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Abstract

In this paper we introduce a new type of fuzzy metric spaces and
obtain several properties of it. Also some topological properties and
boundedness are investigated. The notion of convergence of fuzzy se-
quences together with the notion of fuzzy Cauchy sequences in a fuzzy
metric are discussed and some basic results related to these notions
are investigated.
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1. Introduction

The fuzzy set theory and applications has established as one of the most
active areas of research in many branches of mathematics and engineer-
ing. This theory was introduced by Zadeh [20] in 1965 and since then
a large number of research papers have published by using the notion of
fuzzy sets, fuzzy numbers and fuzzification of several classical theories has
also been introduced. Many authors have introduced the concept of fuzzy
metric spaces in different ways and also they studied the relation with
fuzzy topology. Fuzzy metric spaces usually are introduced by means of
the points in the crisp set X with fuzzy distance mapping or by using the
fuzzy points in I* with a fuzzy distance between fuzzy points. In 1982
Z. Deng [7], introduced the concept of fuzzy pseudo metric space by using
fuzzy points also he introduced the concept of fuzzy topology and defined
fuzzy interior and fuzzy cluster points. A. George and P. Veeramani [9] in
1994, introduced a fuzzy metric space by considering points in the crisp set
and a fuzzy distance between them. They gave several properties of these
spaces also many topological notions are discussed. In 2009 M. Aphane [2],
gave some results on fuzzy metric spaces. In [15], [16] certain types of fuzzy
sets are introduced in fuzzy topological spaces, while in [14], [17] and [19],
some types of continuity of maps are studied in fuzzy topological spaces.
In [13] and [18], some types of fuzzy sequences and fuzzy Cauchy sequences
are studied in certain fuzzy topological spaces. In metric spaces, the no-
tion of a sequence is a good tool to study important topological properties
such as the closure of a set and continuity of maps can be characterized
using convergent sequences. Several types of fuzzy convergent and fuzzy
Cauchy sequences in a fuzzy metric space are studied in [1],[2], [6], [7], [9]
and [10]. Fuzzy boundedness in fuzzy metric spaces is investigated in [21].
In [9], the relation between fuzzy compactness [4] and some types of fuzzy
boundedness in fuzzy metric spaces is investigated.

In this paper, we introduce a fuzzy metric space by considering fuzzy
points in the family of all fuzzy sets with crisp set X. We investigate the
concept of fuzzy convergence and we define some types of Fuzzy bounded-
ness in fuzzy metric spaces. The concept of complete fuzzy metric space
is introduced and some relation among fuzzy convergence, F-boundedness
and fuzzy compactness are investigated.
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2. Definitions and preliminaries

By R, N we denote the set of real and natural numbers respectively. All
linear spaces are assumed to be over R. To make this paper as self-contained
as possible, we recall some definitions and results which are needed in the
next section.

Definition 2.1. ([20]) Let X be a non-empty set and and I = [0, 1], then a
fuzzy set A in X is characterized by a membership function pa(z) from X
to the unit interval I = [0, 1]. The family of all fuzzy sets on X is denoted
by IX. Tt is obvious that |p4()| < 1 and hence every fuzzy set is bounded.
We say that a fuzzy set A is empty if pa(z) = 0 for all x € X, the fuzzy
empty set is denoted by 0. The whole fuzzy set has the membership function
px(x) =1 for all z € X it is denoted by 1.

Definition 2.2. (]20]) The union and intersection of two fuzzy sets A and
B with membership functions pa(z) and pp(z) are denoted respectively
by AV B and A A B and their membership functions are defined as:
bavi (@) = maz{pa(e), jus(@) : 7 € X},

i) (@) = min{ua(x). wnle) @ € X},

Definition 2.3. ([20]) Two fuzzy sets A and B are called disjoint if and
only if AANB =0.

Definition 2.4. [7] A fuzzy point A or A2 in IX is a fuzzy set with mem-
bership function defined as

a a =
Ax(y)Z{o !

otherwise,
where 0 < a < 1. The fuzzy point ) is said to have support x and value a.
Definition 2.5. [7] The complementary of a fuzzy point A or A% in IX
with support x and value « is a fuzzy point denoted by A€ with the same

support z and value 1 — «, so

c __ « c __ l—a : Yy=x;
A= (0 w) _{ 0 otherwise.

The support of A¢ is z and the value 1 — .
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We say that two fuzzy points in I are distinct if either their supports
or their values are distinct.

Definition 2.6. [7] A fuzzy point \ in IX with support = and value « is
called belongs to the fuzzy set A or the fuzzy set A contains A\ denoted by
A € Aif and only if AM(z) < pa(x) ie. a < pa(z).

Definition 2.7. [11] A topological space X is called Hausdorff space if and
only if for each two distinct points of X there exist two disjoint open sets
containing them.

Lemma 2.8. [11] Every metric space is a Hausdorff space.

Definition 2.9. [11] A subset A of a topological space X is called dense
if and only if for each open set in X has a non-empty intersection with A.

Definition 2.10. [3] A fuzzy topology is a family F of fuzzy sets in X
which satisfies the following conditions:

1. 0,1 e F,
2. If A,B € F,then ANB € F,

3. If D is any index set and Ay € F for each d € D, then

U Ad e F
deD

Every member of F is called a fuzzy open set.

Definition 2.11. [12] A fuzzy topological space IX is called fuzzy Haus-
dorff space if and only if for each two distinct fuzzy points of IX there exist
two disjoint fuzzy open sets containing them.

Definition 2.12. [9] A binary operation * : [0,1] x [0,1] — [0,1] is a
continuous ¢-norm if it satisfies the following conditions:

1. x is associative and commutative;
2. * is continuous;

3. axl=aforallac|01]
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4. a*xb < cx*d whenever a < cand b <d, and a,b,c,d € [0,1].

Obviously, a xb = a x b and a x b = min.{a,b} are two common examples
of continuous t-norms.

Definition 2.13. [9] Let X be an arbitrary set. A fuzzy subset M of
X x X x [0,00] is called a fuzzy metric on X if it satisfies the following
conditions for all z,y € X and t € R.

1) If t <0, then M(z,y,t) = 0;
2) For all t > 0, M(x,y,t) =1 if and only if x = y;

4) For all s,t € R, z,y € X, M(z,y,s+t) > M(x,z,s)* M(y, z,t);

(1)
(2)
(3) For all t > 0, M(z,y,t) = M(y,x,t);
(4)
(5)

M (z,y,*) is a non decreasing function of R and tlim M(x,y,t) = 1.
—00

The pair (X, M, x) is called a fuzzy metric space.

Definition 2.14. [9] Let (X, M,.) be a fuzzy metric space and =z € X. If
0 <r < 1andt >0, then a fuzzy open ball B(x,r,t) with center z and
radius 7 is defined as B(x,r,t) ={y € X : M(z,y,t) > 1—r}.

Definition 2.15. ([1]) Let (X, M,.) be a fuzzy metric space, a sequence
< x, > in X is fuzzy convergent to x € X. If for each € > 0 and ¢ > 0,
there exists a large number K such that x,, € B(z,¢,t) for each n > K.

Lemma 2.16. [9]
1. In (X, M,.), every fuzzy open ball is a fuzzy open set.

2. The fuzzy metric space (X, M, .) is fuzzy Hausdorff.

3. Fuzzy Metric on a Fuzzy Space

In this section we introduce a fuzzy metric on the family of all fuzzy sets
defined on a non-empty set and give some properties of it. The fuzzy points
are usually denoted by A%, ,uy (z,y are their supports and «, 8 are their
values) and if there is no confusion we just write them A, p. Let X be a
non-empty set and I be the closed unit interval [0, 1], so the family of fuzzy
sets on X is denoted by IX.
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Definition 3.1. A fuzzy subset M of IX x I* x [0,00] is called a fuzzy
metric on IX if the following conditions are satisfied for all A2, ,uﬁ e I¥

and ¢ € [0, o0].

F1) M(A, p,0) = 0;

F2) For all t > 0, M (A, pu,t) =1, if and only if z = y and o < f3;

(F1)

(F2)

(F3) For all t > 0, M(\, p1,t) = M (uS, X, t);

(F4) For all 5,t € [0,00), A\, pu € I, M(\, 1, s+1t) > M(\,n,8)* M(n, p,t);
(F5)

F5) M(A, p,*) is a continuous function of [0, co] and tlim M\ p,t) = 1.

The pair (X, M) is called a fuzzy metric space.

Proposition 3.2. M (A, u,*) is a non decreasing function on [0, c0] for
every \, u € IX.

Proof. Let0 < s < t, then by (F4), we have M(A\, A\, t—s)« M(\, p,s) <
M(X, u,t) and by (F2), M(A\ A\t —s) = 1. Hence, M (A, p,s) < M(\ p,t)
whenever a x b is either a X b or min.{a,b}. O

Remark 3.3. If A =\, u = ug € I and t € [0,00], then M(\, i, t) is
defined to be the degree (probability) of fuzzy closeness between A and p
with respect to t > 0. If we use the notation CZ()\, w) the fuzzy distance
between \ and p, then

M (X, pi,t) = c if and only if P(d(\, 1) < t) = ¢ where P is the probability
function.

In other words,
P(d(\, p) < t) = cand P(d(u,~) < s) = ¢ implies that P(d(\,~) < t+s) =
c.

Or
M\, p,t) > c and M(p,~y,t) > c implies that M (\,y,t +s) > ¢

We have x = y and o < (3 if and only if M(\, pu,t) =1 for allt > 0, and

lim M(A, 1, 1) = 0.
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Remark 3.4. Let (I*, M, ) be a fuzzy metric space and let A\, € IX,
t>0,0<c<1. If M(\, pu,t) >1—c, then for ty with 0 < ty <t we have
M\, p,to) >1—c.

The following are examples of a fuzzy metric space on the set X = R
with t-norm a xb =a X b.

Example 3.5. Let X = R and A3} and p3? be any two fuzzy points where
x1,22 € R and aj,az € (0,1] and t € [0,00). Then

t
M pot) = { T
t+|z1—x2]

o1 > ao;
o1 < o,

is a fuzzy metric.

(F1) is clear.

(F2) Suppose that M (A, u,t) = 1, if a1 > ag, then t+(o¢1—o¢2t)+|a:1—x2| =1.
Hence, (a; — a2) + |21 — 2| = 0. Which implies that a3 = as and
r1 = I2.

If a; < ag, then m
part, If a1 < g and x1 = x9, it is clear that M (A, u,t) = 1.

= 1 which implies 1 = x5. For the converse

(F3) Case (1) If a1 > ag, Then M (\, p,t)
1 — aq. Hence

_ t _ t _

M(pf, X t) = i t—a =] = ey tei=m) — M ).
Case(2) if aq < ag, then 1 — g <1 — ay and hence

MO\ t) = M(u€, M\, 1) t

= t+|x17x2\ .

t
= — >
t+ (o1 —a2)+|r1—x2] and 1 —ap >

(F4) Let 23 be another fuzzy point. We have the following cases:

3

(i) If iy > g > g, then we have M (A, pu, t+s) = t—l—s—&—(ozl—t(;i_zs)—l—\zl—xﬂ’
M\ n,t) = 5

and M(n,u,s) =
have

. Now we

t S
+(a1—az)+|r1—z3] s+H|zz—wx2]

t+s _ t % s —
t+s+(a1—a2)+|r1—z2| t+(a1—as)+|z1—x3)| s+|xz—x2a|
(t+s)(t+ (o1 —az)+|z1 —z3]|) (s+H|xzz—m2|) —ts(t+s+ (a1 —az)+|z1—z2|) We have
(t+s+(a1—az)+H|z1—z2|) (t+ (a1 —a3)+|z1 —x3|) (s+|r3—22]) )

|z1—x2| < |z1—23|+|T3—22|, SO —st(|x1 —22|) > —st|x1—x3|—st|xz—
xa|. Also a1 —ag < a1 — ag and hence —ts(ag — ag) > —ts(ag — ag).
Therefore, we obtain that

(t+s5)(t+ (a1 —az) + |w1 — z3]) (s + w3 — 22]) —ts(t+ s+ (a1 —az) +
|21 — @2|) > (¢ + 8)(t + (1 — ag) + |71 — 23]) (s + |23 — 22|) — t25 —
ts? — ts(ay — ag) — st|xy — x3| — st|zs — xo| > t2(|v3 — 22|) + (o —
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ag)(|z3 —w2]) +s(a1 —ag)(|x3 —2|) + 5% (a1 — ag) + (|3 — 2| ) (Jz1 —
x3|) + s2(|z1 — 23]) + s(|z3 — z2|)(Jz1 — 23]) > 0. Which implies that
M pys+1t) > M(A,n,8) x M(n, p,t).

(ii) If ag > a1 > as. Then we have M\, u,s —|— t) — M(\n,s) X

i+
MEW;E )( oy 'Tf et T)S)H(z e Hl)'“ .
t+s)(t+(a1—az)+|r1—x3|)(s+|r3—x2 ts(t+s+|x1—x2
(t+s+]|z1—z2]) (t+ (o1 —az)+|z1—23]) (s+|23 —22]) 2 0. Hence
M(X py s +1) > M(A,n,s) x M(n, p,t).

(iii) If @y > a3 > a3. Then we have M(\ pu,s +t) — M(\,n,s) x

— t+ t
MEW;E ! t+T)+<|xf|_x2‘ g - ST)lxj_“'
_ (t+s)(t+|z1—=3|) (st]|z3—w2])—ts(t+s+|z1—z2
(tFsHlor—za)(tHor—aaD(sHag—cal) = O- Hence
M(X, p, s +1t) > M(\n,s) x M(n, p,t)

The other cases are similar.

Example 3.6. Let X = R and AY and ,u be any two fuzzy points where
z,y € R, a,f € (0,1] and ¢ > 0. Then

_lz=yl+(a=B)

e t oa> B
M()‘vuat) = { lz—y|

et D a<pg,

is a fuzzy metric.

(F1) It is clear that M (X, u,0) = 0.

(F2) Suppose that for t > 0, M (A, u,t) = 1.

If o > (3, then we have e‘w =1 and hence, =~ t(a_ﬁ) =0
which implies that |z —y|+ (o — ) = 0. Therefore, z = y and o = 5.
If o < 3, we obtain that = = y.

Conversely, suppose that © =y and o < 3, so M(A, pu,t) = e = 1.

_lz—yH(A-B)—(1—-a))
(F3) M(uc,\°t) = e C when (1 — 3) > (1 — «). Hence
M(puc, A% t) = Y > f3). Therefore, M (uc, \,t) =

M (A, p, t). Further we have (1 — ) < (1 — «) implies that a < § and
hence M (u¢, X, t) = M (A, u,t).
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(F4) To prove that M (A, p, s+1t) > M(\,n,s) x M(n, u,t) where the fuzzy
point n = n). For each x,y, z € R and s,t >), the following inequality
is true:

@ —y| < (5| — 2| + (52)|z — y|. That is

For values of «, 8 and ~, we have the following cases:

(1) If a < B, a <y and v < 3, then from Equation 3.1, we obtain
that -
ei(it_g) > 6_(@) X e_(‘z;ty‘),

Hence, M (X, j1, 5 +t) > M(X,1,s) X M(n, i, t).
(2) If « > B, @« >y and v > j3, also we have

).

Combining Equation 3.1 and Equation 3.2, we get

-yl +(a=p) _ Jz=2+(a=7), |z=yl+0 =5
palvrazd femArlozy)y, Eodrod),)
Again we obtain that M (X, p, s +¢) > M(\,n,s) x M(n, p

(3)IffyZazﬁ,thena—ﬁﬁ’y—ﬁandhenceL (L
Therefore, we get

w, ).
=)

) [z —y[+ (= 5) S(Iﬂﬂ—ZI)JF(Iz—yIJr('v—ﬁ)).

(3.4
t+s s t

Hence, M (X, ji, s +t) > M(X,1,8) X M(n, i, t).
The other cases can be proved similarly.

Proposition 3.7. If condition [F'3] in Definition 3.1, M (X, u,t) = M (€, X, t)
for all t € (0, 0], is replaced by:

[F3] M(\, ju,t) = M(u, \,t) for all t > 0, then (IX, M, %) is also a fuzzy
metric space where either a xb = a X b or a * b = min.{a, b}.
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Proof.
(F1) is obvious.

(F2) Let A2, 42 be two fuzzy numbers with a < 3, then from condition
(F2) and by hypothesis, we have M (A2, u2,t) = M(u2,\%,t) = 1.

(F3) Let/\:)\g‘,)\’:)\g",aga’and,u:,ug,,u’:/ﬁya’ and x # y.
If B < @, then M(A\,u,s +t) = M(u,\,s +1t) > M(u,p,s) *
M/ M\ t) = MW, \t) = M(X\ i/, t). Hence, by Remark 3.4, M (X, u,t) >
M\, i/, t). Also we have M(\, p/,t + 8) > M (X, p,t) « M(p, 1/, 8) =
M (X, p,t) and again by Remark 3.4 M (X, i/, t) > M(\, pi,t). There-
fore, M (A, pu,t) = M(\, 1/, t). By the same way we can prove that
M\ i/ t) = M(N, i/, t) and hence, we obtain that M(X\, u,t) =
M, i, t).
If 3 > ', from above we have M (\, i/, t) = M (XN, p,t). Also we have
M ' s+t) = MW/, XN, s+t) > M (W, p, 8)xM (p, X'y t) = M(p, N t) =
M(N, pu,t) = M(A\ i/, t). Again, we have
M\ s+t) > MANN,s)« M(N, 1/, t) = M(N, i/, t).
Therefore, M(N, p/,t) = M(\, i/, t).
In the same way we can prove that M(X\, u,t) = M(\ @/, t) and
hence, we get M(\, p,t) = M(N,p',t) = M(p', N, t). Now in par-
ticular if we take 3/ = 1 — 3 and o = 1 — «, then we obtain that
M\, p,t) = M (uc A1),

O

Proposition 3.8. If a; < «a, then M (A, u,t) > M (A, p,t).

Proof. Wehave by (F4), M(A*, u, s+t) > min {M(A*,\,s), M(A\, p,t)} =
M(X, u,t). By Remark 3.4, we get M (A, p,t) > M(A*, u,t). O

Proposition 3.9. If M(\, % t) > r for some 0 < r < 1 and / < /3, then
M\, 1P, t) > r.

Proof. If M(X\ p%,t) > r, then by (F3), M(4?“, A% t) > r and by
Proposition 3.8, for any v < 1— /3’ we have M (u”, \°,t) > M(,uﬁm, A6 t) >
. Therefore, M (X, pi?,t) > r where 3 =1—~> . O

Proposition 3.10. If 8/ < 3, then M(\, ;% ,t) < M(\, 1P, t).
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Proof. = We have by (F3
3.8, M(uP'“, 2 t) < M(
Therefore, M (), uﬁ/ t) <

C
9

M\ p,t), where 1 — 8 < 1 — .

MO, p?t) = M(1P°, 2, t) and Proposition
) =
B.t), where 8/ < 3. O

),
B A
M(A,

Remark 3.11. In general condition (F'3) does not implies condition (F'3’).
However we have the following result:

Proposition 3.12. If \$, uf € I and if « = 3. Then (F3) and (F3') are
equivalent.

Proof. Suppose that A\, /ﬂg € IX and o = 3. We have the following
cases:

Case 1. If a < (1 — (), Then by Proposition 3.8, we get M(\*, pu,t) >
MA'P ) = M8, pt) O

Definition 3.13. Let (IX, M, *) be a fuzzy metric space and A\ € IX. If
0<r<1landt>0, then

1. A fuzzy open ball B(\,r,t) with center \ and radius r is defined as
B\ rt) ={pelX: M\ pt)>1—r}.

2. A fuzzy closed ball B[\, r,t] with center \ and radius r is defined as
B[A7T7t] - {/.L € IX : M()\’/L,t) 2 1 _T}'

Definition 3.14. Let (IX, M, ) be a fuzzy metric space. A fuzzy set A of
IX is said to be fuzzy compact, if for0 < r < 1,t>0and A C U{B(\,,1) :
A € A}, then there is a finite set {\1, A2, ..., \p} such that

AC | J{Bi,rt): A € A}
=1

Proposition 3.15. If B(\,7,t) is a soft open ball in the fuzzy metric
space (IX, M, x), then for each u € B(\,r,t), there exists a soft open ball
B(u, p,q) such that p € B(u,p,q) € B(\,7,1).
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Proof. For € B(\rt), so M(A u,t) >1—r. Hence, by Remark 3.4,
there exists 0 < ¢y < ¢ such that M (A, p,to) > 1 —r. If o = M (X, p,to),
then rg > 1—7, so we can find a number s with rg > 1—s > 1—r and hence,
there exists 1, 0 < r; < 1 such that rg xr; > 1—s. Suppose that p =1—r
and ¢ =t — to, if n € B(u, p, q) this implies that M (u,n,t —tg) > 1 —p =
r1. Hence, by (F4), we have M (A, n,t) > min{M (X, p, o), M (s, m,t — to)}
implies that M (\,n,t) > rog xr1 > 1—5>1—r. Therefore, n € B(\,r,t)
and thus p € B(u,p,q) € B(A,r,t). O

Proposition 3.16. If the soft metric (I, M, *) satisfies (F'3'). Then it is
soft Hausdorff.

Proof. Let /\g,ug be two distinct fuzzy points in IX. Then 0 <
M(X u,t) <1 and let M (A, u,t) = r where 0 < r < 1. Hence, for each r <
ro < 1, there exists r; such that r1 xry > rg. Consider the fuzzy open balls
B\ 1—rq, %t) and B(p,1—71,4t). If n € B\, 1—11, %t)ﬂB(,u, 1—rq, %t),
then r = M(X\, p,t) > M(X, 7, 5t) * M(n, p, 5t) > r1 * 71 > rg > 7 which
is contradiction. Hence, B(A, 1 — 71, %t) N B(pu, 1 —r, %t) = ¢. Therefore,
(IX, M, %) is soft Hausdorff. O

4. The induced fuzzy metric

In this section we define the fuzzy metric space (X, M) when (X, d) is any
metric space and we denote this fuzzy metric by M.

Proposition 4.1. Let (X,d) be a metric space and let A%, ,ug € I*. Then

x
Mg(A, p, t) is a fuzzy metric on IX.

= t+d(m,y)+n§am.{0,a76}
Proof.

(F1) when ¢t = 0, then clearly My(A, 1,0) = 0.

(F2) If t > 0, suppose that My(\, u,t) = 1, then d(x,y) +mazx.{0,a— G} =

0 implies that d(z,y) = 0 and max.{0,« — 5} = 0. Hence, x = y and
a < . Conversely is obvious.

(F3) We have, Ma(n®, X,t) = 730 o7 rmas (0.0 —(1=a])

= My(\, p, t).

— t
— t+d(z,y)+maz.{0,a—F}
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(F4) Let ) € IX, then we have:

t+s
Ma(X, s, t =

d(A gt +s) t+s+d(z,y) + max.{0,a — B}
t

Mg\, n,t) =

d( ) 1 ) t+d(x7z)+max{0,04—7}

s

Ma(n, p, s) =

5+ d(Z, y) + maa:.{O, Y= B}
We shall discus the following cases:

Case 1. If a < 3 <~. Then

Ma(A pyt +8) — Mg(\,n,t) * Mg(n, p, s)
 t+s t s
T t+s+d(xy) t+d(z,z) * s+d(z,y)+ (v—B)
(t+s)t+d(x,2)(s+dzy)+(y—08)) —ts(t+s+d(z,y))
(t+s+d(z,y)(t+d 2)(s+dzy) + (v = B))
o (4 9)d(z, 2))(d(z,y) +ts(d(z, 2) + d(, 2)) + (v = B)) — ts(d(z, 2) + d(z, 2))
- (t+s+d(z,y)(t+dz 2)(s+dzy) + (v = 5))

The other cases can be proved similarly. This proves (F4).
It is obvious that My is continuous on [0, co] and tlim Mg\ p,t) = 1.
— 00

>1

Therefore, (Mg, I*) is a fuzzy metric on I¥.
O

Definition 4.2. Let (M, %) be a fuzzy metric space.

1. A fuzzy subset A of IX is said to be Fi-bounded if there exist t > 0
and 0 < r < 1 such that M(\, p,t) > 1 —r for all \,u € A.

2. A crisp subset B of X is said to be Fy-bounded if there exist t > 0
and 0 < r < 1 such that M(/\g,,ug,t) >1—r forall z,y € B and all
a, B € (0,1].

Remark 4.3. If B is the set of all supports of points of A. Then B is
Fy-bounded if and only if A is Fy-bounded.

Proposition 4.4. Let (Mg, I’X) be the induced fuzzy metric space. Then
A C IX is Fi-bounded if and only if B C X is Fh-bounded.
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Proof. Suppose that A C IX is Fi-bounded, then for each t > 0
and 0 < r < 1, we have My(\, u,t) > 1 —r for all \,u € A. Hence,
t+d(a:,y)+nfbax.{0,o¢—ﬁ} > 1—rifand only if t— (1 —7r)[t+d(x,y) + maz.{0,a—
B} > 0. Hence,

d(z,y) + max.{0,a — B} < rt +d(z,y) + max.{0,a — S}].

Therefore, we obtain that d(z,y) < d(z,y) + maz.{0,a — 5} < s, so B is
bounded.

Conversely, if B is bounded, then there is a positive number s such that
d(z,y) < s for all z,y € B. Since B is the support set of elements of A, so
we have

t t

- 1—
t+d(z,y) + mazx.{0,a — 5} >t+s+ma:£.{0,oz—ﬁ} Z

Md(>\7 L, t)

_ s+maz.{0,a—pL}
where r = T+s+tmaz {0,a—fB]"
Fi-bounded. O

It is clear that 0 < r < 1. Therefore, A is

Proposition 4.5. Let (M, I*) be any fuzzy metric space and let A C IX
be fuzzy compact, then it is F}-bounded.

Proof. Since A is fuzzy compact, so for ¢ > 0 and 0 < r < 1, there is a
finite set {A1, A2, ..., An} such that

AC | J{Bi,rt): N € A}
=1

To show that A is Fi-bounded, let A, u € A, then there exist j, k such that
A € B(Aj,r,t) and p € B(Ag,r,t) for 0 < j,k < n. This implies that
M(Xj, A\ t) > 1—rand M (A, p,t) > 1—7. Since Aj, A, are distinct for 0 <
J, k < n,sofort >0, wehave M(\j, A\, t) > 0. Let ¢ = min{M(\j, A, t) :
0 < j,k <n and because 0 < r < 1, so we can take ¢ < ﬁ, then we
have for t > 0, then s = 3t > 0 and M (X, i1, s) > M (X, Aj, t) %« M(Aj, A, t) *
M(p, Mgy t) > (1 —7)(1 —r)c>1—p where 0 < p < 1. Hence M(\, u,s) >
1—pforall \,u € A, hence A is Fi-bounded. O

Definition 4.6. A sequence in IX is a mapping f : N — IX and it is
denoted by < A\, > or < Agn > where the membership function of )\, is
given by:
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) ooyt if =y
M)‘"(x)_{ 0 : otherwise.

We say that < \,, > is fuzzy convergent to a fuzzy point \$ (dented by
< Ap >— AY) if and only if

Hm M\ A, t) =1 Vt> 0.

n—oo

Proposition 4.7. A fuzzy sequence < \,, > in a fuzzy metric space (IX, M, *)
is fuzzy convergent to a fuzzy point \$ if and only if for each small real
number £ > 0, there exists a number K € N such that \, € B(\,¢,t) for
alln > K.

Proof. Suppose that < A\, >— A$, then by definition
711520 M\ M, t) =1 vt > 0.
<= for each small number £ > 0, there exists a number K € N such that
|M(X\, Apyt) — 1] <eforalln > K

< 1—-M(\M,t) <eforalln>K
— MM\\,t)>1—c¢
<= M\, € B(A\g,t) foralln> K. O

Example 4.8. Let (X,d) = (R, |.|) and let I, M) be the induced fuzzy
metric space. If the sequence < A, > has the membership function

n . . _ 14n.
{ 2n+1 Zf Tn = 5

H (2) = 0 : otherwise.

Then < A\, > converges to A where

pa(x) = {

To prove it, we have to show that

if z=1;
otherwise.

O N

lim MH(A,)\n,t) =1 vt > 0.

n—oo
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t _ t
T+ T = T T .
t+[1- nn|+(§_2n11) tHEHz(an)

1 n
For this we have M| |(Af, A1, t) =
Hence it is obvious that

n

1
nhl%oMll( f,A@l,t):l vt > 0.

Theorem 4.9. Let (IX, Mgy, ) be the induced fuzzy metric space. if <
x, > converges to z in (X,d) and < «a, > converges to « in [0,1]. Then
the fuzzy sequence < A, > in IX fuzzy converges to \ .

Proof. Let t > 0 and by hypothesis < z,, > converges to z in (X, d)

and < «, > converges to « in [0,1]. Therefore, there exists Ny such

that d(zp,z) < 1 and |ay, — | < g7 for all n > Ny . Now d(zp,z) +
t

t
maz.{0,a — o} < €1 + €2 and hence, T Tmar [0a—ar > Tatea:

Therefore, Mg(A, A\p,t) > 1 — tfrl;fr?@ Thus, Mg(A\, Ap,t) > 1 —r where

r = t_igj;, clearly 0 < r < 1. This implies that A\, € B(\,r,t), so by

Proposition 4.7, < A, >— A. O

Theorem 4.10. Let (I, Mg, ) be the induced fuzzy metric space. if
< m, > converges to x in (X, d), then the fuzzy sequence < A3" > in X
fuzzy converges to \& where oo < «v, for allm € N.

Proof. Let ¢t > 0 and by hypothesis < z,, > converges to z in (X,d).
Therefore, there exists Ny such that d(x,,z) < € for all n > Ny. Since
a < ay for all n € N, then d(zp,x) + maz.{0,a — o} < € and hence,
t+d(zn,z)+7§mm.{0,a—an > t%a Therefore, Mg(A, An,t) > 1 — . Thus,
Mg(A, A, t) > 1 =1 where 7 = 7, clearly 0 < r < 1. This implies that
An € B(A, 1, t), so by Proposition 4.7, < A, >— A. O

Remark 4.11. In Example 4.8 and by virtue of Theorem 4.10, the fuzzy
n 1

sequence < A\ith' > fuzzy converges to < \] > also because % < gty for
n

1 1
all n € N. Hence, we obtain that < A} > and < A} > are two distinct
1
fuzzy points in IX but every fuzzy open ball containing < A} > intersects
1

with every open ball containing < A7 >. This implies that the fuzzy metric
space (IX, My, *) is not fuzzy Hausdorff. It is obvious that this space does
not satisfies the condition in Proposition 3.16.
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Definition 4.12. A sequence < A7 > in I X is a fuzzy Cauchy sequence
if and only if
lim M(AZ , A ,t) =1 vt > 0.

b
7,M—00 Tm

Equivalently, for each € > 0, t > 0, there exists K € N such that
ML A7, ,t)>1—¢ Vn,m > K

Definition 4.13. A fuzzy metric space (I, M, ¥) is called fuzzy complete
if every fuzzy Cauchy sequence is fuzzy convergent in it.

Theorem 4.14. Let (IX, My, %) be the induced fuzzy metric space. If the
fuzzy sequence < Ay > in I X fuzzy converges to A2, then < AL, > Is a
fuzzy Cauchy sequence.

Proof. We have by definition, Mg(AS ,AS ,t+¢€) > M(AS ,AS,t) *
M(A$, Mg ,e) for each t > 0 and € > 0. Also we have My(A3 , G, 1) =
m — 1 and M()\%, )\gm, E) = m — 1 Imphes that Md()\%n, )\%m,t‘i‘
€) — 1 and since ¢ is arbitrary small, so < A3 > is a fuzzy Cauchy se-

quence. O

Theorem 4.15. A sequence < X} > in a fuzzy metric space (I, My, %)
is a fuzzy Cauchy sequence if and only if the sequence < x,, > is a Cauchy
sequence in (X, d).

Proof.  Suppose that < A7 > is a Cauchy sequence, so by definition

lim M(A2 A2 $)=1  Vt>0.

9
n,m—00 Tm

<= for each small real number ¢ > 0, there exists K € N such that
1= M(AZ AL, t) < 7 foralln > K.
@m>l—f+tforaﬂn>lf

— d(xp,xm) <& <= < x, > is a Cauchy sequence. O

Remark 4.16. It is obvious that the sequence < x, >=< 1+ % + % +
et % > is not a Cauchy sequence in the usual metric (R,|.|). Hence, by
Theorem 4.15 the fuzzy sequence < A, > is not a fuzzy Cauchy sequence

in (I, M), *).

Theorem 4.17. The fuzzy metric space (I, M, LI %) is fuzzy complete.
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Proof.  Let (I, M||,*) be the induced fuzzy metric space and< A, >
be a fuzzy Cauchy sequence in it. Then by Theorem 4.15, < x, > is
a Cauchy sequence in the complete metric space (R,|.|). Hence < z, >
converges to some point € R. Therefore, by Theorem 4.10 we obtain that
< Mg, > fuzzy converges to A, implies that (I?, M|, *) is fuzzy complete.
O

Theorem 4.18. The fuzzy metric space (I, My, *) is fuzzy complete if
and only if (X, d) is complete.

Proof. Follows from Theorem 4.15 and similar statements of Theorem
4.17. O

Theorem 4.19. Let (IX, My, %) be the induced fuzzy metric space and let
< Az, > be a fuzzy sequence which is fuzzy convergent to A\,. If A\, €
Blp,r,t] for some p € IX and alln € N, then A\, € Blu,r,t].

Proof.  For any given ¢ > 0 and any ¢ > 0, we have My(u, Ay, t +¢) >
Ma(p, Az, £) % Mg(Ag,, s Azy €). Since Az, € Blu, r,t], s0 Ma(p, Az, t) > 1—r.
Also Az, — Ap and (I, My, %) is the induced fuzzy metric space, hence
Mi(Az,, Aey€) = Mg(Ag, Ag,,,€) — 1. Therefore, My(p, Ay, t +¢) > (1 —
r) * 1. Hence, for a large number n € N, if we choose ¢ = %, then we get
Ma(p, Mgy t) = limp— 00 My (s, )\x,t—i—%) > 1—r. Implies that A\, € Blu,r,t].
O

Theorem 4.20. Let (I*X, My, %) be a complete induced fuzzy metric space
and let By, Bs, ... be a countable number of fuzzy dense fuzzy open balls in
(IX, My, %), then (32, B; is also fuzzy dense in (I, My, *).

Proof. Let Go be any open ball in (I, M, *). Since Bj is dense, so
Go N By # ¢, let Ay € GogN By. Hence, by Proposition 3.15, there exists
0 <7 < 1andt; > 0 such that B(A1,71,t1) € Go N By. We can take
r1! < 71 and t1’ < t; such that B[)\l,rl/,tl/] - B()\l, 7’1,?51) C GogN By. Let
G1 = B(\1,7r1/,t1") and since By is dense, so G1 N By # ¢, let Aa € G1N Bo.
Again by Proposition 3.15, there exists 0 < ry < % and t2 > 0 such that
B(A2,72,t2) € G1 N By. Choosing ro’ < ry and to' = min.{ts, %} such that
B[)\Q, 7“2/, tgl] - B()\Q, 9, tg) C GiNBy, let Gy = B()\Q, 7“2/, tgl). Continuing
in this manner we can find A\, € G,,_1NB, and 0 < ry, < % and t,, > 0 such
that B(A\n, T, tn) C Gp—1 N By,. take r,’ <7y, and t," = min.{t,, %} such
that B[An, 7/, t0/] € B(An, Tnytn) € Gpo1 N By, let G, = B(A\n, 17/, t0").
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For any m > n we have \,, € B(An,m/,t,). Now for a given € > 0 we
can choose K such that % < t and % < €. Hence for m > n > K, we
have Mg(Aps A t) > Ma(Ans Ay &) > 1 — % > 1 —e. Hence < A, > is
a fuzzy Cauchy sequence. Since (IX, My, ) is a complete induced fuzzy
metric space, so < A\, > fuzzy converges to some fuzzy point A\. We have
Ak € B[\, t,/] for all k& > n, so by Theorem 4.19, we obtain that
X € B[A\n, 1)/, t'] € Gp—1 N By, for all n. Hence, we get

Goﬂ(ﬁBi):Cﬁ

1=1

This implies that (2, B; is fuzzy dense in I*X. O

5. Conclusion

In this paper, we introduced a new type of fuzzy metric space and gave
several of its properties. Also we studied some topological properties of
this space. The concept of fuzzy convergence and fuzzy Cauchy sequences
are investigated and some results on these concepts are obtained. Further, a
fuzzy complete space is defined and a connection between a fuzzy complete
and a complete metric spaces are discussed.
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