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Abstract:

The sumset of two sets A and B of integers, denoted by A + B, is defined as A+B
={a+b :a € A, b € B). Let X be a non-empty set of non-negative integers. A
sumset labelling of a graph G is an injective function f: V (G) = P(X) - {®} such
that the induced function f* : E(G) — P(X)-{®} is defined by f*(uv) = f(u) +f(v)
Yuv € E(G). In this paper, we introduce the notion of ideal sumset labelling of
graph and discuss the admissibility of this labelling by certain graph classes
and discuss some structural characterization of those graphs.
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1. Introduction

For all terms and definitions in graph theory, we refer to [2,7,16]. For
further terminology of graph classes, see [3,5]. Unless mentioned otherwise,
all graphs we consider in this paper are simple, finite and connected.

Graph labelling has emerged as a potential research area in graph the-
ory soon after the introduction of S-valuations of graphs in [13]. Later,
analogous to number valuations of graphs, the notion of set-valuations has
been introduced in [1] as follows: A set-labelling of a graph G can generally
be considered as an assignment of the vertices of a graph to the subsets of
a non-empty set X in an injective manner such that the set-labels of the
edges of G are obtained by taking the symmetric difference of the set-labels
of their end vertices.

The sumset of two sets A and B of integers, denoted by A+ B, is defined
as A+ B={a+b:a€ A bec B} (see [12]). Note that the sumset can be
defined only for number sets.

Using the concepts of sumsets of number sets, the notion of sumset
labelling of graphs have been introduced in [8] as follows: Let X be a
non-empty set of non-negative integers. A sumset labelling (or an integer
additive set-labelling) is an injective function f: V(G) — P(X) — {0} such
that the induced function f* : F(G) — Py(X) = P(X) — {0} is defined
by fT(uwv) = f(u) + f(v) Yuv € E(GQ) (see [8]). A graph G which admits
a sumset labelling is called a sumset valued graph (or an integer additive
set-Labelled graph). It is proved in [6] that for a sumset labelled graph G,
[f(@)]+[f()] =1 < [fF(uv)| < [f(u)|[f(v)] for all wo € E(G).

Initial studies on sumset labelled graphs can be found in [6,8-11,14,15].
These papers discussed different types of sumset labelling and sumset la-
belled graphs. A topological sumset labelling is a sumset labelling f :
V(G) — Po(X) = P(X) — {0} such that f(V(G))U{0} is a topology on X
(see [8]). A graceful sumset labelling is a sumset indexer f: V(G) — P(X)
such that fT(E(G)) = P(X) — {0,{0}} (see [9]).

The above mentioned articles dealt with studies on sumset labelled
graphs whose elements receive set-labels from different types of subset col-
lections of X. Hence, motivated by these studies, we use some other subset
collections to label the elements of a graph G under consideration.

An ideal J of a non-empty set X (cf. [4]) is a collection of subsets of
X, which satisfies the following conditions:

(i) Ve T;
(ii) If Ae J and B C A, then B € J;
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(iii) If A,B € J, then AUB € J.

In this paper, we define a particular type of sumset labelling called the
ideal sumset labelling of a graph using the notion of ideals of a set and
discuss some structural characteristics of the graphs which admit this new
set-labelling.

2. Ideal Sumset Labelled Graphs

Using the notion of an ideal of a set, an ideal sumset labelling of a graph
G is defined as follows:

Definition 2.1 (Ideal sumset labelling of graphs). Let X be a nonempty
set of non-negative integers and P(X) be its power set. A sumset labelling
of a graph G is said to be an ideal sumset labelling if f(V(G)) U {0} is an
ideal on X.

Definition 2.2 (Ideal sumset indexer). An ideal sumset indexer of a
graph G is an ideal sumset labelling f : V(G) — Po(X) of G such that
the induced function f* : E(G) — Po(X) defined by f*(uv) = f(u) +
f(v) Yuv € E(QG) is also injective.

A graph which admits an ideal sumset labelling is known to be an
ideal sumset labelled graph (ISL-graph) and a graph which admits an ideal
sumset indexer is known as an ideal sumset indexed graphs. An example to
an [SL-graph is provided in Figure 2.1.
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231 @ ®{1,2,3}
{3,4,5,6}

Figure 2.1: An illustration to ISL-graph

Note that all graphs are not ISL-graphs, in general. Hence, the stud-
ies on the structural characteristics of ISL-graphs become significant and
interesting.

Remark 2.3. If X € J, then we have f(V(G)) = P(X) — {0}. Then, f
is also a topological sumset labelling with respect to the discrete topology
on the ground set X. In other words, X can be the set label of a vertex in

G if
(i) f is also a topological sumset labelling;

(ii) f(V(G))U{0} is the discrete topology on X.

(iii) G must have 21X — 1 vertices.

In view of the above-mentioned facts, hereafter we consider the ideals
of X, does not contain X. The following lemma describes the order of an
ISL-graph.

Lemma 2.4. An ISL-graph G has 2|41 —1 vertices, where A is the maximal
element of the corresponding ideal I = f(V(G)) U {0}.
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Proof. Let G be an ISL-graph with respect to an ideal I of the ground
set X. Clearly I = f(V(G)) U {0}. Since A is the maximal element of I,
all non-empty subsets of A should be the set labels of some vertices of G.
That is, f(V(G)) = 24 — {@}. Therefore, | f(V(Q)) |=| V(G) |= 2 — 1.
O

The following theorem describes a necessary and sufficient condition for
a sumset labelling f to be an ideal sumset labelling of G.

Theorem 2.5. A sumset labelling f : V(G) — Po(X) of a graph G is an
ideal sumset labelling of G if and only if G has exactly 2141 — 1 vertices and
F(V(G))U{0} = P(A) where A is the maximal element of the corresponding
ideal J = f(V(G))U{0}.

Proof. Let f: V(G) — Po(X) be an ideal sumset labelling of a graph
G. Then, necessary part is immediate from Lemma 2.4.

Conversely, let G be a graph with 2¥ — 1 vertices; k € Zt. Choose
X, sufficiently large, and let A be a subset of X with cardinality k& such
that the sumsets of subsets of A must be the subsets of X. Note that the
collection of all subsets of A, will form an ideal of X.

Now, label the vertices of GG, in an injective manner, by non-empty sets
in I. Clearly, this labelling will be an ideal sumset labelling of G. This
completes the proof. O

Theorem 2.6. Let G be a graph of order n, which admits an ideal sumset
labelling with respect to a ground set X. Then X has at least loga | n+1 |
elements.

Proof. Let G be an ISL-graph with n vertices. Then, n = 2¥—1 for some
k. Hence k = logz | n+ 1 |. Therefore X should have at least k elements
to label the graph G. Thus, | X |> k. That is, | X |[>loga |n+1]|. O

Definition 2.7 (Uniform Ideal Sumset Labelling). An ideal sumset
labelling of a graph G is said to be a uniform ideal sumset labelling (UISL)
of G if the cardinality of the set labels of all edges of G are same. If
| fT(e) |= k Ve € E(QG), then the corresponding ideal sumset labelling is
said to be a k-uniform ideal sumset labelling.

Figure 2.2 depicts a graph with a uniform ideal sumset labelling.
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{1}

{2,3}

20—00 (1,2)

Figure 2.2: An example of a uniform ISL-graph

The notion of a strong ideal sumset labelling of a graph G is introduced as
follows:

Definition 2.8 (Strong Ideal Sumset Labelling). An ideal sumset la-
belling f : V(G) — Po(X) is said to be a strong ideal sumset labelling if
| [T (uwv) |=] f(u) || f(v) | for all edges uv € E(G).
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{1,2,3}
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{2,3,4,5) {3,4,5,6}
1,2} {1,3) {2,3]

Figure 2.3: An example to strong ISL-graph

Proposition 2.9 provides a necessary condition for an ideal sumset la-
belling of a graph G to become a strong ideal sumset labelling of G.

Proposition 2.9. If a sumset labelled graph G is a strong ISL-graph, then
the difference sets of the set labels of any two adjacent vertices in G are
disjoint.

Proof. The proof is exactly same as in the case of strong sumset labelling
(see [8]). O

The converse of Theorem 2.9 need not be true. This fact can be verified
from Figure 2, in which the set-labels of the elements of the graph satisfies
the condition Dy, N Dy = 0 for all uv € E(G), but it is not a strong
ISL-graph.
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12,3}

{31418}9} {SJGJ?J‘SJQ.’]‘D}

{1,6} {3.5,7}

{4,6,8,9,11,13}

Figure 2.4: A graph which is not a strong ISL-graph

The following theorem describes a necessary and sufficient condition for
an ideal sumset labelling of a given graph to become a topological sumset
labelling of G.

Theorem 2.10. Let X be a non empty finite set of integers. Then, an
ideal sumset labelling of a graph G with respect to X is a topological
sumset labelling if and only if 0 € X and f(V(G))U{0} = P(X).

Proof. Let f be an ideal sumset labelling of a graph G with respect to
the ground set X. Assume that f is a topological sumset labelling of G.
Then f(V(G))U{0} is a topology on X. Therefore, X € f(V(G)). That is,
for some vertex v € V(G), f(v) = X. Then, v will be adjacent to a vertex
whose set label is {0} only. Therefore, 0 € X. Since G is an ISL-graph,
F(V(G)) U {0} is an ideal on X and an ideal is a subset of P(X). Also,
since X € f(V(G)) and X is a subset of itself, f(V(G)) U {0} = P(X).
Conversely, assume that 0 € X and f(V(G)) U {0} = P(X). In order
to prove that G admits a topological sumset labelling, we have to show
that f(V(G)) U {0} is a topology on X. Since f(V(G))U {0} = P(X),
X € f(V(G)). Also, since P(X) is the set of all subsets of X, f(V(G))U
{0} is closed under arbitrary union and finite intersections. Therefore,
f(V(@)) U {0} is a topology on X. Hence, G admits a topological sumset
labelling of G. O

The following result provides an interesting structural characteristic of
a topological ISL-graph.
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Theorem 2.11. If G is an ideal sumset indexed graph which admits topo-
logical sumset labelling, then G has exactly 21X —2 pendant vertices which
are adjacent to a single vertex of G.

Proof. Let G be an ideal sumset indexed graph. Then G has 21X —1 ver-
tices. Since G admits a topological sumset labelling, 0 € X and f(V(G))U
{0} = P(X), by Theorem 2.10. Therefore, there exists a vertex v in G
whose set label is {0}. Now let u be any vertex in G other than v. Then,
we have to show that u is adjacent to v only. If possible assume that w is a
vertex in G and u is adjacent to w. Here, we have to consider the following
cases:

Case 1: Let | and k be any two nonzero elements in f(u) and let k be the
maximal element of X. If [ € f(w), then [+k € fT(uw) and is greater than
k which is a contradiction to the fact that f*(uw) = f(u) + f(w) C X, as
f is a sumset labelling of G.

Case 2: If f(u) and f(w) does not contain maximal element, then the edge
labelling will not be injective. Therefore, u is adjacent to a unique vertex
that has set label {0}. Hence u is a pendant vertex of G. Since there are
21X — 1 vertices in G, w is any one of these vertices other than the vertex
having set label {0} and the vertex having set label {0} is not a pendant
vertex. Therefore, there are 21X — 2 pendant vertices in an ideal sumset
indexed graph which admits topological sumset labelling. O

Lemma 2.12. Let X be a nonempty set of non negative integers. If an
ideal sumset labelling f : V(G) — Po(X) is a graceful sumset labelling of
a given graph G, then {0} must be the set label of a vertex in G.

Proof. Let f:V(G) — Po(X) be an ideal sumset indexer. Assume that
f is a graceful sumset labelling. Then f*(F(G)) = P(X) — {0,{0}}. We
have to prove that {0} is a set label of a vertex in G. Suppose {0} not be
the set label of any vertex in GG. Then there exists at least one edge whose
set-label is not a subset of X since, X is a non empty set of non negative
integers. This is a contradiction to the assumption that f is a graceful
sumset labelling. Therefore, {0} must be the set-label of a vertex in G. O

In view of the above fact, a necessary and sufficient condition for an
ideal sumset labelling of a graph GG to become a graceful sumset labelling
is explained in the following result.
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Theorem 2.13. An ideal sumset labelled graph G is a graceful sumset
Labelled graph if and only if

(i) {0} € F(V(G));
(ii) fF(V(G)) U{0} = P(X);
(iii) G has exactly 21X — 2 pendant vertices which are adjacent to {0}.

Proof. Let G be an ideal sumset labelled graph. Then G has 21X — 1
vertices by Lemma 2.4. Suppose that G is a graceful sumset Labelled
graph. Then fT(E(G)) = P(X) — {0,{0}}. By Lemma 2.12, {0} must
be the set-label of a vertex in G. That is, {0} € f(V(G)). Since G is an
ideal sumset indexed graph, f(V(G)) U {0} is an ideal on X. Therefore,
we have f(V(G)) U {0} C P(X). Now since fT(F(G)) =P(X) — {0,{0}},
X € fT(E(Q)). Therefore, X € f(V(QG)) also, otherwise the sumset of the
set-label of X and the set-label of any vertex, other than {0} will not be a
subset of X. Thus, f(V(G))U{0} = P(X). Next, we have to prove that G
has exactly 21X1 —2 pendant vertices which are adjacent to {0}. Since G has
21X1 —1 vertices, there are 21X —2 vertices other than {0}. All these 21X/ -2
vertices are pendant vertices, or else, f(u)+ f(v) € X for any u,v € V(G).
Conversely, assume that G is an ideal sumset indexed graph which satisfies
(1), (it), (i17). To prove that G is a graceful sumset labelled graph. In a
sumset labelled graph, we consider only non empty sets for labelling the
graph. Therefore, ) ¢ f(V(G)) and hence 0 € f*(E(G)). Also {0} cannot
be the set-label of any edge of G. Therefore, f*(F(G)) = P(X)—{0,{0}}
by (ii). Thus, G is a graceful sumset labelled graph. O

3. Ideal Sumset Labelling of Some Fundamental Graph Classes

The following result describes a necessary and sufficient condition for a
complete graph to admit an ideal sumset labelling.

Theorem 3.1. A complete graph K, admits ideal sumset labelling if and
only if n = 2% — 1, for any integer k > 1.

Proof.  Assume that K, admits ideal sumset labelling. Then, by The-
orem 2.5, K, has exactly 2¥ — 1 vertices where k is the cardinality of the
maximal element of the corresponding ideal 7 = f(V(G))U{0}. Therefore,
n = 2¥ —1. Conversely, assume that n = 2¥ —1 for any integer £ > 1. Then,
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n+1= 2" and hence f(V(G)) U{0} = P(X). Therefore, by Theorem 2.5,
K, admits ideal sumset labelling. O

Theorem 3.2. A star graph K ,,, admits ideal sumset labelling if and only
if m = 2" — 2 for any integer n > 1.

Proof. Let v be the vertex of degree d(v) > 1 and {vy,va,..., v} be
the vertices in Kj ,, which are adjacent to v. Let X be a set of positive
integers. First, assume that G = K ;,, admits ideal sumset labelling. Then,
by Theorem 2.5, f(V(G)) U {0} = P(X). Hence, | f(V(G)) U {0} |= 21X
Hence, | f(V(G) |= 21X — 1. Thus, 1+m = 2" — 1. Therefore m = 2" — 2.
Conversely, consider G = K1 ,, where m = 2" — 2 for any integer n > 1.
Choose a set X with cardinality n. Define a set labelling of G which assigns
any of the singleton set to the central vertex of G and the other non empty
subsets of X to the pendant vertices of G. Clearly, this labelling is a sumset
labelling of G. Also, f(V(G))U{0} = P(X). Therefore, f is an ideal sumset
labelling of G. O

4. Graphical Realisation of Ideals

We have so far discussed the labelling of given graphs. Given an ideal J of
a set X, it is also interesting to check whether we can construct a graph G
such that G admits an ideal sumset labelling with respect to J. This leads
us to the following notion.

Definition 4.1 (J- Realisation of Ideals). Let f be an ideal sumset
labelling of a graph G with respect to the ground set X. Then, J =
f(V(GQ)) U {0} is an ideal on X. Hence the graph G is said to be an
J -graphical realisation (or simply J- realisation) of J.

The following theorem establishes the existence of a graphical realisation
corresponding to a given ideal of the ground set X.

Theorem 4.2. Let X be a non empty finite set of integers. Then, there
exists an [J-realisation for every ideal J of X.

Proof. Let J be an ideal of a non empty finite set X. We need to
construct a graph G whose vertices have set labels taken from J in an
injective manner. Take a star graph K o/x|_5. Label its central vertex by

any singleton set and label the other vertices by remaining 21X — 2 non
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empty sets in J. Clearly this labelling is an ideal sumset labelling defined
on the star graph K 9x|_5 and hence K 5x|_5 is a graphical realisation

of 7. O
Figure 4.1 depicts a J-realisation of an ideal J of the set {1,2,3,4,5}.

1} 11,2}

{2,3,4,5}

i3}

{3,4,5} {13}

{123 @

{2,3}
{3}

Figure 4.1: Graphical realisation of an ideal of a set X

Conclusion

In this paper, we have introduced a particular type of sumset labelling
of graphs, called the ideal sumset labelling of graphs and discussed the
structural characteristics of the graphs which admit this type of labelling.
Further intense studies are possible in this direction. It is quite interesting
examine the existence of (induced or independent) ideal sumset-labelling
for graph operations, graph products and derived graphs of ISL-graphs.
Another promising area in this direction is to explore the relations be-
tween ideal sumset labelling and other types of sumset labelling and cor-
responding characterisations of the graphs which admit these types of la-
belling. The studies seem to be exciting as it can be extended to the cases
when other binary operations of sets are used in place of sumset operation.
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