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1. Introduction and preliminaries

The notion of uncertainty theory was introduced by Liu [9] in the year 2007
which is based on an uncertain measure which satisfies normality, duality,
subadditivity and product axioms. The concepts of uncertainty theory have
been investigated from different aspects with applications. The notion of
complex uncertain sequence spaces of uncertain variables was studied by
Tripathy and Nath [6]. Further uncertain programming, uncertain risk
analysis, uncertain logic etc. have been studied. Liu [9] first introduced
the convergence concepts of sequences of uncertain variables. Later on
Chen et al. [16], You [10], Dowari and Tripathy [13], Liu [7] and many
others further studied the convergence of sequences of uncertain variables.
The notion of lacunary sequences was initiated by Freedman et al. [1].
Their studies of the |σ1| of strongly Cesàro summable sequences with gen-
eral lacunary θ resulted in introducing a larger class of sequences Nθ called
lacunary sequences. Later their work have been further extended by many
researchers. The prime interest of this current study is to extend the classes
with the uncertain sequences in the uncertainty space and the lacunary con-
vergence concepts of complex uncertain sequences with respect to an Orlicz
function.
An Orlicz function is a function M : [0,∞) → [0,∞) which is continu-
ous, non-decreasing and convex with M(0) = 0, M(x) > 0 for x > 0, and
M(x)→∞ as x→∞.
An Orlicz function can be represented in the integral form as follows-

M(x) =

Z x

0
p(t)dt

where p, known as the kernel of M is right differentiable for t ≥ 0, p(0) =
0, p(t) > 0 for t > 0, p is non-decreasing and p(t) → ∞ as t → ∞. If
the convexity of an Orlicz function M is replaced by its subadditivity, i.e.
M(x+ y) =M(x)+M(y), then this function is called a modulus function.
Lindenstrauss and Tzafriri[14] used the idea of the Orlicz function to con-
struct the sequence space

M =

(
(xk) ∈ w :

∞X
k=1

M

µ |xk|
ρ

¶
<∞, for some ρ > 0

)
,

where w denotes the class of all sequences.
The space M with the norm

kxk = inf
(
ρ > 0 :

∞X
k=1

M

µ |xk|
ρ

¶
≤ 1

)
,
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becomes a Banach space which is called an Orlicz sequence space. The
space M is closely related to the space p which is an Orlicz sequence
space with M(x) = |x|p for 1 ≤ p <∞.
In the subsequent time, different Orlicz sequence spaces were introduced
by Parashar and Choudhury [15], Tripathy and Mahanta [2, 3], Tripathy
and Esi [4] and many others.
In this we define the sequence spaces of uncertain variables defined by Or-
licz functions and establish an inclusion relation between these spaces.

We now give here a brief introduction of the uncertainty theory.
Let L be a σ−algebra on a nonempty set Γ. A set functionM is called an
uncertain measure if it satisfies the following axioms:

Axiom 1 (Normality Axiom). M{Γ} = 1;

Axiom 2 (Duality Axiom). M{Λ}+M{Λc} = 1 for any Λ ∈ L;

Axiom 3 (Subadditivity Axiom). For every countable sequence of {λj} ∈
L, we have

M

⎧⎨⎩
∞[
j=1

λj

⎫⎬⎭ ≤
∞X
j=1

M{λj}.

The triplet (Γ,L,M) is called an uncertainty space, and each element Λ in
L is called an event. In order to obtain an uncertain measure of compound
event, a product uncertain measure is defined by Liu [9] as follows:

Axiom 4 (Product Axiom). Let (Γk,Lk,Mk) be uncertainty space for
k = 1, 2, 3, ... The product uncertain measureM is an measure satisfying

M
( ∞Y
k=1

Λk

)
=

∞̂

k=1

Mk{Λk}

where Λk are arbitrarily chosen events from Lk for k = 1, 2, ..., respectively.
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A complex uncertain variable is a measurable function ξ from an un-
certainty space (Γ,L,M) to the set of complex numbers, i.e., for any Borel
set B of complex numbers, the set

{ξ ∈ B} = {γ ∈ Γ : ξ(γ) ∈ B}

is an event. When the range is the set of real numbers, we call it as an
uncertain variable, introduced and investigated by Liu[9]. As a complex
function on uncertainty space, complex uncertain variable is mainly used
to model a complex uncertain quantity.

The expected value operator of an uncertain variable was defined by
Liu[9] as

E[ξ] =

Z +∞

0
M{ξ ≥ r}dr −

Z 0

−∞
M{ξ ≤ r}dr

provided that at least one of the two integrals is finite.
The complex uncertainty distribution Φ(x) of a complex uncertain variable
ξ is a function from C to [0, 1] defined by

Φ(c) =M{Re(ξ) ≤ Re(c), Im(ξ) ≤ Im(c)}

for any complex number c.

An uncertain variable is said to be positive, when it maps fromR+
S{0}

(non-negative real numbers) to [0, 1]. Considering the important role of
sequence convergence in mathematics, some concepts of convergence for
complex uncertain sequences were introduced in Chen et al. [16]. Complex
uncertain sequences are sequence of complex uncertain variables indexed
by integers.

The complex uncertain sequence {ξn} is said to be convergent almost
surely(a.s.) to L if there exists an event Λ withM{Λ} = 1 such that

lim
n→∞

kξn(γ)− L(γ)k = 0,

for every γ ∈ Λ. In that case we write ξn → L, a.s..

The complex uncertain sequence {ξn} is said to be convergent in mea-
sure to L if for a given ε > 0,

lim
n→∞

M{kξn(γ)− L(γ)k ≥ ε} = 0.
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The complex uncertain sequence {ξn} is said to be convergent in mean
to L if

lim
n→∞

E[kξn(γ)− L(γ)k] = 0.

Let Φ1,Φ2,Φ3, ... be the complex uncertainty distributions of complex
uncertain variables ξ1, ξ2, ξ3..., respectively. We say the complex uncertain
sequence {ξn} converges in distribution to L if

lim
n→∞

Φn(c) = Φ(c)

for all c ∈ C, at which Φ(c) is continuous.

The complex uncertain sequence {ξn} is said to be convergent uni-
formly almost surely(u.a.s.) to L if there exists a sequence of events {E0k},
M{E0k} → 0 such that {ξn} converges uniformly to L in Γ − E0k, for any
fixed k ∈ N.

2. Definition and Notations

In this section we define some new classes of sequences of uncertain vari-
ables using an Orlicz functions. By a lacunary sequence θ = (kr); where
k0 = 0 we shall mean an increasing sequence of non-negative integers with
kr − kr−1 →∞, as r →∞. The intervals determined by θ will be denoted
by Ir = (kr−1, kr] and qr =

kr
kr−1

, hr = kr − kr−1 for r = 1, 2, 3, ...

Sums of the form
krP

i=kr−1+1
|xi| =

P
i∈Ir

|xi|, will often be denoted by
P
Ir

|xi|

for convenience.

Here we define the space |σ1|U of strongly Cesàro Summable uncertain
sequence as

|σ1|U = {ξ = (ξk(γ)) :there exists L(γ) such that 1n
nP
i=1
kξi(γ)− L(γ)k→ 0,

as n→∞}.
Let θ = (kr) be a lacunary sequence and (ξk) be a sequence of uncertain
variables in the space (Γ,L,M), M be an Orlicz function. We define the
following class of sequences,

[NU
θ ,M ]0 =

(
ξ = (ξk) : limr→∞

1
hr

P
k∈Ir

M
³
kξk(γ)k

ρ

´
= 0, for some ρ > 0

)
.
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[NU
θ ,M ]1 =

(
ξ = (ξk) : limr→∞

1
hr

P
k∈Ir

M
³
kξk(γ)−L(γ)k

ρ

´
= 0, for some

ρ > 0 and L(γ) ∈ (Γ,L,M)}.

[NU
θ ,M ]∞ =

(
ξ = (ξk) : supr

1
hr

P
k∈Ir

M
³
kξk(γ)k

ρ

´
<∞, for some ρ > 0

)
.

Let λ be a sequence space. Then λ is called
(I) A sequence space λ is said to be symmetric if (xk) ∈ λ ⇒ (xπ(k)) ∈ λ,
π is a permutation of N.
(II) Monotone: A sequence space λ is said to be monotone if E contains
the canonical pre-images of all its step spaces.
(III) Normal or Solid: A sequence space λ is said to be solid if y ∈ λ
whenever kykk ≤ kxkk, k ∈ N for all x ∈ λ.

Lemma 2.1. A sequence space λ is solid implies λ is monotone.

3. The main results

In this section we examine the basic properties of the spaces
[NU

θ ,M ]0, [N
U
θ ,M ]1, [N

U
θ ,M ]∞ and obtain the inclusion relation for these

spaces.

Theorem 3.1. The classes of complex uncertain sequences
[NU

θ ,M ]0, [N
U
θ ,M ]1and [N

U
θ ,M ]∞ are linear spaces.

Proof. We prove the result for the class of complex uncertain sequence
[NU

θ ,M ]∞. The other cases can be proved in the similar manner. Let
(ξk), (ηk) ∈ [NU

θ ,M ]∞ and α, β ∈ C. Then there exists positive numbers
ρ1, ρ2 > 0 such that

sup
r

1

hr

X
k∈Ir

M

µkξk(γ)k
ρ1

¶
<∞

and

sup
r

1

hr

X
k∈Ir

M

µkηk(γ)k
ρ2

¶
<∞.

Define ρ3 = max(2|α|ρ1, 2|β|ρ2).

Since M is non-decreasing and convex, we have
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P
k∈Ir M

h
(kαξk(γ)+βηk(γ)kρ3

)
i

≤Pk∈Ir M
h
kαξk(γ)k

ρ3
+ kβηk(γ)k

ρ3

i
≤Pk∈Ir

1
2

h
M
³
kξk(γ)k

ρ1

´
+M

³
kηk(γ)k

ρ2

´i
<
P

k∈Ir M
³
kξk(γ)k

ρ1

´
+
P

k∈Ir M
³
kηk(γ)k

ρ2

´
⇒ supr

1
hr

P
k∈Ir M

h
kαξk(γ)+βηk(γ)k

ρ3

i
≤ supr 1

hr

P
k∈Ir M

³
kξk(γ)k

ρ1

´
+ supr

1
hr

P
k∈Ir M

³
kηk(γ)k

ρ2

´
<∞

⇒ (αξk(γ) + βηk(γ)) ∈ [NU
θ ,M ]∞.

Hence [NU
θ ,M ]∞ is a linear space. 2

Theorem 3.2. For any Orlicz function M , [NU
θ ,M ]∞ is a normed linear

space whose norm is defined by

g(ξ) = inf

⎧⎨⎩ρ > 0 : supr h−1r
X
k∈Ir

M

µkξkk
ρ

¶
≤ 1, r = 1, 2, 3, ...

⎫⎬⎭ .

The infimum is taken over all ρ > 0.

Proof. Clearly, g((ξk)) ≥ 0, for all (ξk) ∈ [Nθ,M ]∞ and g(θ) = 0.
Let ρ1 > 0 and ρ2 > 0 be such that

sup
r

1

hr

X
k∈Ir

M

µkξk(γ)k
ρ1

¶
≤ 1

and

sup
r

1

hr

X
k∈Ir

M

µkηk(γ)k
ρ2

¶
≤ 1.

Let ρ = ρ1 + ρ2. Then we have,

supr
1
hr

P
k∈Ir M

³
kξk(γ)+ηk(γ)k

ρ

´
≤ supr 1

hr

P
k∈Ir M

³
kξk(γ)+ηk(γ)k

ρ1+ρ2

´
≤ supr 1

hr

P
k∈Ir

ρ1
ρ1+ρ2

M
³
kξk(γ)k

ρ1

´
+ ρ1

ρ1+ρ2
M
³
kηk(γ)k

ρ2

´
≤ ρ1

ρ1+ρ2
supr

1
hr

P
k∈Ir M

³
kξk(γ)k

ρ1

´
+ ρ2

ρ1+ρ2
supr

1
hr

P
k∈Ir M

³
kξk(γ)k

ρ2

´
≤ 1.



362 Pranab Jyoti Dowari and Binod Chandra Tripathy

Since the ρ’s are non-negative, so we have,

g(x+ y) = inf
n
ρ > 0 : supr

1
hr

P
rM

³
kξk(γ)+ηk(γ)k

ρ

´
≤ 1

o
= inf

n
ρ1 > 0 : supr

1
hr

P
rM

³
kξk(γ)k

ρ1

´
≤ 1

o
+inf

n
ρ2 > 0 : supr

1
hr

P
rM

³
kξk(γ)k

ρ2

´
≤ 1

o
⇒ g(x+ y) = g(x) + g(y).

Now, for λ ∈ C, assume λ 6= 0, then
g(λξk(γ)) = inf

n
ρ > 0 : supr

1
hr

P
rM

³
kλξk(γ)k

ρ

´
≤ 1

o
= inf

n
(|λ|r) > 0 : supr 1

hr

P
rM

³
kλξk(γ)k

r

´
≤ 1

o
; r = ρ

|λ|
= inf

n
r > 0 : supr

1
hr

P
rM

³
kξk(γ)k

r

´
≤ 1

o
= |λ|g(ξ(γ)).

This completes the proof. 2

Theorem 3.3. The spaces [NU
θ ,M ]0, [N

U
θ ,M ]1and [N

U
θ ,M ]∞ are solid.

Proof. Let (ξk) ∈ [NU
θ ,M ]0.

Then there exists ρ > 0 such that limr→∞
1
hr

P
k∈Ir M

³
kξk(γ)k

ρ

´
= 0.

Let (αk) be a sequence o scalars such that |αk| ≤ 1.
Then for each r, we have

1
hr

P
k∈Ir M

³
αkξk(γ)

ρ

´
≤ 1

hr

P
k∈Ir M

³
ξk(γ)
ρ

´
⇒ limr→∞

P
k∈Ir M

³
αkξk(γ)

ρ

´
= 0

⇒ (αkξk(γ)) ∈ [NU
θ ,M ]0.

2

Theorem 3.4. The spaces [NU
θ ,M ]0, [N

U
θ ,M ]1and [N

U
θ ,M ]∞ are mono-

tone.

Proof. It follows directly from the lemma 2.1. 2

Remark 3.1. The spaces [NU
θ ,M ]0, [N

U
θ ,M ]1and [N

U
θ ,M ]∞ are not sym-

metric in general.

This can be illustrated with the following example.

Example 3.1. We shall show this for [NU
θ ,M ]0, similar examples can be

constructed for the other two spaces. Let M(x) = x and consider the
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lacunary sequence θ = (2r). Take the uncertainty space (Γ,L,M) to be
{γ1, γ2, γ3, ...} with the power set and Λ ∈ L such that

M{Λ} =

⎧⎪⎨⎪⎩
supγi∈Λ

i
2i+1 , if supγi∈Λ

i
2i+1 < 0.5;

1− supγi∈Λc
i

2i+1 , if supγi∈Λc
i

2i+1 < 0.5;

0.5, otherwise.

Define uncertain variables by

ξi(γj) =

(
i, if j = i;
0, otherwise.

for i = 1, 2, ... and ξ ≡ 0.
Then the sequence ξi for all i ∈ N is in [NU

θ ,M ]0.
Consider the sequence {ηi} which is a rearrangement of the sequence {ξi}
defined by
ηi(γ) = {ξ1, ξ5, ξ9, ξ2, ξ10, ...} /∈ [NU

θ ,M ]0. Thus [N
U
θ ,M ]0 are not symmet-

ric in general.

4. Lacunary Convergence Concepts of Complex Uncertain
Sequences with respect to Orlicz function

In this section we define the lacunary convergence concepts of uncertain
sequences with respect to Orlicz function and derive the relations between
them.

Definition 4.1. The complex uncertain sequence {ξk} is said to be la-
cunary strongly convergent almost surely to L with respect to an Orlicz
function M if for every ε > 0 there exists an event Λ withM{Λ} = 1 such
that

lim
r→∞

1

hr

X
k∈Ir

Mkξk(γ)− L(γ)k = 0,

for every γ ∈ Λ.

Definition 4.2. The complex uncertain sequence {ξk} is said to be lacu-
nary strongly convergent in measure to L with respect to an Orlicz function
M if

lim
r→∞

M[{γ ∈ Γ : 1
hr

X
k∈Ir

Mkξk(γ)− L(γ)k > ε}] = 0,

for every ε > 0.
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Definition 4.3. The complex uncertain sequence {ξk} is said to be lacu-
nary strongly convergent in mean to L with respect to an Orlicz function
M if

lim
r→∞

E[
1

hr

X
k∈Ir

Mkξk(γ)− L(γ)k] = 0,

for every ε > 0.

Definition 4.4. Let Φ1,Φ2,Φ3, ... be the complex uncertainty distribu-
tions of complex uncertain variables ξ1, ξ2, ξ3, ..., respectively. We say the
complex uncertain sequence {ξk} lacunary strong convergent in distribution
to L with respect to an Orlicz function M if for every ε > 0,

lim
r→∞

1

hr

X
k∈Ir

MkΦk(c)−Φ(c)k = 0

for all complex c at which Φ(c) is continuous.

Definition 4.5. The complex uncertain sequence {ξk} is said to be lacu-
nary convergent uniformly almost surely to L with respect to an Orlicz
function M if there exists an sequence of events {Ei}, M{Ei} → 0 such
that {ξk} converges uniformly to L in Γ−Ei, for any fixed i ∈ N.

The relations among the convergence concepts of complex uncertain
sequences are discussed below.

Theorem 4.1. If the complex uncertain sequence {ξk} lacunary strongly
convergent in mean to L with respect to an Orlicz function M , then {ξk}
lacunary strongly converges in measure to L.

Proof. It follows from the Markov’s inequality that for any given ε > 0,
we have

lim
r→∞

M[{γ ∈ Γ : 1
hr

X
k∈Ir

Mkξk(γ)− L(γ)k > ε}]

≤ lim
r→∞

E[ 1hr
P
k∈Ir

Mkξk(γ)− L(γ)k]

ε
→ 0

as r → ∞. Thus {ξk} lacunary strongly converges in measure to L with
respect to an Orlicz function M and the theorem is thus proved.
2
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But the converse of the above theorem is not true. i.e. lacunary strong
convergence in measure with respect to an Orlicz functionM does not imply
lacunary strong convergence in mean with respect to an Orlicz functionM .
This can be illustrated with the example below.

Example 4.1. Consider the uncertainty space (Γ,L,M) to be {γ1, γ2, ...}
with power set and

M{Λ} =

⎧⎪⎨⎪⎩
supγi∈Λ

1
i , if supγi∈Λ

1
i < 0.5;

1− supγi∈Λc
1
i , if supγi∈Λc

1
i < 0.5;

0.5, otherwise,

and the complex uncertain variables be defined by

ξi(γj) =

(
i, if j = i;
0, otherwise,

for i ∈ Ir and L ≡ 0. For ε > 0, we have
limr→∞M({γ ∈ Γ : 1

hr

P
k∈Ir

Mkξk(γ)− L(γ)k > ε})

= limr→∞M({γ ∈ Γ : 1
hr

P
k∈Ir

Mkξk(γ)k > ε})

= limr→∞M({γi})
= limr→∞

1
i → 0 (as i ∈ Ir)

The sequence {ξi} lacunary strongly converges in measure to L.

However for each i ∈ Ir, we have the uncertainty distribution of uncer-
tain variable kξi − Lk = kξik is

Φi(x) =

⎧⎪⎨⎪⎩
0, if x < 0;
1− 1

i , if 0 ≤ x < i;
1, otherwise.

E[ 1hr
P
k∈Ir

Mkξk(γ)− L(γ)k] =
R+∞
0 M{ξ ≥ x}dx−

R 0
−∞M{ξ ≤ x}dx

=
R i
0 1− (1− 1

i )dx
= 1.

That is, the {ξi(γ)} does not converge in mean to L(γ) with respect to an
Orlicz function M .

Lemma 4.1. Assume complex uncertain sequence {ξn} with real part {ζn}
and imaginary part {ηn}, respectively, for n = 1, 2, .... If uncertain se-
quences {ζn} and {ηn} converge in measure to L1 and L2 respectively, then
complex uncertain sequence {ξn} converge in measure to L = L1 + iL2.
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Theorem 4.2. Assume complex uncertain sequence {ξk} with real part
{ζk} and imaginary {ηk}, respectively, for k ∈ Ir. If uncertain sequences
{ζk} and {ηk} lacunary strongly convergent in measure to L1 and L2 respec-
tively with respect to Orlicz function M , then complex uncertain sequence
{ξk} lacunary strongly uniformly convergent in distribution to L = L1+iL2.

Proof. Let c = a + ib be a point at which the complex uncertainty
distribution Φ is continuous. For any α > a, β > b, we have,

{ζk ≤ a, ηk ≤ b} = {ζk ≤ a, ηk ≤ b, ÃL1 ≤ α, ÃL2 ≤ β}

∪{ζk ≤ a, ηk ≤ b, ÃL1 > α, ÃL2 > β}

∪{ζk ≤ a, ηk ≤ b, ÃL1 ≤ α, ÃL2 > β} ∪ {ζk ≤ a, ηk ≤ b, ÃL1 > α, ÃL2 ≤ β}

⊂ {ÃL1 ≤ α, ÃL2 ≤ β}∪{Mkζk(γ)−ÃL1(γ)k ≥ α−a}∪{Mkηk(γ)−ÃL2(γ)k ≥ β−b}.

It follows from the subadditivity axiom that
Φk(c) = Φk(a+ ib)

≤ Φ(α+ iβ) +M{γ ∈ Γ :Mkζk(γ)− L1(γ)k ≥ α− a}
+M{γ ∈ Γ :Mkηk(γ)− L2(γ)k ≥ β − b}.

Since {ζk} and {ηk} lacunary strongly convergent in measure to L1 and
L2 respectively with respect to Orlicz function M .
So for ε > 0 and k ∈ Ir we have,

lim
r→∞

M{γ ∈ Γ : 1
hr

X
k∈Ir

Mkζk(γ)− L1(γ)k ≥ (α− a) ≥ ε} = 0

and

lim
r→∞

M{γ ∈ Γ : 1
hr

X
k∈Ir

Mkηk(γ)− L2(γ)k ≥ (β − b) ≥ ε} = 0.

Thus we have, lim supr→∞Φk(c) ≤ Φ(α+ iβ) for any α > a, β > b.

Taking α+ iβ → a+ ib, we get,

lim sup
r→∞

Φk(c) ≤ Φ(c).(4.1)

On the other hand, for any x < a, y < b we have,

{L1 ≤ x,L2 ≤ y} = {ζk ≤ a, ηk ≤ b, L1 ≤ x,L2 ≤ y}
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∪{ζk ≤ a, ηk ≤ b, L2 ≤ x,L2 ≤ y}

∪{ζk > a, ηk ≤ b, L1 ≤ x,L2 ≤ y} ∪ {ζk > a, ηk > b,L1 ≤ x,L2 ≤ y}

⊂ {ζk ≤ a, ηk ≤ b} ∪ {Mkζk − L1k ≥ a− x} ∪ {Mkηk − L2k ≥ b− y}.

which implies,

Φ(x+ iy) ≤ Φk(a+ ib) +M{γ ∈ Γ :Mkζk(γ)− L1(γ)k ≥ a− x}

+M{γ ∈ Γ :Mkηk(γ)− L2(γ)k ≥ b− y}.

Since,

lim
r→∞

M{γ ∈ Γ : 1
hr

X
k∈Ir

(Mkζk(γ)− L1(γ)k ≥ a− x) ≥ ε} = 0

and

lim
r→∞

M{γ ∈ Γ : 1
hr

X
k∈Ir

(Mkηk(γ)− L2(γ)k ≥ b− y) ≥ ε} = 0,

we obtain,

Φ(x+ iy) ≤ lim inf
r→∞

Φk(a+ ib)

for any x < a, y < b.
Taking x+ iy → a+ ib, we get

Φ(c) ≤ lim inf
r→∞

Φk(c).(4.2)

It follows from (4.1) and (4.2) that Φk(c)→ Φ(c) as r→∞ and k ∈ Ir.
That is the complex uncertain sequence {ξk} is lacunary strongly conver-
gent in distribution to L = L1 + iL2. 2

Converse of the above theorem is not necessarily true. i.e. Lacunary
strongly convergent in distribution with respect to Orlicz function M does
not imply lacunary strongly convergence in measure with respect to that
Orlicz function. Following example illustrates this.

Example 4.2. Consider the uncertainty space (Γ,L,M) to be {γ1, γ2}
withM{γ1} =M{γ2} = 1

2 . We define a complex uncertain variable as

ξ(γ) =

(
1, if γ = γ1;
−1, if γ = γ2.
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We also define {ξk} = −ξ, for k ∈ Ir. Then {ξk} and ξ have the same
distribution and thus {ξk} converges in distribution to ξ. However, for any
given ε > 0, we have

limr→∞M[{γ ∈ Γ : 1
hr

P
k∈Ir

Mkξk(γ)− ξ(γ)k > ε}]

= limr→∞M[{γ ∈ Γ : 1
hr

P
k∈Ir

Mk2ξk(γ)k > ε}]

6= 0.
Therefore, the sequence {ξk} does not lacunary strongly converge in

measure to ξ with respect to Orlicz function M .

Theorem 4.3. Let ξ1, ξ2, ξ3, ... be complex uncertain variables. Then {ξk}
is lacunary strongly convergent almost surely to L with respect to an Orlicz
function M if and only if for any ε > 0, we have,

M(
\

r∈Irk

[
k∈Ir

{γ ∈ Γ : 1
hr

X
k∈Ir

Mkξk(γ)− L(γ)k > ε}) = 0.

Proof. By the definition of lacunary strongly convergent almost surely
we have that there exists an event Λ withM(Λ) = 1, such that

lim
r→∞

1

hr

X
k∈Ir

Mkξk(γ)− L(γ)k = 0,

for every γ ∈ Λ.
Then for any ε > 0 there exists m such that 1

hr

P
k∈Ir

Mkξk(γ) − L(γ)k < ε

where k > m, for any γ ∈ Λ, which is equivalent to

M(
[

r∈Irk

\
k∈Ir

{γ ∈ Γ : 1
hr

X
k∈Ir

Mkξk(γ)− L(γ)k > ε}) = 1.

But using the duality axiom it follows that

M(
\

r∈Irk

[
k∈Ir

{γ ∈ Γ : 1
hr

X
k∈Ir

Mkξk(γ)− L(γ)k > ε}) = 0.

Hence the result is proved. 2

Theorem 4.4. Let ξ1, ξ2, ξ3, ... be complex uncertain variables. If {ξk} is
lacunary strongly convergent uniformly almost surely to L with respect to
Orlicz functionM , then {ξk} is lacunary strongly convergent in measure to
L with respect to that Orlicz function M .
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Proof. If {ξk} is lacunary strongly convergent uniformly almost surely
to L with respect to Orlicz function M then

lim
n→∞

M(
[
k∈Ir

{γ ∈ Γ : 1
hr

X
k∈Ir

Mkξk(γ)− L(γ)k > ε}) = 0

from the above theorem.
But,

M({γ ∈ Γ : 1
hr

X
k∈Ir

Mkξk(γ)− L(γ)k > ε})

≤M(
[
k∈Ir

{γ ∈ Γ : 1
hr

X
k∈Ir

Mkξk(γ)− L(γ)k > ε}).

Therefore, {ξk} is lacunary strongly convergent in measure to L with re-
spect to Orlicz function M . 2

5. Conclusion

This paper introduces the different lacunary strongly convergent concepts
of the sequences of uncertain variable with respect to Orlicz function. The
results derived here generalizes the existing results.
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