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1. Introduction

Separation axioms are among the most common, important and interesting
concepts in Topology. They can be used to define more restricted classes of
topological spaces. The separation axioms of topological spaces are ussu-
ally denoted with the letter ”'T” after the German ” Trennung” which means
separation. Most of the weak separation axioms are defined in terms of gen-
eralized closed sets and their definitions are deceptively simple. However,
the structure and the properties of those spaces are not always that easy to
comprehend. The separation axioms that were studied together in this way
were the axioms for Hausdorff spaces, regular spaces and normal spaces.

Separation axioms and closed sets in topological spaces have been very
useful in the study of certain objects in digital topology ([5],[7]). Khal-
imsky, Kopperman and Meyer [6] proved that the digital line is a typical
asample of T1-space. There were many definitions offered, some of which
assumed to be separation axioms before the current general definition of a
topological space. For example, the definition given by Felix Hausdorff in
1914 is equivalent to the modern definition plus the Hausdroff separation
axiom. The first step of generalized closed sets was done by Levine in 1970
[5] and he initiated the notion of T% -space in unital topology which is prop-
erly placed between Ty-space and Ti-space by defining T -space in which
every generalized closed set is closed. ’

The concept of generalized closed sets (briefly g-closed) in topological
spaces was introduced by Levine [9],[10] and a class of topological spaces
called T% -space. Arya and Nour[1],[2] introduced and investigated gener-
alized semi-open sets, semi generalized open sets, generalized open sets,
generalized open sets, semi-open sets, pre-open sets and a-open sets, semi
pre-open sets and b-open sets which are some of the weak forms of open
sets and the complements of these sets are called the same types of closed
sets.

In 2014, [11] we introduced the concepts of a'-closed sets and a™-
open set in topological spaces. Also we have introduced the concepts of
a™-contra-continuous functions and a'-contra-irresolute functions. In this
paper, based on the a™-open and a"-closed sets we introduce separation
axioms of a-open set called T,m-space. Further various characterisation
are studied are introduced.

Let (X, 7) be a topological space and A a subset of X. A point = €
X is called a condensation point of A [34] if for each U € 7 with z €
U, the set U N A is uncountable. In 1982, Hdeib defined w-closed sets
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and w-open sets as follows: A is called w-closed [35] if it contains all its
condensation points. The complement of an w-closed set is called w-open.
The family of all w-open subsets of X forms a topology on X, denoted
by 7,. Many topological concepts and results related to w-closed and w-
open sets appeared in [17], [18], [21], [22], [23], [24], [26], [27] and in the
references therein. In 2002, Csdszdr [28] defined generalized topological
spaces as follows: the pair (X, u) is a generalized topological space if X
is a nonempty set and g is a collection of subsets of X such that ) € u
and g is closed under arbitrary unions. For a generalized topological space
(X, ), the elements of p are called p-open sets, the complements of p-
open sets are called p-closed sets, the union of all elements of p will be
denoted by M, and (X, p) is said to be strong if M, = X. Recently
many topological concepts have been modified to give new concepts in the
structure of generalized topological spaces, see [19], [20], [25], [29], [30],
[31], [32], [33], and others.

2. Preliminaires

In this paper, we introduce the separation axioms of a'-contra-open maps
and we study the notion of b-w-open sets in generalized topological spaces,
and we use them to introduce new classes of mappings in generalized topo-
logical spaces. We present several characterizations, properties, and exam-
ples related to the concepts. In Section 3, we introduce and study separa-
tion axioms of a/-contra-open maps. In Section 4, we introduce and study
b-w-open sets in generalized topological spaces. In Section 5, we introduce
and study the concept of b-w-(u1, 2)-continuous function.

Definition 2.1. A subset A of a toplogical space (X, T) is called
(a) a preopen set [10] if A C int(cl(A)) and preclosed set if cl(int(A)) C A.

(b) a semiopen set [8] if A C cl(int(A)) and semiclosed set if int(cl(A)) C
A.

(c) an a-open set [13] if A C int(cl(int(A))) € A and an a-closed set if
cl(int(cl(A))) C A.

(d) a semi-preopen set [1] (B-open set) if A C cl(int(cl(A))) and semi-
preclosed set if int(cl(int(A))) C A.

(e) an a™-closed set [11] if int(cl(A)) C U, whenever A C U and U is
a-open.
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The complement of a™-closed set is called an o-open set.

Definition 2.2. A space (X, 7x) is called a T 1-space [9] if every g-closed
set is closed.

Definition 2.3. A function f: (X,7) — (Y, 0) is called

(a) an a™-continuous [12] if f~1(V) is a™-closed in (X, T) for every closed
set V of (Y,0).

(b) an a™-irresolute [12] if f=1(V) is a™-closed in (X, T) for every o/™-
closed set V of (Y, 0).

Definition 2.4. A function f : (X,7) — (Y,0) is said to be contra-
continuous [15] if f~1(V) is closed for every open set V of Y.

Definition 2.5. A space (X, 1) is called T,,m-space [12] if every a™-closed
set is closed.

Definition 2.6. ([19]). Suppose (X, p) is a generalized topological space
and A a nonempty subset of X. The subspace generalized topology of A on
X is generalized topological ug ={ANU : U € p} on A. The pair (A, pua)
is called a subspace generalized topological space of (X, p). A function
f (X, 1) — (Y, po) is called a function on generalized topological spaces.
From now on, each function is a function on generalized topological spaces
unless otherwise stated.

Definition 2.7. ([28]). A function f : (X, p1) — (Y, p2) is called (1, p2)-
continuous at a point x € X, if for every ps-open set V containing f(x)
there is a pi1-open set U containing © such that f(U) C V. If f is (p1, p2)-
continuous at each point of X, then f is said to be (u1, p2)-continuous.

Definition 2.8. ([32]). A function f : (X, u1) — (Y, p2) is called (1, p2)-
closed if f(C') is pe-closed in (Y, pug) for each p;-closed set C'.

3. Separation axioms of a"-contra-open maps

In this section (X, 7) and (Y, o) represent topological spaces on which no
separation axioms are assumed unless otherwise mentioned. For a subset A
of a space (X, 7), cl(A), int(A) and A denote the closure of A, the interior
of A and the complement of A in X, respectively.
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Definition 3.1. A function f : (X,7) — (Y, 0) is called an o™-contra-
continuous if f~1(V') is a™-closed in (X, 7) for every open set V of (Y,0o).

Proposition 3.2. If f : (X,7) — (Y,0) be an a"-contra-continuous
function and (X, ) be a Tym-space. Then f is contra-continuous.

Proof. Let V be open set in (Y,0). Since f is an o-contra-continuous
function, f~1(V) is an a™-closed set in (X, 7). Since (X, 7) is a T,m-space,
f~5(V) is closed set in (X, 7). Hence f is contra-continuous. O

Definition 3.3. A function f : (X,7) — (Y, 0) is called an a™-contra-
irresolute if f~1(V') is a™-closed in (X, 7) for every a™-open set V of (Y, o).

Theorem 3.4. Let f : (X,7) — (Y,0) be a mapping and (X, 7) be a
T,m-space, then f is contra-continuous if one of the following conditions is
satisfied.

(a) f is a™-contra-continuous.

(b) f is a™-contra-irresolute.

Proof. Obvious. O

Theorem 3.5. A map f : (X,7) — (Y,0) is an a™-contra-continuous
function if and only if the inverse image of every open set in (Y, o) is an
a™-closed set in (X, T)

Proof. Necessity: Let f: (X,7) — (Y,0) be an a™-contra-continuous
function and U be an open set in (Y,0). Then Y\U is closed in (Y,0).
Since f is an a™-contra-continuous function, f~(Y\U) = X\ f~}(U) is an
a™-open in (X, 7) and hence f~1(U) is an a™-closed in (X, 7).
Sufficiency: Assume that f~!(U) is an a™-closed set in (X, 7) for each
openset V in (Y, o). Let V be a closed set in (Y, o). Then Y'\V is an open
set in (Y, o). By assumption, f~1(Y\V) = X\ f~1(V) is an a™-closed in
(X, 7), which implies that f~!(V') is an a™-open set in (X, 7). Hence f is
an a'™-contra-continuous function. O

Proposition 3.6. Let f : (X,7) — (Y,0) be any topological space and
(Y,0) be a Tom-space. If f : (X,7) — (Y, 0) is a™-continuous function
and g : (Y,0) — (Z,n) is a™-contra-continuous function, then their com-
position go f: (X,7) — (Z,n) is an o"™-contra-continuous function.
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Proof. Let V be a open set in (Z,n). Since g : (Y,0) — (Z,7n) is an o™-
contra-continuous function, g71(V) is an a™-closed in (Y, o). Since (Y, 0)
is a Tym-space, g~ 1(V) is a closed set in (Y, o). Since f: (X,7) — (Y,0)
is an a-continuous function, f~*(¢g=*(V)) = (go f)~%(V) is an a™-closed
set in (X,7). Hence go f : (X,7) — (Z,n) is an a"-contra-continuous
function. O

Definition 3.7. A map f: (X,7) — (Y, 0) is said to be

(a) a™-closed map [15] if f(V') is a™-closed in (Y, o) for every closed set
V of (X,7).

(b) a™-open map [15] if f(V') is a™-open in (Y, o) for every open set V' of
(X, 7).

(c) a™-contra-closed map if f(V') is a™-closed in (Y, o) for every open set
Voof (X,7).

(d) a™-contra-open map if f(V') is a™-open in (Y, o) for every closed set
V oof (X,7).

Theorem 3.8. Let f: (X,7) — (Y,0) and g : (Y,0) — (Z,n) be two
mappings and (Y, o) be a Tym-space, then

(a) go f is a™-contra-continuous, if f is an a'™-continuous and g is o'~
contra-continuous.

(b) go f is a™-contra-closed, if f is an a'™-contra-closed and g is an o'~
closed.

Proof. (a) Let V be a open set of (Z,n), then g~ (V) is a™-closed set in
(Y,0). Since (Y,0) is a Tym-space, then g=1(V) is a closed set in (Y,0).
But f is a™-continuous, then (go f)~1(V) = f~Y(g~1(V)) is a™-closed in
(X, 7) this implies that (g o f) is @™-contra-continuous mappings.

(b) Let V be a open set of (Z,7n), then f(V') is a-closed set in (Y, o).
Since (Y, 0) is a Tym-space, then f(V) is a closed set in (Y,0). But g is
a™-closed, then (go f)(V) = g(f(V)) is a™-closed in (Z,n) this implies
that (g o f) is a/™-contra-closed mappings. O

Theorem 3.9. Let f: (X,7) — (Y,0) be a mapping from a T,m-space
(X, 1) into a space (Y, o), then
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(a) f is contra-continuous mapping if, f is o™-contra-continuous.

(b) f is contra-closed mapping if, f is o™ -contra-closed.

Proof. Obvious. O

Definition 3.10. A space (X, 1) is called T,m-super-space if every o™-
open set is closed.

Theorem 3.11. Let f : (X,7) — (Y,0) is surjective closed and o™-
contra-irresolute, then (Y, o) is T,m-super-space if (X, 1) is T,m-space.

Proof. Let V be an a™-open subset of (Y,o). Then f~1(V) is a™-closed
set in (X, 7). Since, (X,7) is a T,m-space, then f~1(V) is closed set in
(X, 7). Hence V is closed set in (Y, o) and so, (Y, o) is Tom-super-space. O

Proposition 3.12. For any bijection f : (X,7) — (Y,0) the following
statments are equivalent:

(a) f7':(X,7) — (Y,0) is a™-contra-continuous.
(b) f is a™-contra-open-map.

(c) f is a™-contra-closed-map.

Proof. (a) = (b) Let F be an closed set of (X,7). By assumption,
(fFH Y (U) = f(U) is a™-open in (Y, ) and so f is a™-contra-open.

(b) = (c¢) Let U be a open set of (X, 7). Then U€ is closed set in (X, 7).
By assumption, f(F¢) is a™-open in (Y,o). That is f(F°) = (f(F))¢ is
a™-open in (Y,0) and there for f(F) is a™-closed in (Y,0). Hence f is
o'"-contra-closed.

(¢) = (a) Let F be a open set of (X,7). By assumption, f(F) is
a™-closed in (Y, o) and therefore f~! is a™-contra-continuous. a

Proposition 3.13. If f : (X,7) — (Y, 0) be an o™-continuous function
and (X, T) be a Tym-super-space. Then f is contra-continuous.

Proof. Let U be open set in (Y, o). Since f is an o™-continuous function,
f~1(U) is an a™-open set in (X, 7). Since (X,7) is a T,m-super-space,
f7HU) is closed set in (X, 7). Hence f is contra-continuous. O
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Theorem 3.14. Let f : (X,7) — (Y,0) be a mapping and (X, 7) be a
T,m-super-space, then f is continuous if one of the following conditions is
satisfied.

(a) f is a™-contra-continuous.

(b) f is a™-contra-irresolute.

Proof. Obvious. O

Proposition 3.15. Let f: (X,7) — (Y, 0) be any topological space and
(Y,0) be a Tym-super-space. If f : (X,7) — (Y,0) and g : (Y,0) —
(Z,m) are a™-continuous function, then their composition go f : (X, 7) —
(Z,n) is an o"-contra-continuous function.

Proof. Let U be a open set in (Z,n). Since g : (Y,0) — (Z,n) is an o™~
continuous function, g~(U) is an a™-open set in (Y, o). Since (Y, o) is a
T,m-super-space, g1 (U) is a closed set in (Y, o). Since f : (X,7) — (Y, 0)
is an a-continuous function, f~*(¢g~*(U)) = (go f)~*(U) is an a™-closed
set in (X, 7). Hence go f : (X,7) — (Z,n) is an a"-contra-continuous
function. O

Theorem 3.16. Let f: (X,7) — (Y, 0) be a mapping from a T,m-super-
space (X, T) into a space (Y, o), then

(a) f is contra-continuous mapping if, f is a™-continuous.

(b) f is contra-closed mapping if, f is a™-closed.

Proof. Obvious. O

Theorem 3.17. Let f : (X,7) — (Y,0) is surjective closed and o™-
contra-irresolute, then (Y, o) Tym-super-space if (X, 1) is Tym-space.

Proof. Let U be an a™-open subset of (Y,o). Then f~}(U) is a™-closed
in (X, 7). Since, (X,7) is a Tym-space, then f~1(U) is closed set in (X, 7).
Hence, U is closed set in (Y, o) and so (Y, o) is T,,m-super-space. O
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4. b-w-Open sets in generalized topological spaces

In this section, we introduce and study b-w-open sets in generalized topo-
logical spaces. We obtain several characterizations of b-omega-open sets
in generalized topological spaces and prove that they form a generalized
topology.

Definition 4.1. Let (X,u) be a generalized topological space and B a
subset of X.

(a) A points {z1,...,zn} C X is called base of condensation points of B
if for all family {A; € p, 1 <i <n such that z; € A;}, N ;A; N B is
uncountable.

(b) The set of all base of condensation points of B is denoted by condy(B).
(c) B is b-w-p-closed if condy(B) C B.

(d) B is b-w-p-open if X\B is b-w-p-closed.

(e) The family of all b-w-p-open sets of (X, u) will be denoted by fip—,.

Theorem 4.2. A subset G of a generalized topological space (X, p) is b-w-
p-open if and only if for every collection of points {z1,...,z,} C G, there
exists a {Uy,...,Up} € p such that z; € U, 1 < i < n and U U;\G is
countable.

Proof. G is b-w-p-open if and only if X\G is b-w-pu-closed if and only if
condy(X\G) C X\G if and only if for each collection of points {z1,...,x,} C
G; {x1,...,xp}eondy(X\G), if and only if for each collection of points
{z1,...,2,} C G, there exists a {Uy,...,U,} € p such that x; € U, for
each 1 <i <nand U, U; N (X\G) = U, U;\G is countable.

Corollary 4.3. A subset G of a generalized topological space (X, u) is
b-w-p-open if and only if for every collection of points {x1,...,z,} C G,
there exists a {Ui,...,U,} € p and a countable set N C M,, such that
Ui {zi} S UL U\N C G.

Proof. =) Suppose G is b-w-p-open and let {z1,...,2,} C G. By The-
orem 4.2, there exists a {Uy,...,U,} € p such that x; € U;, for each
1 <i<mnand U’ U;\G is countable.



1258 Boulbaba Ghanmi, Rim Messaoud and Amira Missaoui

Let N = U, U;\G. Then N is countable, N C M, and U} ;{z;} C
UL UAN = U U\ (UL, UAG) € G.

<) Let {z1,...,2,} C G. Then by assumption there exists a {Ui,...,U,} €
w such that z; € U;, for each 1 <4 < n and a countable set N C M, such
that Ul 1{z;} C U~ ,U;\N C G. Since U ;U;\G C N, then U ,U;\G is
countable, which ends the proof. O

Corollary 4.4. A subset G of a generalized topological space (X, u) is
w-p-open [16] if and only if for every x € G there exists a U € p and a
countable set C C M, such that x € U\C C G.

Corollary 4.5. Let (X, ) be a generalized topological space. Then pi,, C
Hb—w

Proof. Let G € p, and {z1,...,2,} € G. By corollary 4.4, for each
z; € G, 1 < i < n, there exists a U; € pu, 1 < i < n and a countable
set C; € My, such that z; € U; C G for each 1 < ¢ < n. Then for every
{z1,...,2n} C G, there exists a {Uy,...,U,} € p and a countable set
N = UL ,C; € M, such that U2 {z;} C U U;\N C G. Therefore, by
corollary 4.3, it follows that G € pp_,- O

Corollary 4.6. Let (X, u) be a generalized topological space [16]. Then
W< phy

Remark 4.7. For any generalized topological space (X, p), it C piy € pip—w

Theorem 4.8. For any generalized topological space (X, u), pp—y Is a
generalized topology on X.

Proof. By corollary 4.5,0 € up_. Let {G4 : a € J} be a collection of
b-w-pi-open subsets of (X, 1) and {z1,...,2n} € Uyes Ga. There exists an
ap € J such that {z1,...,2,} C Gq,. Since G, is b-w-p-open set, then by
corollary 4.3, there exists a {Ui,...,U,} € p and a countable set N C M,
such that U {z;} C U U\N C Goy € UpejGa- By corollary 4.5, it
follows that |J,c; G is b-w-p-open. O The following example shows that
£ p—y in general.

Example 4.9. Consider X = R and p = {0, [-3,—1],[-2,0]UN, [-3,0]U
N}.

Then (X, p) is a generalized topological space. Let A; = [-2,0],
As = [-3,—1] and A3 = Ay N As. It is easy to check condy(R\A3) =
((R\A3)\N) - R\Ag Then As € /Lb,w\u.
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Theorem 4.10. Let (X, i) be a generalized topological space. Then M, =
M,u'bfw ‘

Proof. Since p, C pp—y, then M, C M, . On the other hand, let
{z1,...,2n} € M,, . Since M,,, € pp_, by corollary 4.3, there exists
a {Ui,...,Uy} € p and a countable set N C M, such that U} {z;} C
U U\N C My, . Since Ul U; € M,, it follows that U {z;} C
M, C M, it follows that U, {z;} € M, . O

For a nonempty set X, we denote the cocountable topology on X by
(b‘Tcoc)X-

Theorem 4.11. Let (X, ) be a generalized topological space. Then (b —
TCOC)U;;IUi C up—y, for all collection of sets {Un,...,Up} € p\0

Proof. Let {Ul, R Un} S ,LL\@, Ve (b_Tcoc)U?lei and {1‘1, cee ,l'n} cV.
Since V. C U, U;. Also, as Ul U;\V is countable, then by theorem 4.2, it
follows that V € up_,. O

Theorem 4.12. Let (X, ) be a generalized topological space. Then pu =
pi if and only if (Teoe)un_ v, C pu for all collection of sets {Uy, ..., Un} € p\0.

Proof. =) Suppose p = pp—,, and {Us,...,U,} € p\@. Then by theorem
4.11, (b - Tcoc)U:.‘:lUi C pp—w =

<) Suppose (b— TCOC)U?=1Ui C u for all collection of sets {Uy,...,U,} €
p\D. Tt is enough to show that pup_, C p. Let A € pp_o,\0. By corol-
lary 4.3, for each collection of points {zi,...,z,} C A there exists a
{Us,,..., Uz, } € p and a countable set N C M, such that U {z;} C
U, Uy, \N C A. Thus, U U, \N € (b_TCOC)U?:lUx,L- for all {z1,...,z,} C
A, and so Ul U, \N € p. It follows that A = (J{U'_ Uy, \N : {z1,..., 25} C
A€ p. a

Definition 4.13. A generalized topological space (X, ) is called b-locally
countable if M, is nonempty and for every collection of points {x1,...,x,} €
M,,, there exists a {Ui,...,U,} € p such that x; € U;, 1 < i < n and
U, U; is countable.

Theorem 4.14. If (X, u) is a b-locally countable generalized topological
space, then py_,, is the discrete topology on M,,.
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Proof. We show that every collection of singleton subset of M, is b-
w-p-open. For {zq,...,z,} € M,, since (X, p) is b-locally countable,
there exists a {Ui,...,U,} € p such that x; € U;;, 1 < i < n and
U, U; is countable. By theorem 4.12, (b — 7Teoc)ur v, € pip—w. Hence

=117

U UV U\ ULy {zi}) = Ui {i} € - O

Corollary 4.15. If (X, uu) is generalized topological space such that M,
is a countable nonempty set, then ju,_, is the discrete topology on M,,.

Proof. Since M, is countable, it follows directly that (X, u) is b-locally
countable. By theorem 4.14, it follows that u;_, is the discrete topology
on M,,. O

Corollary 4.16. If (X, u) is a generalized topological space such that X
is a countable nonempty set and M, is nonempty, then ju,_, is the discrete
topology on M,,.

Theorem 4.17. Let A be a subset of a generalized topological space (X, ).
Then (pA)b—w = (Up—w)A-

Proof. (p1a)p—w C (fp—w)a. Let B € (pa)p—w and {z1,...,2,} € B. By
corollary 4.3, there exists a {V1,...,V,} € ua and a subset N C M, ,,,
such that U, {z;} C U, V;\N C B. Choose {Uy,...,U,} € p such that
ur, Vi =U Ui A, Then U U\N € pp—, Uy {z;} C UL, U;\N, and
(U U\N)N A = U, V;\N C B. Therefore, B € (pp—y)a. (Hp—w)a C
(4A)p—w- Let G € (up—w)a. Then there exists an H € pp_, such that
G=HnNA. If{z1,...,z,} C G, then {z1,...,2,} C H and there exists a
collection of subset {U; ...,Uy} € p and a countable subset D C M, such
that U {z;} C U U;\D C H. Weput V=U",U;NA. Then V € gy
and U 1{z;} CV\D C G. It follows that G € (pt4)p—w- O

5. Continuity via b-w-open sets in generalized topological spaces

In this section, we introduce b-w-(p1, p2)-continuous functions between gen-
eralized spaces. We obtain several characterizations of them and we intro-
duce composition and restriction theorems.
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Definition 5.1. Let (X, u1) and (Y, u2) be two generalized topological
spaces. A function f: (X, p1) — (Y, p2) is called b-w-(p1, p2)-continuous
at a point x € X, if for every ug-open sets V' containing f(x) there is an
b-w-p1 open set U containing x such that f(U) C V. If f is b-w-(u1, p2)-
continuous at each point of X, then f is said to be b-w-(u1, p2)-continuous.

Theorem 5.2. Let (X, 1) and (Y, u2) be two generalized topological spaces.
If f: (X, 1) — (Y, p2) is w-(p1, p2)-continuous at x € X, then f is b-w-
(141, 2)-continuous at x.

Proof. Let V be pg-open set with f(z) € V. Since f is w-(u1,u2)-
continuous at x, there is a w-pj-open set U containing x such that f(U) C
V. By corollary 4.5, U is b-w-uj-open. It follows that f is b-w-(p1, u2)
continuous at x. |

It is clear that every w-(pu1, 12)-continuous function is b-w-(f1, p2) con-
tinuous. The proof of the following theorem is obvious and left to the
reader.

Theorem 5.3. Let f: (X, u1) — (Y, p2) be a function. Then the follow-
ing conditions are equivalent:

a) The function f is b-w-(u1, 2 )-continuous.
b) For each pg-open set V. CY, f~4(V) is b-w-ui-open in X.
c) For each pa-closed set M CY, f~1(M) is b-w-py-closed in X.

The following theorem is an immediate consequence of Theorem 5.3.

Theorem 5.4. A function f : (X, u1) — (Y, u2) is b-w-(p1, p2 )-continuous
if and only if f : (X, (p1)p—w) — (Y, p2) is ((41)p—w, p12)-continuous.

Theorem 5.5. If f : (X,u1) — (Y, u2) is b-w-(u1, u2)-continuous and
g9+ (Y, pu2) — (Z, p3) is (1, p2)-continuous, then go f : (X, pn) — (Z, p3)
is b-w-(u1, p2 )-continuous.

Proof. Let V € pus. Since g is a (u1,u2)-continuous function, then
g Y(V) € pa. Since f is b-w-(u1, u2)-continuous, then f~1(g=1(V)) is b-w-
p1-open in X. Thus (go f)~H(V) = f~(¢g~*(V)) is b-w-j1-open and hence
(g o f) is b-w-(u1, 12)-continuous. O
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Theorem 5.6. If A is a subset of a generalized topological space (X, 1)
and f: (X, pu1) — (Y, p2) is b-w-(u1, pe )-continuous, then the restriction

of f to A, f\a: (4, (u1)a) — (Y,pe) is an b-w-((p1)4, p2)-continuous
function.

Proof. Let V be any ps-open set in Y. Since f is b-w-(pu1, u2)-continuous,
then f~1(V) € pup—, and so (f\a) "' (V) = fH(V)NA € (1p-w)\a. There-
fore, by Theorem 4.17, (f\a)"1(V) € (pa)p_w- It follows that f\a is
b-w-((141) 4, p12)-continuous. O

Lemma 5.7. Let (X, u) be a strong generalized topological space and A a
nonempty subset of X. Then [16] a subset C' C A is u-closed, if and only
if there exists a u-closed set H such that C = H N A.

Theorem 5.8. Let f: (X, 1) — (Y, u2) be a function and X = AU B,
where A and B are b-w-pu1-closed subsets of (X, pu1) and f\4 : (A, (u1)a) —
(Y,u2), f\B: (B, (pn1)B) — (Y, pe) are b-w-(u1, u2)-continuous functions.
Then f is b-w-(u1, u2)-continuous.

Proof. We will use Theorem 5.3. Let C' be a ug-closed subset of (Y, u2).
Then

FHO) =fHO)NX = FFHONAUB) = ()N AU (FHC)NB)

Since f\a : (X, (p1)a) — (Y,p2), f\B : (X, (Ml)B) (Y, p2) are
b-w-(p1, pi2)-continuous functions, then (f\4)~1(C) = f~1(C) N A is b-w-
(11)a-closed in : (A, (u1)4) and (f\p)~(C) = f~H(C ) N B is b-w-(p1) -
closed. By Lemma 5.7, it follows that (f\4)~!(C ) and (f\g) }(C) are
b-w-pu-closed in (X, py). It follows that f is b-w-(p1, p2)-continuous. O

For any two generalized topological spaces (X, p1) and (Y, pu2), we call the
generalized topology on X x Y having the family {A x B : A € puj and
B € us} as a base, the product of (X, u1) and (Y, u2) and denote it by
Mprod [17].

Lemma 5.9. Let (X, u1) and (Y, p2) be two generalized topological spaces.
Then [16] the projection functions m, : (X X Y, fiproa) — (X, 1) on X
and my : (X XY, tprod) — (Y, p2) on Y are (tprod, 11)-continuous and
(Kprod, p12)-continuous, respectively.
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Theorem 5.10. Let f : (X,pu1) — (Y,p2) and g : (X, 1) — (Z, u3)
be two functions. If the function h : (X, 1) — (Y X Z, tiproq) defined
by h(z) = (f(z),g(x)) is b-w-(p1, fprod)-continuous, then f is b-w-(ju1, f12)-
continuous and g is b-w-(p1, p3)-continuous.

Proof. Assume that h is b-w-(pu1, fiprod)-continuous. Since f = m, o h,
where 7, : (Y X Z, ptproa) — (Y, p2) is the projection function on Y, by
Lemma 5.9 and Theorem 5.5, it follows that f is b-w-(pu1, pi2)-continuous.
Similarly we can show that g is b-w-(f1, 13)-continuous. O
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