the classical mechanics and suppose that
such molecules are colliding in pairs from time to time. Let us disregard
all the external effects on the system. Thus, the motion of the particles is
completely specified by the given internal molecular forces. In this cases,
one is usually interested in knowing the number of molecules which at time
t have position = and velocity v within dzdv [8]. This quantity is measured
by n(t,z,v) = N f(t,x,v)dxdv where the function f is called the density
function and N represents the total number of molecules in the system.
It is worth noting that due to the motion of the molecules and the colli-
sions between them, this quantity must change in time. For this data L.
Boltzmann derived a non-linear integral-differential equation modelling the
rate of change of f with time. Such equation is the so-called Boltzmann
Equation. The integral part of the equation contains the non-linearity
and reflects the effect of the collisions between molecules and the term U%
reflects the motion of molecules between collisions. In this manner, the
Boltzmann Equation describes the evolution of the one-particle distribu-
tion function f = f(z,v,t). For a further discussion we recommend the
reader to see the introduction of [8] paraphrased above.

The Boltzmann Equation can also be used to understand the evolution
of physical quantities such as energy, temperature, etc.

The problem of existence and uniqueness of solutions for the Boltzmann
Equation is still open but partial results have been obtained in the positive
direction.

When we consider the Boltzmann Equation independent from the time
we get the stationary problem which we will study here. Indeed, throughout
these pages we consider the problem of finding u : [a,b] x RT — RT
satisfying the unidimensional Stationary Boltzmann Equation which
is given by:
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The operator in (1) is known as the operator collision and is given by

(1.2) mexw—[fLJp@u—mmwmmo—uwmmwwa

Here v/, ¢ are the speed of particles after the collision and u, ¢t are the speed
given before the collision. We assume that ¢(z, [t — v|) is a non-negative
mensurable function satisfying

[ atelt = vz > e and gzt — o) < (1 +2)|cosl
|z|=1

for some constant gp, g1 and v € [0,1] and limj_g % = 0.

The Stationary Boltzmann Equation has been studied as an approach
in L' by the weak compactness method in [2] and [3]; the non-lineal func-
tional analysis methods, in particular; the non-lineal alternatives of Leray-
Schauder are studied in [7]. In [6] there are studied variational methods in
L2,

In this paper we approach to the unidimensional Stationary Boltzmann
Equation via Morse theory. In this case we construct two different critical
groups which allows to conclude the existence of at least two non-trivial
generalized solutions of (1), understanding by generalized solution as u in
certain Banach space B defined below, and satisfying

b Qw du b o*u b
—/a vx%%da:—/a vxwmdu:Q(u,u)(v)/a w(z,v)dx

X

2
with w € B, % € Liyp)-

The approach we offer in this paper allows a simpler test than the
Leray-Schauder alternative and any tool with fix points.

We now describe our proof in general terms. In this paper we define a
functional

b
J(u) == —/ vu%dw + T'(u)
b b Hu
with T'(u)(z,v) > 0 and T'(u)w = / Q(u,u)(v)wd:n+/ v%wdﬂs defined

in the Banach space
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o
" Ox2

B = {u e 1°(a,b) : 2% € L1(a,b)

ou ou
it 1 °= >0, — >

with the norm

ou

Vox

@
ox

ou

. dx.

b
}, being ‘ :/
L'(a,b) Li(a,b) a

In this setting we prove that the critical points of J are solutions of (1).
Thus we are reduced to prove the existence of critical points of J. In this
case we show that:

[|ullp := max {IIUIILoo<a,b),

b
1. J"(u)hw = —/ vhg—wda:, w, h € B,
a x

2. J"(u) is invertible for u € B,
3. the Morse index of J”(0)hw is 2,
4. J satisfies the Palais-Smale conditions,

5. J is bounded below in ||u||p < R.

Thus the existence of critical points of J follows.

2. Development

Definition 2.1. Let us define

2
B:= {u € L>(a,b) : %,% € L'(a,b)

ou

ou
—_— > - >
() 20,5 w0) 2 0}

and the norm

ol = ma ¢l 57 z
B= Leo(ab) | gy Liap) || 0z L*(a,b) |
with
e~ [l
0zllpiy Ja | Ozl
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It follows that B endowed with the norm || - ||p is a Banach space.

Definition 2.2. We define the Banach space

* [e’s) 8’[11 [e’e) 82?11 1
B :{’UJGL (a,b):EEL (a,b),@EL(a,b)}
with the norm
lull e = mase { flol ooy | 22 P
B* — > (a,b)y || | a9 .
S K VAP (2 P

It is worth noting that B* C B since L*(a,b) C L'(a,b).

Lemma 2.3. Let u,w € C*[a,b]. Then

1.
(2.1) ﬁ[ 3_“’}_ ow L Owou 0*w
' oz |0z | T Mo T Moz on T 0a?
2,
(2 2) ﬁ [ @} — @ + 8_w% + @
' ox vxwam _Uwax vx@x ox vww@mQ
Proof:
1.
2[ ua—w} = ﬂ[fua:u]a—w—H}ycua2—w
or vr oz oz ox or?
_ [ n %}3_“4 0’
I vw@x ox u8m2
o 0
— or T or o T o2
2,
2[ @} _ i[ ]@+ i{@}
oz | or] T 0z ar Tz |9
_ [ N 8_w]8_u Fu
= W v ax 8 xw8x2
X 0
= ar T e or T Va2
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Lemma 2.4. Let u,w € B be such that u(a,v) = u(b,v) = w(a,v) =
w(b,v) = 0. Then

1.
b 2
(2.3) ():/a u—da:+/ ——d +/ vxu%d:ﬂ.

Ox Oz T
2.

b Ow Ou b 5%y
(2.4) O—/a vw—dx+ vw—%d:p—l—/a vww@da:.

Proof: If u € B,w € B then there exists a sequence (u,) € C?[a,b] such
that u, — u in B and (w,) € C?[a, b] such that w, — w in B. Then

JPoudldr +  [Puaded xdx+f v:z:u8 Sz
= f:v(u un) “’dw
o) Oup

+ Lozl [d—;—i}dx
—i—fa vx(u—un)dacawda:
+ [P vu, 22 da
—i—bfavx%l;%gdaﬁLffvxun%dx
l. 52 (v:nun a;’) dz

0.

The other computation is similar. a

Remark 2.5. Let B’ = {u € B: Q(u,u) € L'(a,b)}. Thus B’ is a sub-
space of B. If w € B, by multiplying (1) per w, we find that

ou
v%w(a: v) = w(z,v)Q(u,u)(v).

b

/abvg_w (z,v)dx —/ Q(u,u) ,v)dr = Q(u,u)(v)/ w(z,v)dz.

a

By Lemma 2.4 we have

(2.5) — /b xg—;u%daj — /ab vxwgz dr = Q(u,u)(v) /bw(x,fu)d:p.

a
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Those u € B which satisfy (2.5) are called generalized solutions of
(1.1).

Definition 2.6. Let us define the functional

J(u) == — /ab Uu%dx + T(u)(x,v)

with T'(u)(z,v) > 0 and
T (uw)w = /b Q(u,u)(v)wdz + /b v%wdz

with u € B,w € B*,w(a,v) = w(b,v) = 0.

Lemma 2.7.

b Hw b
(2.6) J (w)w = —/a ng—xdw—i—/a Q(u, u)(v)wdz.

Proof: Let us compute J(u 4+ w) — J(u):
O(u +w)
oz
b
+/a vu%dw —T(u)
b

ou Ow b du
= —/(l(vu+vw) <a—x+%)dx+/a vuadaz

+T(u+w) —T(u)
b b b
= —/ vu@dx—/ vua—wd:v—/ Uw%dx

b
J(u+w)—Ju) = —/llv(u+w) dr + T (u+ w)

Ox Ox Ox
b dw b Qu
—/a vw%dij/a vu%d:z:%—T(ujLw) —T(u).

Then

b b b b
J (w)yw = —/ vua—daz —/ vw%daj +/ Q(u,u)(v)wdz +/ v?wdaz.
a x a a a i

d
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That is to say

J (w)w = — /ab vug—:daz + /ab Q(u,u)(v)wdz.

O
Remark 2.8. By the use of Lemma 2.4 in the equation (8), we have
b ow O b o? b
J(uw)w = /a vxa—:a—zdx +/a v:cua—;;]d:c +/a Q(u, u)(v)wdz
(]

Since g_w € L>®(a,b) C L'(a,b), if u is a critical point of J, then
x

b b 2 b
—/a vx?—?%dw = /a vxu%dm —i—/a Q(u,u)(v)wdz
That is to say, u is a generalized solution of (1).

We will show that if u is a generalized solution of (1), then u is a
critical point of J, i.e., we will show that the generalized solutions of (1)
are precisely the critical points of J.

b
Lemma 2.9. Let h € B* be such that h(a,v) = h(b,v) =0, / wdr =1,
and Q(0,0)(h) = 0. Then ‘

b
(2.7) J"(0)hw = — / vh—?jdm.

Proof: Let us compute J'(u + h)w — J'(u)w:

J(u+h)w—Jww = —/bv(u%—h)g—:dxjt/bQ(u+h,u+h)(v)wd:c
b9 b
—i—/a vua—de—/a Q(u,u)(v)wdz

b dw b ow b Qw
= —/a vu%dx—/a vh%dx—k/a vu%da:

+Q(u+ hyu+ k) (v) — Q(u,u)(v)] | wdz
b

b9
_ _/a yha—jdx—i-Q(h,h)(v)/a wd.
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We conclude that

b Ow
1 _ et
J"(0)hw = /a vh o dz.

|

Lemma 2.10. J”(0) is invertible for h(z,v) > 0, g_w >0 and ||h||p < 1,
x

||lw||p« < 1. Also 0 is a non-degenerated critical point of .J.

Proof: Notice that

[ 7" (u)hw| =

b dw
/a vh%daz

Since h € L*(a,b) there exists M > 0 such that |h(xz,v)] > M a. e.
x € (a,b), then

Z_Z > M||lwl||p, a. e. z € (a,b)

b
|J" (u)hw| > M/ va—wdx = M‘
a or L(a,b)

that is to say J”(u)hw is invertible in u € B. In particular, J” is invertible
inu =0 € B, then, 0 is a non-degenerated critical point of J. a

3. Morse index

Theorem 3.1. The Morse index of J"”(0)hw is 2 and the critical group of
J in 0 is given by Cs(J,0) = Z.

Proof: We recall that

b ow
" _
J(0)hw = /a vh . dz.

Let us take x = X +V, v =X — V, since v € (0,00), then X >V >0
thus z +v = 2X,

T +v

r—v
5 .

1
X = :>dX:§d:Uand$—U:2V:>V:

By the Chain rule
ow OwdX OwdV 10w 10w

9r  0X0r 9vor 29X 2ov
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Then
b=V 10w 10w
" _ el i
T (0)hw = /Q_V (X = V)h(X, V)2 [QBX + 28‘/} dX
b=V ow  Ow
_ _/WV Xh(X,V) L}—XJFW} dX
b—V 8 8
+/aiv Vh(X,V) {8; axﬂ ax
b—-V b—V
= —/_V Xh(X, V)g—;?dX ~, Xnx, V)g—vdX
" nx ) 2% ax "y h(X, ow ix.
n / VX V)ZedX + / V)5
Let

X* Y 2 X, Y* biVXhX ow \x
=\ h( ’V)ﬁXd =\ /. ( V)W

and note that

b—V 8w aw b—V 8 b—V a
hx vy |2 L gy = WX, V)Y ax hx. V)2 ax
/(HV( V)|:8X+av] /WVV( V)aX +/7VV( V)av
b—V Ow
— _J(0)hw+ / VX, V)22 ax,
a—V ov
Then
" *2 *2 17 b=V ow
JOhw = —X* -V (0)hw+/ vax, V)2 ax
a—V ov
1 %2 1 %2 1 b=V 8
= —5x? -y +§/G_V VR(X,V) 5.
Now

l/bv vhx, V) 2%ax >0, viaxv), 2% s o,
2 Jav ov ’3V

Then the Morse index of J”(0)hw is 2. So, we conclude that
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C2(J,0) = 092Z = Z
being C3(J,0) the critical group of J in 0. O

Theorem 3.2. Cy(J,00) =0, then J has a critical point u # 0.

Proof: We divide the proof in two claims. The first one is to show that J
is bounded below and the second consist in proving that J satisfies Palais-
Smale conditions.

Claim 1. J is bounded below.
Indeed,

b ou
J(u) = —/ vu%dx + T(u)(z,v),v >0, — > 0.

Since u € L*(a,b), there exists M > 0 such that —M < u < M p.c.t.
x € [a,b].

By taking the right part of the inequality we get

ou ou
_ 27w g2
M”ax < uvax

b Ou b du
— — < — —
M/a vaxda: < /a uvaxda: + T (u)(x,v)

b 9u b du
> — — > — —dzx.
J(u) > /a Ty md:p_ M/a v wd:p

Since < ||ul|p we have

L (a,b)

@
ox

s < —\
L1(a,b)

Claim 2. J satisfies the conditions of Palais-Smale. In fact

J (w)w = — /ab vu——dz + /ab Q(u,u)(v)wdz = I(u)(w) + L(u).

Let us see that

ow

ox
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i) u— / vu—dw = I(u) is invertible.

i) u —>/ Q(u, u)(v)wdz is compact.

These conditions allow us to conclude that J satisfies that conditions of
Palais-Smale.

i)
ow

b Qw
/a vu—da < (b~ a)lul|L=(up) | 5

L*(a,b)

that is to say

ow b Qw
—v(b — a)|[u| oo (a,p) e L) < —/a vu%d:r
—v(b—a)llullrapllwl[B < I(u);  |lulls = [lullL1(ap)
—v(b—a)llul[Bllullp- < I(u);  —llullpr(ap) = —Ilulls-

This implies that u is invertible.

ii) Applying Dunford-Pettis we get

b
F = {Q(u,u)(v) e LY(0,00) : /a Q(u, u)(v)wdz < co,w € L>(a, b)} .
Since

/ /z|_ z, |t — o) [u(t)u(v’) — u(t)u(v)]dtdz

with ¢(z, [t —v|) > 0 here, it holds that v' +# = v + t. There exist
constants k, k' such that v = kv and ¢ = k’t. Then

Qu / /M_ 2 1t — 2D [u(ku(ky) — u(t)u(v)|dido

_ /|z:1“( a(z, |t—v|)dz/ab_(t)dt
- [ ey | " (e
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_ /lz:lﬂ(v)q(z,\t—v])dz / )t

b

_/|z|_1 u(v)q(z,|t—u\)dz/ ult)dt

a

being u(v) = u(kv) and w(t) = u(k't). Now

IN

/ T(v)q(z, |t — v]))dz / T(w)qr(1 + 2)”| cos b|dz
|z|=1 |z|=1

IN

ﬂ(v)/ @1(1+ 2)"| cos|dz
|z|=1

IN

() 1 11 o (1+ 2)"dz
= [ (42

in the same way we obtain that

/1 u(v) u(v) 2v+L .

—=q(2, [t —v|)dz < —=
1 v

If L= %ﬂ(v) and L' = %u(v). Then

Qu,u)(v) = L[u|[geo(ap) — L't oo (a,p)
< L|[a|| oo a,p)-

Ifb—a=4§ >0, then
b
/ Q(u, w) (v)wde < NLS|jul| 1.

There exists a closed set p C (a, b) such that for any € > 0, (a,b)—p) <
€* implies

/ Q(u, v)w(v)dr < Q(u,u)(v)e” < Lf|ul|LNe".
(a,b)—p
The operator

u /ab Q(u,u)(v)wdz

is compact.
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Thus Ca(J,00) = d20Z2 = O. Since C3(J,0) = Z and Ca(J,00) = O, we
deduce that J has a critical point u # 0. O

4. Conclusion

We proved that Co(J,0) = Z and that J is bounded below, and that J
satisfies the Palais-Smale conditions, then J has a critical point u; # 0.
Since the Morse index of J”(0)hw is 2, there exists a second critical point
ug # 0. These critical points, as proved above, are generalized solutions of
the unidimensional Stationary Boltzmann Equation.
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