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Abstract:

Letf:V (G) = {1, 2,.., |V (G)[} be a bijection, and let us denote S = f(u) + f(v) and D =
[flu) - f{v)| for every edge uv in E(G). Let f be the induced edge labeling, induced by the
vertex labeling f, defined as f*: E(G) — {0, 1} such that for any edge uv in E(G), f" (uv)=1
ifgcd(S, D)=1, and f" (uv)=0 otherwise. Let ef (0) and ef (1) be the number of edges la-
beled with 0 and 1 respectively. fis SD-prime cordial labeling if [ef (0) - ef (1)] <1 and
G is SD-prime cordial graph if it admits SD-prime cordial labeling. In this paper, we
have discussed the SD-prime cordial labeling of alternate k-polygonal snake graphs of
type-1, type-2 and type-3.
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1. Introduction

Let G = (V(G), E(G)) be a simple, finite and undirected graph of order
|[V(G)| and size |E(G)|. For standard terminology of Graph Theory, we
used [1]. For all detailed survey of graph labeling we refer [2]. Lau, Chu,
Suhadak, Foo, and Ng [3] have introduced SD-prime cordial labeling and
they proved behaviour of several graphs like path, complete bipartite graph,
star, double star, wheel, fan, double fan and ladder. Lourdusamy and
Patrick [4] proved that S"(K1 ), Da(K1,), S(Ki,), DS(Ki1),S (Bnn),
Dy(Bnn), T Ly, DS(Bny), S(Bnn), K13%K1n, CHy, Fly, P2, T(P,),T(C,),
Qn, A(Ty), P, ® K1,C,, ® K1, Jp, and the graph obtained by duplication of
each vertex and cycle by an edge are SD-prime cordial. Lourdusamy, Wency
and Patrick [5] proved that the union of star and path graphs, subdivision
of comb graph, subdivision of ladder graph and the graph obtained by at-
taching star graph at one end of the path are SD-prime cordial graphs.
They proved that the union of two SD-prime cordial graphs need not be
SD-prime cordial graph. Also, they proved that given a positive integer n,
there is SD-prime cordial graph G with n vertices. Prajapati and Vantiya [§]
proved that T),(n # 3), A(T,,), Qn, A(Qn), DT, DA(T),,), DQ,, and DA(Q,)
are SD-prime cordial. Prajapati and Vantiya [9] proved that S(7},), S(A(T})),
S(Qr) and S(A(Qy)) are SD-prime cordial. In this paper, we investigate the
SD-prime cordial labeling behavior of alternate k-polygonal snake graphs.

Definition 1.1 (3). Foragraph G, a bijection f : V(G) — {1,2,...,|V(G)|}
induces an edge labeling f' : E(G) — {0,1} such that for any edge uv
in G, f'(uww) = 1 if ged(S,D) = 1, and f'(uv) = 0 otherwise, where
S = f(u) + f(v) and D = |f(u) — f(v)| for every edge uv in E(G). Let
es(0) and ey (1) be the number of edges labeled with 0 and 1 respectively.
The labeling f is called SD-prime cordial labeling if |es/(0) — ep/(1)] < 1.
G is called SD-prime cordial graph if it admits SD-prime cordial labeling.

Definition 1.2 (2). A triangular snake T,, is obtained from the path P,
by replacing every edge of a path by a triangle C'3s. That is, it is obtained
from a path ui,us,...,u, by joining u; and u;11 to a new vertex w; for
i=1,2,...,n—1.

Definition 1.3 (2). A quadrilateral snake @Q,, is obtained from the path
P, : ui,uo,...,u, by replacing every edge of a path by a cycle Cy, such
that each pair u;,u;+1 remains adjacent for all i = 1,2,...,n. That is,
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it is obtained from a path wui,usg,...,u, by joining u; and u;y+; to new
vertex v; and w; respectively, and then joining v; and w; by an edge, for
1=1,2,...,n—1.

Definition 1.4. [6] A k-polygonal snake is obtained by replacing every
edge of a path P, : ui,us,...,u, by k-cycle Cy for k > 3, such that each
pair u;, u;1+1 remains adjacent for alli = 1,2, ... ,n. It is denoted by S, (C}).

Note that, S,(C3) is the triangular snake graph and S,(Cy4) is the
quadrilateral snake graph.

Definition 1.5. [7] An alternate k-polygonal snake is obtained by replac-
ing every alternate edge of a path P, : uj,usg,...,u, by k-cycle C} for
k > 3, such that each pair u;,u;1 remains adjacent for all 1 = 1,2,...,n.
It is denoted by AS,(Cy).

The alternate k-polygonal snake graph AS,,(Cy) is obtained from path
P, by joining u; and w;;+1, alternatively, (that is for all odd i’s or for all
even i’s) by the path v;1,v;2,...,v; y—2, where k > 3. There can be three
non-isomorphic alternate k-polygonal snakes, we define them as follow.

Definition 1.6. An alternate k-polygonal snake of type-1 is an alternate
k-polygonal snake in which n is even and the edge w;u;y1 is replaced by
k-cycle, for every odd i. It is denoted by AS}(Cy).

Let V(ASL(CL)) =V (P)U{v;; iiisoddand 1 <i<n—1,1<j<
k—2} and E(ASL(CL)) = E(P,) U{wvi1, vig—2uit1 : i is odd and 1 <4 <
n—1}U{vjvij+1:iisoddand 1 <i<n-—1,1<j<k—3}. ASL(Cy)

nk n(k+1)-2
2

is of order %5 and size . For an example, see the figure 1.
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Un—1,3
Un—1,2
Vn—1,k—2

Un—1

Figure 1: ASL(Cy)

Definition 1.7. An alternate k-polygonal snake of type-2 is an alternate
k-polygonal snake in which n is odd and the edge w;u;y1 is replaced by
k-cycle, for every odd i. It is denoted by AS2(Cy).

Define V(AS2(Cy,)) and E(AS2(Cy)) as per the type-1 above. AS2(Cy)
is of order % and size %@ For an example, see the figure 2.

Un—2,2

Un—2,1

Un—2

Figure 2: AS2(Cy)

Definition 1.8. An alternate k-polygonal snake of type-3 is an alternate
k-polygonal snake in which n is even and the edge w;u;y1 is replaced by
k-cycle, for every even i. It is denoted by AS3(Cy).

Let V(AS3(Ck)) =V(P,)U{v;j:iisevenand 1 <i<n-—1,1<j<
k — 2} and E(AS3(Cy)) = E(Py) U {uvi1, v;g—ouit1 : i is even and 1 <
i <n—1}U{vvij1 riisevenand 1 < i < n—-1,1 < j < k— 3}
AS3(Cy) is of order % and size % For an example, see the
figure 3.
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Figure 3: AS2(Cy)

2. Main Results

Un—2,4

Un—-2,3 Un—-2,5

Ivnz,kz
o

Up—2 Unp—1 Uy

Un—2,2

VUn—2,1

Prajapati and Vantiya [8] proved that alternate triangular snake A(T),) and
alternate quadrilateral snake A(Q,) are SD-prime cordial. Thus for k = 3
and 4; AS}(Cy), AS%(Cy) and AS3(C}) are SD-prime cordial. Here we
consider the cases for remaining arbitrary values of k € N.

Theorem 2.1. The graph AS}(Cy) is SD-prime cordial, for
k=1 (mod 4),k > 5.

Proof 2.1. Define f : V(AS}(Cy)) — {1,2, ce %k} as follows:

f(ui)

f(via)
f(vi2)
f(vig)
f(vij)

f(vij)

f(viyj)

ki

if1 <i<mn;
ifiisodd, 1 <i<n-—1;
ifiisodd, 1 <i<n-—1;
ifiisodd, 1 <i<n-—1,;

if =0 (mod 4) or
j=3(mod4),4<j<k-2,

andtisodd, 1 <i<n-—1;

ifj=1(mod4),5<j<k-—2,
andiisodd, 1 <i<n-—1;

ifj=2(mod4),6<j<k-—2,
andiisodd, 1 <i<n-—1.
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Then ef(0) = {Ww and ep/(1) = {WJ

Thus |6f/(0) - €f/(1)| S 1.
Hence AS}(Cy) is SD-prime cordial, for k =1 (mod 4),k > 5.

Theorem 2.2. The graph AS2(Cy) is SD-prime cordial, for
k=1 (mod 4),k > 5.

Proof 2.2. Define f : V(AS%(Cy)) — {1,2,...,%} as per the
above theorem. DNkt 1

Then ef(0) = ep (1) = W

Thus |ey(0) —ep (1) < 1.

Hence AS2(Cy) is SD-prime cordial, for k =1 (mod 4),k > 5.

Theorem 2.3. The graph AS3(Cy) is SD-prime cordial, for
k=1 (mod4),k >5.

Proof 2.3. Define f: V(AS2(Cy)) — {1,2, ey %} as follows:

flw) =4 - %y
+34+3(-1)7, if1<i<mg
flogg) =8 —k+j+2, if 7 =0 (mod 4) or
j=3(mod4),3<j<k-2,
and i iseven, 1 <t <n—1;
floig) =5 —k+j+3, ifj=1(mod4),1<j<k-2,
and i iseven, 1 <t <n-—1;
floij) =8 —k+j+1, ifj =2 (mod4),2<j<k—2,
andiiseven, 1 <it<n-—1.
Then es/(0) = {WJ and ep (1) = [Ww

Thus |6f/(0) - €f/(1)| S 1.
Hence AS3(Cy) is SD-prime cordial, for k =1 (mod 4),k > 5.

Theorem 2.4. The graph AS}(Cs) is SD-prime cordial.
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Proof 2.4. Define f : V(AS}(Cg)) — {1,2,...
31— 2, ifi is odd, 1 <1 < m;

,3n} as follows:

flw) = 3i—1, ifi iseven, 1 <1 < m;
flog) = 3z:+1, 1'f7f_1(mod4)1<z§n—1,
’ 3i—1, if1 =3 (mod 4),1 <i<mn-—1;
3+ 3, ifi=1 (mod 4),1 <i<mn-—1;
fvig) = 31, ifi=3 (mod4),1 <i<n-—1,;
Flos) = 3@2, 1:fz:51 (mod 4),1 <i<n-—1;
’ 3i+1, if1 =3 (mod 4),1 <i<mn-—1;
3i—1, ifi=1 (mod 4),1 <i<mn-—1;
fvig) = 3i4+3, ifi=3(mod4),1<i<n-—1
Then ef(0) = Vn; QJ and ep (1) = Wn_ -‘

4
Thus, |es(0) —ep(1)] < 1. Hence AS}(Cs) is SD-prime cordial.

Theorem 2.5. The graph AS2(Cg) is SD-prime cordial.

Proof 2.5. Define f : V(AS?(Cs))
theorem.

— {1, 2,..., 6"54} as per the previous

Then ef(0) = [7(71 ), MJ

T—‘ and e (1) = { 1

Thus, |es(0) — e (1)| < 1. Hence AS%(Cg) is SD-prime cordial.

Theorem 2.6. The graph AS3(Cg) is SD-prime cordial.

Proof 2.6. Define f : V(AS3(Cg)) — {1,2, ce M} as follows:

2

1, ifi=1;

flui)) =< 3i—3, if 1 is odd, 3 < i < m;
31— ifiiseven, 1 <i <m;
5, ifi=2;

f(vi1) =< 3i—3, ifi=2(mod4),6<i<n-—1;
3i—1, ifi=0 (mod4),1<i<n-—1;
7, ifi =2

flvig) =< 3i—2, ifi=2 (mod 4),6 <i<mn-—1,
3i+1, ifi=0 (mod4),1 <i<n-—1,
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4, ifi=2;

flviz) =< 3i—1, ifiEQ(m0d4)6<z§n—1;
3t — 2, ifi=0 (mod 4),1 <i<n-—1,
3, ifi=2

flvia) =14 3i+1, ifi=2 (mod4),6<i<n-—1;
3i— 3, ifi=0 (mod 4),1 <i<mn-—1.

— 12 — 12
Then ef(0) = Vn4 —‘ and ef (1) = Vnél J

Thus, |es(0) — ep(1)] < 1. Hence AS3(Cs) is SD-prime cordial.

Theorem 2.7. The graph AS}(Cy) is SD-prime cordial, for
k=2 (mod 4),k > 10.

Proof 2.7. Define f : V(ASL(Cy)) — {1,2, ol %k} as follows:

%—%—1—1, ifiisodd, 1 <i <m;
{’;i, ifi is even, 1 < i < n;
{’;i%+4, ifi=1 (mod4),1<i<n-—1,

'Uzl

M_ ko ifi =3 (mod 4),1 <i<n-—1;

{%§+2, ifi=1 (mod4),1 <i<n-—1;
Uz2

B_ky3 ifi=3(mod4),1<i<n-—1;

{%%+5, ifi=1(mod4),1 <i<n-—1,;
'U7,3

B_Lfidq,  ifi=3(mod4),1<i<n-—1

{%%—Hﬂ, ifi=1(mod4),1 <i<n-—1
Uz4
M_ ke, ifi =3 (mod 4),1 <i<n-—1;
{’;i§+6, ifi=1(mod4),1 <i<n-—1,;
'U7,5
%—%4—5, ifi =3 (mod 4),1 <i<mn-—1;
f(vij) :%—§+]’+1, if j =2 (mod 4) or j =3 (mod 4),
6<j<k—-2 andiisodd,1<i<n-—1,;
flogj) =8 -k4i42 ifj =0 (mod 4),8<j<k-—2,
and ¢ isodd, 1 <i<n—1;
floij) =5k ifj=1(mod4),9<j<k-2,

andt isodd, 1 <i<n-—1.
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Then ef(0) = {WJ and ep (1) = {W-‘

Thus, |es (0) —ep(1)] < 1.
Hence AS}(Cy) is SD-prime cordial, for k = 2 (mod 4), k > 10.

Illustration-1:

V1,6 V1,7

uy u2 u3 Ug us Ue

Figure 4: AS}(C14),n =6,k =14,ep/(1) = e/ (0) = 22

Theorem 2.8. The graph AS2(Cy) is SD-prime cordial, for
k=2 (mod 4),k > 10.

Proof 2.8. Define f : V(AS%(Cy)) — {1,2, e W} as per the pre-

vious theorem. Then e (0) = {W-‘ andey (1) = {WJ

Thus, |es (0) —ep(1)] < 1.
Hence AS2(Cy) is SD-prime cordial, for k = 2 (mod 4), k > 10.

Theorem 2.9. The graph AS3(C},) is SD-prime cordial, for
k=2 (mod 4),k > 10.

Proof 2.9. Define f: V(AS2(Cy)) — {1,2, ey %} as follows:


pc
fu-4
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, ifi=1;
ki _ k if 1 is odd, 3 <1 < n;

flu) =
ki 42 if i is even, 1 <1 < m;
ki |45, ifi=0(mod4),1<i<n—1ori=2;
foin) =
k

b k+3, ifi=2 (mod4),6 <i<n-—1,
B k43 ifi=0(modd),1<i<n—-lori=2

fluig) =4¢
%—k—i—él, ifi =2 (mod 4),6 <i<mn-—1;
E_k+e, ifi=0 (mod 4),1 <i<n—1ori=2;
fluig) =4
M _k+5 — ifi=2(mod4),6<i<n-—1;
B_k+4, ifi=0(modd),1<i<n-—1ori=2
flvig) =9
%—k:+7, ifi=2(mod4),6 <i<n-—1,;
B _k+7,  ifi=0(modd),1<i<n-—1lori=2
fluis) = ‘
%—k—i—G, ifi =2 (mod 4),6 <i<mn-—1;
floij) =% —k+7+2, if j =2 (mod 4) or j =3 (mod 4),
6<j<k—2 andiiseven, 1 <i1<n-—1;
floij) =5 —k+3j+3, if j=0 (mod4),8 <j<k—2
andiiseven, 1 <it<n-—1;
floi)) =58 —k+j+1, ifj=1(mod4),9<j<k-2,
and i iseven, 1 <¢t<n—1.

Then ef(0) = {%—‘ and ey (1) = {WJ, for n > 4.

Thus, |es(0) —ep(1)] < 1.
Hence AS2(Cy) is SD-prime cordial, for k =2 (mod 4), k > 10.

Theorem 2.10. The graph AS}(Cy) is SD-prime cordial, for
k=3 (mod4),k>T.

Proof 2.10. Define f : V(ASL(Ck)) — {1,2, ce %k} as follows:
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flu) =5 -_E2p 20y §f1<i<my

flog) =58 -—k44 ifiisodd, 1<i<n-—1;
floig) =5 k42 ifiisodd, 1<i<mn-—1;
floia) =5 -—k43 ifiisodd, 1 <i<n-—1;
flog) =58 -L4541, if j =1 (mod 4) or

j=2(mod4),5<j<k—-2,
andiisodd, 1 <i<n-—1;

flog) =58 -k4542 ifj=3(mod4),3<j<k—2,
andiisodd, 1 <i<n-—1;

flogy) =58 -—k4j if j=0 (mod 4),8<j<k—2,
andiisodd, 1 <i<n-—1.

Then ef(0) = {Ww and ep/(1) = {WJ

Thus, |es(0) —ep(1)] < 1.
Hence AS}(Cy) is SD-prime cordial, for k = 3 (mod 4),k > 7.

Theorem 2.11. The graph AS?(Cy) is SD-prime cordial, for
k=3 (mod4),k>T.

2
—1)(k+1
vious theorem. Then ey (0) = ep(1) = W

Proof 2.11. Define f : V(AS%(Cy)) — {1,2, e M} as per the pre-

Thus, |es(0) —ep(1)] < 1.

Hence AS2(Cy) is SD-prime cordial, for k = 3 (mod 4),k > 7.
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Illustration-2:

Figure 5: AS2(C11),n=7,k=11,ep (1) = e (0) = 18

Theorem 2.12. The graph AS2(Cy) is SD-prime cordial, for
k=3 (mod4),k>T.

Proof 2.12. Define f : V(AS3(Cy)) — {1,2, ce (71—1#} as follows:

) = %—%4—1, ifiisodd, 1 <i<nmn;
Yo B -k+2, ifi is even, 1 <i <n;

floin) =5 k45, ifiiseven, 1 <i<n—1;

f(via) :%_k+3, ifiiseven, 1 <i<n-—1;

fvia) :%—k+4, ifiiseven, 1 <i<n-—1;

floij) =58 —k+j+2, if j =1 (mod 4) or
J=2(mod 4),5<j<k-2,
andiiseven, 1 <i<n-—1;

floig) =% —k+j+3,  fj=3(mod4)3<j<k-2,
andiiseven, 1 <i<n—1;

fluij) =5 —k+j+1, if j=0(mod4),8<j<k-2,

and i iseven, 1 <¢<n—1.

Then ef(0) = {WJ and ep (1) = [W—‘


pc
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Thus, |es (0) —ep(1)] < 1.

Hence AS32(Cy) is SD-prime cordial, for k = 3 (mod 4),k > 7.

Theorem 2.13. The graph AS}(Cy) is SD-prime cordial, for
k=0 (mod 4),k > 8.

Proof 2.13. Define f : V(ASL(Ck)) — {1,2, ce %k} as follows:

%_§+1, ifiisodd, 1 <i<mn;
flug) =4
kg, ifi is even, 1 <1i < n;
E_ ks ifi=1 (mod4),1<i<n-—1;
floin) =4
ki kg ifi =3 (mod 4),1 <i<n-—1;
ki kg ifi=1 (mod4),1<i<n-—1;
floig) =4
ki3 ifi=3(mod4),1<i<n-—1
ki kg ifi=1 (mod4),1<i<n-—1;
floig) =4
Mk, ifi =3 (mod 4),1 <i<n-—1,
ki ko ifi =1 (mod 4),1<i<n-—1;
floia) =4
L ifi =3 (mod 4),1 <i<n-—1;
ki_ kg, ifi=1 (mod4),1 <i<n-—1;
fluis) =3 & 1 9 Y-
B %42 ifi=3 (mod4),1<i<n-—1;
flog) =%-§+j+2  ifj=2(mod4)6<j<k-2
andiisodd, 1 <i<n-—1;
fg) =§-4+s 5= (medd)T<j<k-2,
andiisodd, 1 <i<n-—1,;
flvij) :%_§+j+1, if =0 (mod 4) or j =1 (mod 4),
8<j<k-—2 andiisodd,1<i<n-—1.

Then ef(0) = {n(k +1) M-‘

-2
D22 - [
Thus, |es (0) —ep(1)] < 1.
Hence AS}(Cy) is SD-prime cordial, for k = 0 (mod 4),k > 8.

Theorem 2.14. The graph AS?(Cy) is SD-prime cordial, for
k=0 (mod 4),k > 8.
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Proof 2.14. Define f : V(AS%(Cy)) — {1,2, ce W} as per the pre-

(n—nw+wwamkfuy_vn—nm+1w'

vious theorem. Then ey (0) = [ 1 0

Thus, |ep(0) —ep(1)] < 1.
Hence AS2(Cy) is SD-prime cordial, for k = 0 (mod 4),k > 8.

Theorem 2.15. The graph AS2(Cy) is SD-prime cordial, for
k=0 (mod 4),k > 8.

Proof 2.15. Define f : V(AS3(Cy)) — {1,2, ey %} as follows:

1, ifi=1;

ki _k ifi is odd, 3 <1 < n;
flu)=4q 2 2

E_f+o, ifi is even, 1 <1i < n;

M _k+6, ifi=0(modd),1<i<n-—1ori=2

{k;k‘%—{’), ifi=2 (mod4),6 <i<mn-—1,

{%km, ifi=0 (mod4),1<i<n-—1ori=2;
fvig) =

M_k+4, ifi=2(mod4),6<i<n-1;

{ 0 (mod4),1<i<n—1ori=2;

M_fk+4, ifi

%_k+7, ifi=2 (mod4),6 <i<n-—1,
B -k+3,  ifi=0(mod4),1<i<n-lori=2

M_k+6, ifi=2(mod4),6<i<n-—1;
M_k+7, ifi=0(mod4),1<i<n-—1ori=2

flvig) =

—k+3, ifi=2 (mod4),6 <i<mn-—1,
f(vi7j):%—k+j+3, ifj=2(mod4),6<j<k-—2,
andiiseyen,lgign—l
f(viyj):%—k‘%—j%—l, ifj=3(mod4),7<j<k-—2,
andiiseyen,lgign—l,
floij) =% —k+j+2, if =0 (mod4) or j =1 (mod 4),

8<j<k—2,andiiseven, 1 <i<n-—1.
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Then ef(0) = {W—‘ and ey (1) = {WJ, for n > 4.

Thus, |es (0) —ep(1)] < 1.
Hence AS2(Cy) is SD-prime cordial, for k = 0 (mod 4),k > 8.

Illustration-3:

Figure 6: AS3(C12),n =06,k =12,¢e4/(1) =13,e4(0) = 14

Theorem 2.16. The graphs AS}(Cy), AS%(Cy) and AS2(Cy) are SD-prime
cordial, for all integers k > 3,n > 2.

Proof 2.16. The proof follows from theorems 2.1 to 2.15.

3. Conclusions

We have proved that each of the types of alternate k-polygonal Snake
AS,(Cy) is SD-prime cordial, for all integers k& > 3,n > 2. Further in-
vestigation can be done for other graph families. For instance, one may
consider cyclic ladder graph.
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