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1. Introduction

The study of dynamical systems involves various types of calculus equa-
tions. There are several existence theorems for solutions in literature pre-
dating to 18th century. But infinite systems of equations (Differential,
Integral, Integro-Differential etc.) is rather a new fascination. The theory
of measure of noncompactness (MNC) has it’s wide use as a tool in
non- linear functional analysis. It finds its use in investigating the
theories of differential equations and many other types of calculus
equations and operator theories as well as fixed point theory. Over the
years Kuratowski [1], Goldenstein and Markus [3], Istratescu [6]
introduced the idea of differenttypes of measure of noncompactness. In
1980, Bands and Goebel [7] gavethe axiomatic definition for MNC. Since
many years MNC has been an efficient tool of analysis in various
branches of mathematics. Existence andsolvability conditions for infinite
system of differential equations of variousorders after its introduction by
Persidskii [8, 9, 10] led to several works inthe line of MNC. Over the
years, several authors have applied the concept of MNC in various
branches of mathematics. Banas and Lecko [15] provedthe solvability of
infinite systems of differential equations in Banach sequence spaces.
Mursaleen and Mohiuddine [19] proved existence theoremsfor the infinite
system of differential equations in the sequence space ¢,.Srivastava et
al. [26] studied the existence of solutions of infinite systemsof differential
equations of general order with boundary conditions in thespaces ¢y and
¢ via the MNC. Mursaleen and Rizvi [25] proved existenceof infinite
systems of second order differential equations in the sequencespaces cg
and /1 by Meir-Keeler condensing operators. Alotaibi et al. [23]discussed
the solvability of infinite system of linear equations in sequencespaces.
Aghajani et al. [21] gave a generalization of Darbo’s fixed pointtheorem
with application to the solvability of systems of integral equations. Agarwal
et al. [17] discussed the application of MNC to the existence ofsolutions
for fractional differential equations. Mursaleen and Noman [18]discussed
compactness of some operators by the Hausdorff MNC. Apart from
these, many more applications of MNC’s can be obtained in [11], [13],[14],
[27], [28], [29].

The aim of this paper is to study the existence of solutions of the second
order differential equation

(D2 + 1)ui = fi(t,Ul,UQ,Ug, ),Z =1,2,3,---

in the sequence spaces [¢; and [bv where, u;(0) = w;(T) = 0, t €



Applications of measure of noncompactness for the solvability of ...575

2 _ &2
0, 7], 0<T <7and D*= 5.

Here, notation [¢; and [bv represents integrated sequence spaces of
well known sequence spaces ¢1 and bv respectively. The concept of inte-
grated sequence space was initiated by Goes and Goes [5]. If E is any
sequence space, then /E = {z = (zx) : {kxr} € E} is defined as the inte-
grated space of I/. And hence by definition,

/61 = {x:(zk):2|kxk|<oo}
k

/bv = {l‘:(l‘k)IZ|kZ$k—(k—1)l‘k_1|<OO}.
k

2. Preliminaries and Background

Let (X, ||.||) be a Banach space over R. Let Mx be the family of all non-
empty and bounded subsets of X and let M)Cg be the subfamily of Mx
consisting of all closed sets. Further, let Nx be the family of all non-empty
and relatively compact subsets of X. If E C X, then by E and Conv(E),
we denote the closure of ¥ and convex closure of F respectively.

The following definition of measure of noncompactness is due to Banag
and Goebel [7].

Definition 2.1. Let X be a Banach space. A function u : Mx — [0, +00)
is said to be a measure of noncompactness in X if it satisfies the following
axioms:

1. The family ker p = {A € Mx : u(A) = 0} is nonempty and ker p C

Nx.
A1 C A2 = ,LL(Al) < 'U/(AQ)
p(A) = u(A).

p(Conv(A)) = p(A).
(A + (1= X)B) < u(A) + (1 = N)u(B) for all X € (0,1) .

S vk N

If (F,) is a decreasing sequence in M$ and nhnc}o w(Fy,) = 0, then

°riFn £,
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The following definitions and results will be used in order to establish
the results of this paper.

Definition 2.2. ( Akhmerov et. al. [12]) Let p; and pg be two
arbitrary measures of noncompactness on the Banach spaces F1 and Fo

respectively. A (u1, pe)-condensing operator is defined as an operator
F : Ei — FE5 such that

1. F' is continuous,

2. for every set A in Fy which is bounded as well as noncompact, we
have pa(F(A)) < pa(A).

It is to be noted that a (u1, p2)-condensing operator is called a p-condensing
operator if p; = pe = p and is defined on the same Banach space.

Theorem 2.1. (Darbo [2]) Let E be a Banach space and A € MS. A
continuous mapping F : A — A has a fixed point in A if

1. A is convex,

2. W(F(A)) < ku(A) for some k € [0,1) and for any arbitrary measure
of noncompactness p in E.

Definition 2.3. (Meir and Keeler [4]) Let (E,d) be a metric space. A
Meeir-Keeler contraction on FE is defined as a mapping F on E such that
for any € > 0, there exists 0 > 0 with d(Fz, F'y) < € whenever € < d(z,y) <
e+ 6 forallz,y € E.

Theorem 2.2. (Meir and Keeler [4]) A Meir-Keeler contraction F' on
a metric space (E,d) has a unique fixed point if E is complete.

Definition 2.4. (Aghajani et. al. [22]) Let u be an arbitrary measure
of noncompactness on a Banach space E and let C' be a nonempty subset
of E. A Meir-Keeler condensing operator on C is defined as an operator
F : C — C such that for any € > 0, there exists § > 0 with u(F(B)) < €
whenever € < (B) < €+ ¢ for any bounded subset B of C.

Theorem 2.3. (Aghajani et. al. [22]) Let E be a Banach space and
A e Mg Let 1 be an arbitrary measure of noncompactness on E. A
continuous mapping F' : A — A has at least one fixed point and the set of
all fixed points of F' in A is compact if
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1. A is convex,

2. F is a Meir-Keeler condensing operator.

Now, we shall recall some definitions related to BK-Space and AK-
Space.

Definition 2.5. (Bana$ and Mursaleen [20]) A metric space (X, d),
where X is a linear space over K(= R or C), is said to be a linear metric
space if and only if

1. d(z + z,y + z) = d(z,y), for all z,y,z € X.

2. the vector addition (z,y) — x4y is a continuous function from X x X
into X.

3. the scalar multiplication map (\,z) — Az is a continuous function
from K x X into X.

Definition 2.6. (Bana$ and Mursaleen [20]) A complete linear metric
space is called a Fréchet space.

Definition 2.7. (Bana$ and Mursaleen [20]) A linear topological space
(or topological vector space) X is a linear space (vector space) over K(=
R or C) which is endowed with a topology such that vector addition X x
X — X and scalar multiplication K x X — X are continuous functions.

Throughout w denotes the space of all real or complex valued sequences.
By e(® = {egn), egn), eén), -}, (n=1,2,---), we denote the sequence such
that e%n) =1 and e,(cn) = 0 for & = n. For any sequence z = (x), let
n
2 = 3 zpe®) be its n-section.
k=1

Definition 2.8. (Banas and Mursaleen [20])

1. A sequence space X with a linear topology is said to be a K-space if
each of the maps p,, : X — C defined by py(x) = x,, is continuous for
each n € N.

2. A K-space is said to be an FK-space if X is a complete linear metric
space, that is, X is an FK-space if X is Fréchet space with continuous
coordinates.
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3. A normed FK-space is called a BK-space, that is, a BK-space is a
Banach sequence space with continuous coordinates.

4. A sequence (b(k))zo:1 in a linear metric space X is called a Schauder
basis for X if for every x € X, there exists a unique sequence (Ap)>2

of scalars such that x = ioj Anb(™).

n=1
5. An FK-space X is said to have AK if every sequence z = (x,) € X

(o @]
has a unique representation v = 5. xpe®), that is, v = nlingo ™. An

k=1
FK-space with AK property is also called an AK-space.

3. Hausdorff Measure of Noncompactness on Banach Spaces

Definition 3.1. Let @ a bounded subset of a metric space (X,d). Then
the Hausdorff measure of noncompactness of (), denoted by X (Q), is defined
as

(3.1%(Q) —inf{e> 0:QC UB(a:i,ri), neX, rn<el<i<nmnée N}
i=1

where, B(x;,7;) is an open ball in X.
Theorem 3.1. (Bana$ and Mursaleen [20]) Let X be a BK space with
AK and monotone norm, @ € Mx , P, : X — X, (n € N) be the operator
(projection) defined by P,(x1,x2,---) = " = (x1, 29, -, 2,,0,0,---) for
all x = (x1,22,--+) € X. Then
X(Q) = lim <SHP (1 = Pn)($)||> :
€eQ

n—0o0

Kirigci [24] proved that the integrated sequence spaces [ ¢; and [ bv are
BK-spaces with A K-property with respect to the norms

el e, = > kx| and ety = > lkxg — (k — Dz
k k

respectively, where the norms are also monotone.
In view of the Theorem (3.1), in the Banach Sequence Space ([ /1, H.Hle),

the Hausdorff measure of noncompactness X can be formulated as

)

(3.2) X(B) = lim {sup
u€B

n—oo c
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where, u(t) = (ui(t))2, € [¢; for each t € [0,T] and B € th
In the Banach Sequence Space ([ bv, ||.|| i bo)» the Hausdorff measure of

noncompactness X can be formulated as

3.3 X(B)= lim < sup kug, — (k — Dug—1
(33) (B) M{UEB LZ| r]}
where, u(t) = (ui(t))2, € [bv for each t € [0,T] and B € be
In this study, we consider the following infinite system of second order
differential equations

(3.4) (D? + u; = fi(t,ur,ug,us3,...); 9 =1,2,3, -

where, u;(0) = u;(T) =0, t€[0,7T], 0<T <7 and D? = d;

Let C([0,T],R) denotes the space of all real valued continuous functions
over [0,T] and C?([0,T], R) denotes the set of all functions with the second
continuous derivative on [0,7]. A function u € C?([0,T],R) is a solution
of (3.4) if and only if w € C([0,7],R) is a solution of the infinite system of
integral equation

T
(3.5) ui(t) = /0 G(t, s) fi(s,u(s))ds,for t € [0,T]

where, f;(t,u) € C([0,T],R),i = 1,2,3,.... The Green’s function associ-
ated with the system (3.4) is given by (see Duffy [16])

(3.6) G(t,s) = Sl 0 <t<s<T
| O e, 0<s<isT

From (3.5) and (3.6),

sins sin(t — T sin(s — T') sin
ui(t):/ot in(t T)fi(s,u(s))ds—k/t sins —T)sint o o (s))ds

sinT' sinT’
Now,
d tsins cos(t — ) sin(s — T') cost
Eul(t) = /0 T (s,u(s ds+/ smT fi(s,u(s))ds

Again differentiating, we get
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. N .
) = D) ey - [T sas

sin(t —T) cost . T
- e CEO) _/t

= —u(t) + filt,u(t))

In this paper, we establish the solvability of the system (3.4) in Banach
sequence spaces [ ¢; and [ bv.

sin(s — T') sint

sinT

fi(s,u(s))ds

4. Solvability of the system of equations (3.4) in the sequence
space [ {;

Let us assume that
(H1) The functions f; are defined on the set [0,7] x R* and take real
values. The operator f defined on the space [0,7] x [ {1 as

(t’u) = (fu)(t) = (fl(tau)af2(t7u)af3(t7u)a )

is such that the class of all functions ((fu)(t))tejo,r] is equicontinuous at
every point of the space [ ;.

(H2) The following inequality holds:

<90 4 Ofun(t)]

|fn(t,U1,U2,’lL3, )

where g, (t) and hy,(t) are real functions defined and continuous on I, such
that > ~; gk(t) converges uniformly on [0,7] and the sequence (hy(t)) is
equibounded on [0, 7.

We also assume that:

g(t) = ng(t),for each t € [0,T]
k>1

G = supf{g(t):t€[0,T]}
H = sup{hp(t):neN,te[0,T]}

Theorem 4.1. Under the hypotheses (H1)-(H2), the infinite system of dif-

ferential equations (3.4) has at least one solution u(t) = (u;(t)) whenever

HT
T < 1 such that u(t) € [ £y, for all t € [0,T].

sin
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Proof. From the relation (3.6) and the hypothesis (H2), we have for an
arbitrary ¢t € [0, 7]

@Il e, = > Jiui(t)
=1

Z: i/OTG(t, s) fi(s,u(s))ds

S T

>i [ 1G9 Ifils. u(s)lds

=1
T (g
Zz’/o Gt 5)] (Q +hi(s)]ui(s)|) ds
- Z/ Gt, 5)lgi(s ds—i—Z/ i1G (t, 5)[ () () ds
< /0 ;|G(t, s)|gi(s)ds+H;/0 liui(s)||G(t, s)|ds

LN T
sinT  sinT v le

IN

IN

<

Hence, we get

e =S —HT ~"
Let u®(t) = (u)(t)) where ul(t) = 0,Vt € [0,7]. Let B = F(u r1), the

? —
closed ball centered at u° and radius 71 < r. Then B i nonempty,
bounded, closed and convex subset of [ ¢;.

Let us consider the operator F = (F;) on C([0,T7], B), defined as follows:
For t € [0, 71,

(Fu)(t) = {(Fiu)(t)} = {/OT G(t, S)fi(&U(S))dS} ;

where u(t) = (u;(t)) € B and u;(t) € C([0,T],R).
Since, (fi(t,u(t))) € [ £ for each t € [0,T], so we have

o0

> li(Fu) (1) Z\/ iG(t, ) fi(s, u(s))|ds
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IN

00 T i

> [ it (22 i) s
=070 ¢

G AT e, <

sinT’ sinT’ v f€1 >0

Therefore, (Fu)(t) = {(Fiu)(t)} € [ 41 for each ¢ € [0,T].
Also, we have

T T
FE)0) = [ GO u)ds (FNT) = [ GT0)i(s u()ds

T T
= / 0.fi(s,u(s))ds =0 = / 0.fi(s,u(s))ds =0
0 0
Therefore, each (.7-" u)(t) satisfies boundary conditions given in (3.4).
Since ||(Fu)(t) — ||f41 = [|(Fu(t ||f5 < r, therefore, it follows that

F is a self mapping on B.

Also, by the assumption (H1), it is clear that the operator F is continuous
on C([0,T], B). We now show that F is a Meir-Keeler condensing operator
for which for any given € > 0, we need to find § > 0 such that X (FB) < ¢
whenever € < X(B) < € + §. Using equation (3.2), we have

X(FB) = lim [ sup / G(t,s)fr(s,u(s)) 5])
nee u(t)eB | k>n
< i (s |0 [ 60 st ))ds|])
u(t)EB | k>n
: gr(s)
< 1 * k + hi(s)|uk(s)] ) d
oo, [0 (82 i)

u(t)EB | k>n k>n

— lim | sup Z/ G(t, 5)|gr(s ds+Zk/ G(t, 5)|ha(s |uk()|d5])

< lim [ sup / ts]ng ds—l—HZk]uk]/ G(t,s)|ds
" \ueB |70 k>n k>n
T HT
< lim — Z gr(s) + = lim | sup Z E|ug|
n—oo gin T’ i=n sinT' n—oo \ p)eB k>n
HT | —
= ——=X(B)
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— — HT — esinT’
Thus, we get.XI(’]:BI)LI; X(B)m <e= X(B) < T
Taking 0 = SIDT; e, we get € < X(B) < e+ §. This shows that F is

a Meir-Keeler condensing operator defined on the set B C [¢; and so, it
satisfies all conditions of Theorem (2.3). Therefore F has fixed point in B,
which is a solution of the system of equations (3.4). O

Example 4.1. Let us consider the system of differential equations

d?u, (t) Yt n i tcost um(t)

(4.1) —5— +un(t) = —1 —

, neN,tel0,T],

m=n

where, 0 < T < 7, and u;(0) = w;(T") = 0, for each i.

$|

Clearly, the functions

N tcost Uy (t) ,
T and )  ————"-— are continuous on
n3n- m

m=n

[0,T7, for each n € N.

Vt . tcost Up(t
Here, f,,(t,u(t)) = ?:i_l—kz%q?f(),neN,te[O,T].

Now,

Yt Tk i tcost up(t)

3k71 m3

D kSt u@®)] = Z
k=1

k=1

m=k

tcost up(t) ‘

Mg

=1
< % kaz 4|mum
3T
s 5 TZ ( )|Uk()’
3T
< = TZ]kuk

3T
= S+ Ty, <o

Therefore, for each t € [0, 7], (fi(t,u(t))) € [ £1.
We now show that the hypothesis (H1) is satisfied.
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Let € > 0 be arbitrary and u(t) = (un(t)) € [#¢1. Then taking v(t) =
(vn(®)) € [ €1 with ||u(®) = v(®)]| f,, < 8(e) = % we have

If(tut)) — fltv(t)] = Zt(um(t)—vm(t))

m3
< i’él tm(um(l;)#— Um(t))
< Tllut) = vl
< T <e,

which implies continuity as assumed in (H1).
Now, we show that assumption (H2) is satisfied.

We have

Ut > tcost Uy (t
\/_+Z cost um(t)

fultu)] = |gfty+ Y L

1LV &t
< n 3n—1 mz::nﬁwmw”

1V &t
< o o + Z_ ﬁ’um(t”

m=1
t
< 2O Ol )
The function g¢,(t) = gnT 18 continuous and -, - gn(t) converges uni-

t
formly to %; also hy,(t) = t((3) is continuous and the sequence (h,(t)) is

equibounded on [0,7] by H = T¢(3). Also —
T =0.7 (i.e. 0 <t <0.7 <), which gives H ~ 0.84144 and G ~ 1.05.

Thus, from Theorem (4.1), for a suitable value of r, the operator F as
defined in Theorem (4.1) on B(u°,r) has a fixed point u(t) = (u;(t)) € [ 1,
which is a solution of system of equations (4.1).

HT
T < 1 is satisfied by taking
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5. Solvability of the system of equations (3.4) in the sequence
space [bv

Let us now consider the assumptions:
(H3) The functions f; are defined on the set [0,7] x R*> and take real
values. The operator f defined on the space [0,7] x [ bv as

(t’u) = (fu)(t) = (fl(tvu)va(tvu)af3(t7u)’ )

is such that the class of all functions ((fu)(t))ieo,r] 18 equicontinuous at
every point of the space [ buv.

(H4) The following inequality holds:

[nfn(t,ur,ug,...)—(n—1) fn_1(t, w1, ua, ... )| < gn(t)+hn(t)|nu,(t)—(n—1)u,—1(¢)]

where gy, (t) and hy,(t) are real functions defined and continuous on [0, 77,
such that >~ gx(t) converges uniformly on [0, 7] and the sequence (hy,(t))
is equibounded on [0, T7.

We also assume that:

g(t) = ng(t),for each t € [0,T]
k>1

G = sup{g(t):t€[0,T]}
H = sup{h,(t):neN,te[0,T]}

Theorem 5.1. Under the hypotheses (H3)-(H4), the infinite system of dif-

ferential equations (3.4) has at least one solution u(t) = (u;(t)) whenever

HT
T < 1 such that u(t) € [bv,Vt € [0,T].

sin

Proof.  Using the relation (3.3) and the hypothesis (H4), we have for an
arbitrary ¢ € [0, 7],

@l 4, = g!iuz‘(t)—(i—l)uz'—l(t)!

_ ; Z/o G(t,s) fi(s,u(s))ds — (i — 1)/0 G(t,s)fi_1(s,u(s))ds
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IN

o T
3 /0 (Gt 9)I|Gi fi(s, u(s))ds — (i — 1) fi1(s, u(s)))|ds
=1

IN

© T

S [ 160,91 (0(5) + Ia(o)ins) — i — Vs () s

i=1

= i/T|G(t 8)|g‘(s)ds+i/T’G(t 8)|hi(8)]iwi () — (i — Dui_1(s)|ds
i—170 7 ’ —Jo ’ v i i—1

< /OT ,Liil |G(t,5)]gi(s)ds + H Ziil /OT liui(s) — (i — Dui—1(s)|G(2, s)ds

GT HT
+

< - -
sinT  sinT

el

Hence, we get

GT
< =
||u||fb“_sin1 — H1 "

Let u%(t) = (ud(t)) where u?(t) = 0,Vt € [0,T]. Take B = B(u®,r1), the
closed ball centered at u° and radius r; < r. Clearly, B is a nonempty,
bounded, closed and convex subset of [ bv. B

Let us consider the operator F = (F;) on C([0,T], B), defined as follows:
T
(Fu)(t) = {(Fu) ()} = {/0 G, S)fi(&u(S))dS} £ €10,T]

where u(t) = (u;(t)) € B and u;(t) € C([0,T],R).
We first show that (Fu)(t) = {(Fiu)(t)} € [bv for each t € [0,T].
Since, (fi(t,u(t))) € [bv for each t € [0,T7], so we have

oo

D li(Fu) ()
i=1

(i = 1)(Fimau)(t)]
>
=1
>
=1

T T
i [ Gl fi(sulshds = (=) [ Glts)fia(s.u(s)ds
0 0

T
/0 G(t,5)(ifi(s,u(s)) = (i = 1) fima(s, u(s)))ds

© T

< 3 [ 1G9 0is) + hals)lius(s) = (i = Dui-a()])ds
1=1

< GT HT

sinT' + sinT”qub” <0
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Therefore, (Fu)(t) = {(Fiu)(t)} € [bv for each t € [0,T].
Also, we have

T T
F)O) = [ GOMsuls)ds (FNT) = [ G fis,us)ds
T T
= / 0.fi(s,u(s))ds =0 = /O.fi(s,u(s))ds:o
0 0

Therefore, each (F;u)(t) satisfies boundary conditions given in the sys-
tem (3.4).
Since ||(Fu)(t) — uo(t)Hfbv = H(]—"u(t))Hfbv <r, thus F is a self mapping

on B. The operator F is continuous on C([0,7], B) by the assumption
(H3).

We now show that F is a Meir-Keeler condensing operator.

Let € > 0. We need to find § > 0 such that X(FB) < e whenever

e<X(B) <e+9.

Using equation (3.3), we obtain

X(FB)
= N s ;gl ’f/OT G(t,s) fu(s,u(s))ds — (k — 1)/0T G(t,S)fk—l(s,U(S))dSD
) 3 T
< lim e gl/o IG(t,S)Ikak(s,u(S))(kl)fk—l(&U(S))ldSD
. T
< Jlm s gl/o |G(t, 5)|(gk(s) + R (s)[kup(s) — (/f—l)wc—l(S)ID
. T T
= lim JSup gl/o IG(tS)ng(S)dSJrgl/o |G, )| hi(s)|kur(s) = (k — Dug—1(s)|ds
. T T
< Jlm e, /0 IG(t’S)\ggk(S)d8+H§|kUk - (k—l)wc—ll/o IG(tvs)ldSD

T HT
li li 3 E —(k— Dug—
< 200 sin T ng(s)ds + ST nsoo (u(btl)lgB [ Vs = (k= Ly 1|])
k>n k>n
HT | —
= X(B
sin T’ (B)
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Therefore,
— —  HT — € sinT
X(FB X (B X (B
FB) <X B)grp <= B <37
inT — HT —
Taking ¢ = sm—e, we get € < X(B) < e+ d. This shows that, F is a

HT _
Meir-Keeler condensing operator defined on the set B C [ bv and so it satisfies all

conditions of Theorem (2.3). Hence, F has fixed point in B, which is a solution of
the system (3.4). O

Example 5.1. Let us consider the system of differential equations
d?u,, (t t © Vtsin? t (mum(t) — (m — Dag—1 (¢
w0) | =t VIS mn () (n a1 (1)
dt n3nn! (m+1)(m+2)(m+3)
neN,t€[0,7], 0<T <7 and u;(0) = u;(T) = 0, for each i.
t tsin? t(mau, (t) — (m — Dupy,—1(t
Clearly, the functions and VEsin® H(muu (1) — (m = um1(t))

n3n! (m+1)(m+2)(m+3)
are continuous on [0, 7], for each n € N.

t . VEsin? t(mawy, (t) — (m — Dug_1(t))
Here, fu(t, u(t) = Toy + 2 (m+1)(m +2)(m + 3) '

(5.1)

)
m=n

m=n

Now,

i kfultsu(t)) — (k — 1) fes (tu(®)]

oo

t t
= >
k=

kLl 2k— _
13l<:! =1k —1)!

2 Visin? t(mup, (t) — (m — Dugy,_1(t))
sy (m+1)(m +2)(m + 3)

0 VEsin? t(mug, (t) — (m — Dum_1(t))
~(k-1) > (m +1)(m +2)(m + 3) ‘

m=k—1
1 — 3k - (kug(t) — (k — Dug—1(t))
= TZ 31 1)! 3% '+TkZl (1-#) (k+1)(kz+2)(l<:+l3)
(mum(t) — (m — Dum—1(t))
+Z (m+1)(m+2)(m+3) ‘
k|kug(t) — (K — 1ug—1|
< T +2TZ Gt DL 15)
<

Tes + 27 ||u(t )Hfbv < 00
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Therefore, for any ¢t € [0,T], (fi(t,u(t))) € [ bv.

We will show that the assumption (H3) is satisfied.

Let € > 0 be given and u(t) = (un(t)) € [bv. Then taking v(t) = (v, (t)) €
S bv with [[ut) = v(@)l 1, < () = % we have

|f(t7u(t)) - f(t,’l)(t))|
_ i VE(mum (t) — (m = Dum—1(t) = (mup(t) = (m = Dvm-1(t)))
(m+1)(m+2)(m+3)
—Um(t)) — (m — 1) (um-1(t) — vm-1(t)))
(m+1)(m+2)(m+3)

(VAN
210
S
3
=
3

IN

< T <k,

which implies continuity as assumed in (H3).
Now, we show that assumption (H4) is satisfied:

[ fu(t; u(®) = (n = 1) faa(t, u(t))]

t t VEsin? t(mag, (t) — (m — Dum_1(t))
- o Z (m+ 1)(m +2)(m + 3)

20 VEsin? tmu, () — (m — D, _1(t))
=1 2 (m + 1)(m + 2)(m + 3) ‘

m=n—1
< t 1-— VEma, () — (m — Dug,_1(t))
— |3 (n-1)! o m+1)(m+2)(m+3)
o= | Vi (t) — (m — Dum-1(t))
=) ) T D m D+ 3 ‘
t o V(M (t) — (m — Dun—1(t))]
S o T 1)7;1 m+ D)(m+2)(m+3)
< gn(t) + hn(8) [nun(t) — (n — Dun—1(2)].
The function g,(t) = m is continuous and -, g, (t) converges

t
uniformly to te'/3. Also, hy(t) = 1—\2 is continuous and the sequence (h,(t))

VT HT

is equibounded on I by H = ETR Also =
T =273 (i.e. 0 <T < 0.7 < ), which gives H ~ 0.12693 and G =~ 3.81002.

taking
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Thus, from the Theorem 5.1, for some suitable value of r, the operator F

as defined in Theorem 5.1 on B(u, ) has a fixed point u(t) = (u;(t)) € [ bv,
which is a solution of system of equations (5.1).
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