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1. Introduction

Let (X, 7) be a topological space and let A C X. A is called an w-open
set in (X, 7) [1] if for each x € A, there is U € 7 and a countable set
C C X such that x € U — C C A. The family of all w-open sets in (X, 7) is
denoted by 7. It is well known that 7, is a topology on X which contains
7. Denote the closure of A in (X,7) (resp. (X,7,)) by A (resp. A°). A
point € X is in #-closure of A [2] (z € Cly (A)) if for every U € 7 with
x € U, we have UN A # (). A is called f-closed [2] if Cly (A) = A. The
complement of a 6-closed set is called a 8-open set. The family of all 8-open
sets in (X, 7) is denoted by 7. It is well known that 79 C 7 and 79 = 7 if
and only if (X, 7) is regular. A topological space (X, 7) is called w-regular
[3] if for each closed set F' in (X,7) and x € X — F, there exist U € 7
and V € 7, such that x € U/F CV and UNV = (. In [4] the author
defined 6,-closure operator as follows: A point z € X is in 6,-closure of
A (z € Clg, (A)) if for any U € 7 with 2 € U we have U~ NA # 0. A
is called 6,-closed if Cly, (A) = A. The complement of a 6,,-closed set is
called a 6,-open set. The family of all §,,-open sets in (X, 7) is denoted by
Tp,,- It is proved in [4] that 7y, forms a topology on X which lies between
79 and 7, and that 7y, = 7 if and only if (X,7) is w-regular. Also, w-
T» topological spaces are characterized via 6,-open sets. Moreover, four
new classes of functions, namely: 6,-continuous, w-#-continuous, weakly
0.,~continuous and faintly 6,-continuous are defined and investigated. This
paper is organized as follows:

In section two, we use the 6,,-closure operator to define 6,,-connectedness
as a property which is weaker than connectedness and stronger than 6-
connectedness. We give several sufficient conditions for the equivalence be-
tween 0,,-connectedness and connectedness, and between 6,,-connectedness
and #-connectedness. We give two results regarding the union of 6,,-connected
sets and also we show that the weakly 6,-continuous image of a connected
set is theta omega connected.

In section three, we define and investigate V-0,-connectedness as a
strong form of V-#-connectedness. We show that the 6,-connectedness and
V-0,,-connectedness are independent.

In section four, we continue the study of R; as a known topological
property by giving several results rgarding it. We introduce w-R; (I), w-
Ry (II), w-Ry (I11) and weakly w-R; as four weaker forms of Ry by utilizing
w-open sets. We give several relationships regarding them and we raise two
open questions.
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In this paper, R, Q, Q¢ and IN denote, respectively the set of real num-
bers, the set of rational numbers, the set of irrational numbers and the set
of natural numbers.

The following definitions and theorems will be used in the sequel:

Definition 1.1. [5] Let (X, 7) be a topological space. A pair (P,Q) of
non-empty subsets of X is said to be separation relative to (X, 1), if (PN
Q)U(PNQ)=0.

Definition 1.2. [6] Let (X,7) be a topological space. A pair (P,Q) of
non-empty subsets of X is said to be f-separation relative to (X,7), if

(PN Cly(Q)) U(Cly(P)NQ) =0

Theorem 1.3. [4] Let (X, 7) be a topological space and let A C X. Then
A C Cly, (A) C Clp (A).

Definition 1.4. [7] Let (X, 7) be a topological space. Then (X, 7) is called
locally countable if for each x € X, there is U € 7 such that z € U and U
is countable.

Theorem 1.5. [4] If (X,7) is locally countable and A C X, then A =
Clp, (A).

Definition 1.6. [8] Let (X, 7) be a topological space. Then (X, 7) is called
anti-locally countable if each U € 7 — {(}} is uncountable.

Theorem 1.7. [4] If (X, 7) is anti-locally countable and A C X, then
Cly (A) = Cly, (A).

Definition 1.8. [5] Let (X, 7) be a topological space. A subset A of X is
said to be connected relative to (X, 7) if there is no separation relative to
(X,7), (P,Q), such that A= P U Q.

Definition 1.9. [6] Let (X, 7) be a topological space. A subset A of X is
said to be f-connected relative to (X, 7) if there is no #-separation relative
o (X,7), (P,Q), such that A =P U Q.

Definition 1.10. [3]. A topological space (X, 7) is called w-regular if for
each closed set F'in (X,7) and x € X — F, there exist U € 7 and V € 7,
such that € U, F CV and UNV = .
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Theorem 1.11. [4]. If (X, 7) is an w-regular topological space and A C X,
then A = Cly,_(A).

Theorem 1.12. [4] If (X, 7) is a regular topological space and A C X,
then A = CZQ(A) = Clyg, (A)

Theorem 1.13. [8] Let (X,7) be a topological space and let A be a
non-empty subset of X. Then (74), = (7w) 4-

Definition 1.14. [4] A function f: (X,7) — (Y, 0) is said to be weakly
0.,~continuous if for each x € X and V' € o containing f(z), there is U € 7
such that = € U and f(U) C V.

Definition 1.15. [2] Let (X, 7) be a topological space and let A C X. A
is said to be V-f-connected relative to (X, 7) if there are no disjoint non-
empty sets P and () and no open sets U and V such that A = P U Q,
PCU,QCV,andUNV =10.

Theorem 1.16. [3] Let (X, 7) be a topological space and let A C X.
Then A” C A.

Theorem 1.17. [3] If (X, 7) is an anti-locally countable topological space,
then for all U € 7,,, U = U".

Definition 1.18. [10] A topological space (X, 7) is said to be R if for any
two points x,y € X with {z} # {y}, there are U,V € 7 such that =z € U,
yeVandUNV = 0.

Definition 1.19. [4] A topological space (X, 7) is said to be w-T5 if for
any pair (x,y) of distinct points in X there exist U € 7 and V' € 7, such
that z €U ,yeVand UNV =0.

Theorem 1.20. [4] (a) A topological space is w-T» if and only if for each
z € X, Clp,({z}) = {z}.
(b) Every w-T5 topological space is T.

Theorem 1.21. [11] A topological space (X, ) is T3 if and only if it is R;
and T7.

Definition 1.22. [4] A topological space (X,7) is said to be w-locally
indiscrete if every open set in (X, 7) is w-closed.
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Theorem 1.23. [4] a. If A is a subset of an w-locally indiscrete topological
space (X, 7), then A = Cly, (A).

b. Every locally indiscrete topological space is w-locally indiscrete.

c. Every locally countable topological space is w-locally indiscrete.

Theorem 1.24. [12] A topological space (X,7) is Ry if and only if for
each z € X, Clg({z}) = {z}.

2. 2. 6,-Connectedness

In this section, we use the 6,,-closure operator to define 6, ,-connectedness
as a property which is weaker than connectedness and stronger than 6-
connectedness. We give several sufficient conditions for the equivalence be-
tween 6,,-connectedness and connectedness, and between 6,,-connectedness
and 6-connectedness. We give two results regarding the union of 6,,-connected
sets and also we show that the weakly 6,-continuous image of a connected
set is 6,,-connected.

Definition 2.1. Let (X, 7) be a topological space. A pair (P, Q) of non-
empty subsets of X is a said to be a 6,-separation relative to (X, 1), if

(PNCly, (@)U (Cly, (P)NQ) = 0.

Theorem 2.2. Let (X, 7) be a topological space and let (P, Q) be a pair
of non-empty subsets of X. If (P, Q) is a 0,-separation relative to (X, 7),
then it is a separation relative to (X, 7).

Proof. Since the pair (P,Q) is a 6,-separation relative to (X, 7), then
(PNCly,(Q)) U (Cly,(P)NQ) = 0. By Theorem 1.3, we have

(PrQ) U (P1Q) € (PN Cly, (Q)) U (Cly, (P)N Q) = .

It follows that (PN Q) U (PNQ) = 0. Hence, the pair (P,Q) is a
separation relative to (X, 7).

Theorem 2.3. Let (X, 7) be a locally countable topological space and let
(P, Q) be a pair of non-empty subsets of X. Then (P, Q) is a ,-separation
relative to (X, 7) if and only if it is a separation relative to (X, 7).

Proof. Necessity. We can see it by Theorem 2.2.

Sufficiency. Suppose that the pair (P,Q) is a separation relative to
(X, 7). Then (PNQ)U(PNQ) = 0. Since (X, 7) is locally countable, then
by Theorem 1.5 P = Cly, (P) and Q = Clg, (Q). Thus,
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(PNCly,(Q) U (Clg, (P)NQ) = (PNQIU(PNQ)
= 0.

It follows that (P, Q) is a 6,-separation relative to (X, 7).

Example 2.11 will show that the condition ’locally countable’ in Theo-
rem 2.3 cannot be dropped.

Theorem 2.4. Let (X, 7) be a topological space and let (P, Q) be a pair
of non-empty subsets of X. If (P, Q) is a #-separation relative to (X, 7),
then it is a 6,-separation relative to (X, 7).

Proof. Since the pair (P,Q) is a @-separation relative to (X, 7), then
(PNCly(Q))U(Cly (P)NQ) = 0. By Theorem 1.3, we have

(PNCly,, (Q)) U (Cly, (P)NQ) € (PN Cly(Q)) U (Cly (P)NQ) = 0.

It follows that (P N Cly, (Q)) U (Cly, (P) N Q) = (. Hence, the pair
(P, Q) is a 6 ,-separation relative to (X, 7).

Theorem 2.5. Let (X,7) be an anti-locally countable topological space
and let (P, Q) be a pair of non-empty subsets of X. Then (P, Q) is a 6-
separation relative to (X, 7) if and only if it is a 6,-separation relative to
(X, 7).

Proof. Necessity. We can see it by Theorem 2.4.

Sufficiency. Suppose that the pair (P, Q) is a 6,-separation relative to
(X,7). Then (PN Cly, (Q)) U (Clg, (P)NQ) = (. Since (X,7) is anti-
locally countable, then by Theorem 1.7 Cly (P) = Cly, (P) and Cly (Q) =

Thus,

(PNClL(Q)U(ClL(P)NQ) = (PNCly, (Q))U(Cly, (P)NQ)
= 0.
It follows that (P, Q) is a #-separation relative to (X, 7).

Example 2.12 will show that the condition ’anti-locally countable’ in
Theorem 2.5 cannot be dropped.
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Definition 2.6. Let (X, 7) be a topological space. A subset A of X is said
to be 6,,-connected relative to (X, 7) if there is no 6,,-separation relative to
(X,7), (P,Q), such that A= P U Q.

Theorem 2.7. Let (X,7) be a topological space and A C X. If A is
connected relative to (X, 7), then A is 6,-connected relative to (X, 7).

Proof. Suppose A is not 6,,-connected relative to (X, 7). Then there is a
0.,-separation relative to (X, 7), (P, Q), such that PUQ = A. By Theorem
2.2, (P, Q) is a separation relative to (X, 7) with PUQ = A. Therefore, A
is not connected relative to (X, 7), a contradiction.

Theorem 2.8. Let (X,7) be a topological space and A C X. If A is
6.,~connected relative to (X, 7), then A is f-connected relative to (X, 7).

Proof. Suppose A is not f-connected relative to (X, 7). Then there is a
f-separation relative to (X, 7), (P, @), such that PUQ = A. By Theorem
2.4, (P,Q) is a f,,-separation relative to (X, 7) with A = PUQ. Therefore,
A is not 6,-connected relative to (X, 7), a contradiction.

Theorem 2.9. Let (X,7) be a locally countable topological space and
A C X. Then A is connected relative to (X,7) if and only if A is 6,-
connected relative to (X, 7).

Proof. Necessity. We can see it by Theorem 2.7.

Sufficiency. Suppose that A is 6,-connected relative to (X, 7) and sup-
pose to the contrary that A is not connected relative to (X, 7). Since A
is not connected relative to (X, 7), then there is a separation relative to
(X, 1), (P,Q), such that PUQ = A. By Theorem 2.3, the pair (P, Q) is
a 0 -separation relative to (X,7) with P U Q = A. Therefore, A is not
6.,~connected relative to (X, 7), a contradiction.

Theorem 2.10. Let (X, 7) be an anti-locally countable topological space
and A C X. Then A is 6,-connected relative to (X, 7) if and only if A is
f-connected relative to (X, 7).

Proof. Necessity. We can see it by Theorem 2.8.

Sufficiency. Suppose that A is f-connected relative to (X, 7) and sup-
pose to the contrary that A is not 6,,-connected relative to (X, 7). Since A
is not 6,,-connected relative to (X, 7), then there is a 6,,-separation relative

o (X,7), (P,Q), such that PU @ = A. By Theorem 2.5, the pair (P, Q)
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is a O-separation relative to (X, 7) with P U@ = A. Therefore, A is not
f-connected relative to (X, 7), a contradiction.

The following example shows in Theorem 2.9 that the condition ’locally
countable’ cannot be dropped:

Example 2.11. (Example 2.4 of [6]) Let I = [0,1],X =1 x I, and A =
I x {0}. Let 7 be the topology on X generated by the following base on
X: (1) the relative open sets from the plane in X — A and (2) for z € A,
sets of the form (V N (X — A)) U {x} where V is open in the plane with
x € V. It is proved in [15] that A is f-connected relative to (X, 7) but A
is not connected relative to (X, 7). Since (X, 7) is anti-locally countable,
then by Theorem 2.10, A is 6,,-connected relative to (X, 7).

The following example shows in Theorem 2.10 that the condition ’anti-
locally countable’ cannot be dropped:

Example 2.12. (Example 4 of [9]) Let X = Z and 7 be the topology
generated by B = {{2m — 1},m € Z} U{{2m — 1,2m,2m + 1},m € Z} as
a base. Let A = {2m,2m + 2}. It is proved in [9] that A is §-connected
relative to (X, 7). On the other hand, it is not difficult to check that the
pair ({2m}, {2m + 2}) is a separation of A relative to (X, 7) and so A is
not connected relative to (X, 7). Since (X, 7) is locally countable, then by
Theorem 2.9, A is not 6,,-connected relative to (X, 7).

For w-regular topological spaces, the concepts connectedness relative to
(X, 7) and 6,-connectedness relative to (X, 7) are equivalent:

Theorem 2.13. Let (X, 7) be an w-regular topological space and A C X.
Then the following are equivalent:

(a) A is 6 ,-connected relative to (X, 7).

(b) A is connected relative to (X, 7).

Proof. The definitions and Theorem 1.11.

For regular topological spaces, the concepts connectedness relative to
(X, 1), O,-connectedness relative to (X, 7) and #-connectedness relative to
(X, 7) are equivalent:

Theorem 2.14. Let (X,7) be a regular topological space and A C X.
Then the following are equivalent:
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(a) A is connected relative to (X, )
(b) A is 6,,-connected relative to (X, 7)
(c) A is f-connected relative to (X, 7).

Proof. The definitions and Theorem 1.12.

Notation 2.15. Let (X,7) be a topological space and let B C A C X
with A is non-empty.
(a) The closure of B in (A, 74) will be denoted by (F)A.

(b) The 6-closure of B in (A, 74) will be denoted by (ClygB) 4.
(c) The 6,,-closure of B in (A, 74) will be denoted by (Cly, B) 4.
(

d) The w-closure of B in (A, 74) will be denoted by (§w>A.

Theorem 2.16. Let (X,7) be a topological space and let B C A C X
with A is non-empty. Then (Cly, B), C Clg, (B) N A.

Proof. (Clg,B), C A is obvious. To see that (Clg,B), C Clp, (B), let
xz € (Clg,B),and U € 7 with x € U. Let V=UNA, then V € 74 and

z € V. Since z € (Clg,B),, then (VW)A N B # (. By Theorem 1.13,
(V“’)A = V“NA. Thus, (V“)AmB =VYNANBCT’NANBCT“NB
and hence U” N B # . Tt follows that = € Cly, (B).

Theorem 2.17. Let (X, 7) be a topological space and let A C X. If A is
0.,-connected relative to (A, 74), then A is f,-connected relative to (X, 7).

Proof. Suppose to the contrary that A is not 6,,-connected relative to(X, 7).
Then there is a 6,-separation relative to (X, 7), (P, @), such that A = PUQ.
By Theorem 2.16,

(PN (Clp,Q)4)U((Cly,P),NQ) S (PN (Cly, (Q)NA)U(Cly, (P)NANQ)
C (PN (Cly,Q))U((Cly,P)NQ)
_ 0

It follows that A is not 6,,-connected relative to (A4, 74), a contradiction.

Theorem 2.18. Let (X, 7) be a topological space and A C X, let D be
the closure of A in (X, 7y,). Then Cly, (A) C D.
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Proof. Let z € Cly, (A) and let U € 7y, with 2 € U. Choose V' € 7 such
that z € V C VY C U. Since = € Clp, (A), then V'NA # 0 and so
UNA#(. Thus, z € D.

Theorem 2.19. Let (X, 7) be a topological space and let A C X. If A is
6.,~connected relative to (X, 7), then A is connected relative to (X, mg,).

Proof. Suppose to the contrary that A is not connected relative to (X, 7g,,).
Then there is a separation, (P, @), relative to (X, 7, ) such that A = PUQ.
Let C and D be the closures of P and @ in (X,7y,), respectively. By
Theorem 2.18,

(PNCly, (Q)U(Cly, (P)NQ) S (PND)U(CNQ)
— 0.

It follows that A is not 6,,-connected relative to (X, 7), a contradiction.

The next example shows that the converse of Theorem 2.19 is not true
in general:

Example 2.20. (Example 2.26 of [4]) Let 7 = {(), R, N, Q¢, NUQ°}. Tt is
proved in [4] that 75, = {R, ), N}. Let A = N U {v/2}, then

(a) A is connected relative to (X, g, ).

(b) A is not 6,,-connected relative to (X, 7).

Proof. a) Suppose to the contrary that A is not connected relative to
(X, 79,). Then there is a separation, (P, Q), relative to (X, 7y,) such that
A = PUQ. Let C and D be the closures of P and @ in (X, 7y, ), respectively.
Without loss of generality let us assume that v/2 € P. Then /2 ¢ D. So,
there is U € 7y, such that v/2 € U and UN Q = . Since U = R, then
UNQ = Q # 0, a contradiction.

b) Let P =N and Q = {v/2}.To see that PN Cly, (Q) = 0, let = € P.
Since P € 7 and P'NQ = N'N{v/2} = NN{v2} =0, then z ¢ Cly, (Q).
To see that Clg, (P) N Q = § we show that v/2 ¢ Cly (N). Since V2 €
Q°c7and QNN = (R - N)NN = {), then v/2 ¢ Cly, (N).

Theorem 2.21. Let (X, 7) be a topological space and let A C X. Then
A is 6,-connected relative to (X, 7) if and only if when (P, Q) is a 0,-
separation relative to (X,7) and A C PU @, then either A C P or A C Q.
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Proof.  Necessity. Suppose that A is 6,-connected relative to (X, 7).
Let (P, Q) be 6,-separation relative to (X, 7) such that A C PU Q. Let
G=ANPand H=ANQ. Then

(GNCly,(H) U (Cly,(G)NH) S (PNCly,(Q))U(Cle,(P)NQ)
— 0.

Thus, (G, H) is a 6,-separation relative to (X, 7). Since A = GU H
and A is ,-connected relative to (X, 7), either G = ) or H = (). Thus
eitherA = AN P or A= ANQ. Hence either AC Por AC Q.

Sufficiency. Suppose to the contrary that A is not ,-connected relative
to (X, 7). Then there is a 6,,-separation, (P, @), relative to (X, 7) such that
A = PUQ. By assumption either A C Por A C Q. Hence Q = or P = 0,
a contradiction.

Theorem 2.22. Let (X,7) be a topological space and let A be 6,-
connected relative to (X, 7) and let B C X such that A C B C Cly, (A).
Then B is 6,-connected relative to (X, 7).

Proof. Suppose to the contrary that B is not 6,-connected relative to
(X, 7). Then there exists, (P, Q), f,-separation relative to (X, 7) such that
B = PUQ. Since A C PUQ, then by Theorem 2.21 either A C Por A C Q.
Thus, either we have Q C Cly, (A) C Cly, (P)or P C Cly, (A) C Cly, (Q).
So either we have @ C Cly, (P)NQ = 0 or P C PNCly, (Q) = 0. Therefore,
either P =) or @ =0, a contradiction.

Corollary 2.23. Let (X,7) be a topological space. If A is 6,-connected
relative to (X, 7), then Clg,(A) is ,-connected relative to (X, 7).

Theorem 2.24. Let (X, 7) be a topological space. If for each a € A, the
set A, is 0,-connected relative to (X, 7) such that A, N Ag # 0 for each a,

g e A, then |J A, is 0,-connected relative to (X, 7).
acA

Proof. Suppose to the contrary that |J A, is not 6,-connected relative
aEA

to (X, 7). Then there exists (P, Q), 0,-separation relative to (X, 7) such

that J Ao = PUQ. For each 8 € A, Ag is 0,-connected relative to
aEN

(X,7)and Ag C |J An = PUQ, so by Theorem 2.21 either Ag C P or
aEN
Ap C Q. Without loss of generality we may assume that Ag C P.
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Claim. Either we have A, C P for all « € A or we have A, C @ for all
a € A.

Proof of Claim. Suppose to the contrary that there are o, 8 € A such
that A, € P and Ag C Q. Then A, N Ag C PNQ =0, a contradiction.

By the above claim either ( |J Ao = Pand Q =0) or (U Aa = Q
[1SVAN aEA
and P = ()) which is a contradiction.

Theorem 2.25. Let f, be a sequance of 6,-connected relative to (X, 1)

subsets such that for all n € N, f,, N\ f41 # 0. Then | fy is 6,-connected
neN
relative to (X, 7).

Proof. For each n € N, let B,, = G fn-
i=1

(2

Claim. For all n € N, B,, is ,,-connected relative to (X, 7).

Proof of Claim. By induction.

B1 = fi is ,-connected relative to (X, 7). Suppose B,, is 6,,-connected
relative to (X, 7). Since f, N fn41 # 0 and f, N fry1 € By N fryr then
B, N fry1 # 0 and by Theorem 2.24 B,11 = B, U fn11 is 6,-connected
relative to (X, 7).

Since for each n,m € N, B, N B, = By # () where t = min {n, m},

then again by Theorem 2.24, |J B, = U fn is 0,-connected relative to
neN neN
(X, 7).

Theorem 2.26. Let (X,7) be a topological space and let A$beanon —
emptysubsetofX.ThenAisf,-connected relative to (X, 7) if and only if for
each two points z,y € A, there is a subset B C A with x,y € B, such that
B is 6,,-connected relative to (X, 7).

Proof. Necessity. Obvious.

Sufficiency. Choose z € A. By assumption, for each y € A there is 6,-
connected relative to (X, 7) By, which contains « and y and B,, C A. Since

A=y € AUB;y and v € () By, then by Theorem 2.24, A is ,,-connected
yeA

relative to (X, 7).
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Theorem 2.27. Let f : (X,7) — (Y,0) be a weakly 6,-continuous
function. If K is connected relative to (X, 7), then f(K) is 6,-connected
relative to (Y, o).

Proof. Suppose on the contrary that there is, (P, @), 0,-separation relative
to (Y, o) such that f(K) = PUQ. Let A= KNf~1(P)and B = KNf~1(Q).
Then A #0,B # () and K = AU B.

Claim. (A, B) is separation relative to (X, 7).

Proof of claim. Assume not. Without loss of generality we may assume
that there is * € AN B. Then 2 € K and f(z) € P C Y — Clg, (Q)
€ 19,. Choose V € o such that f(z) € V C VY CY — Cly, (Q). Since f
is weakly ,,-continuous, there is U € 7 such that z € U and f(U) C V".
So f(U)NQ = (. Since z € B, then UN B # . Chooset € UN B =
UNKNf4Q), then f(t) € f(U)NQ, a contradiction.

By the above claim we conclude that K is connected relative to (X, )
which is a contradiction.

3. 3. V-6,-Connectedness

In this section, we define and investigate V-6,-connectedness as a strong
form of V-0-connectedness. We show that the 6,,-connectedness and V-6,,-
connectedness are independent.

We start by the following relationship between connectedness and V-6-
connectedness.

Theorem 3.1. Let (X, 7) be a topological space and let A C X. If A is
connected relative to (X, 7), then A is V-0-connected relative to (X, 7).

Proof. Suppose to the contrary that A is not V-6-connected relative to
(X, 7), then there are disjoint non-empty sets P and @ and open sets U,V
such that A=PUQ,PCU,QCV,and UNV = (. Thus,

nv

(PHQ)UCFHQ) C @va) ( V)
( (Tn7)

UHV) v
U

0
0.
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Thus the pair (P, Q) is a separation relative to (X, 7), and so A is not
connected relative to (X, 7). This is a contradiction.

Example 3.6 will show that the converse of Theorem 3.1 is not true in
general.

Definition 3.2. Let (X, 7) be a topological space and let A C X. A is
V-0,,-connected if there are no disjoint non-empty sets P and ) and no
open sets U and V such that A= PUQ,PCU ,Q CV and U” NV = 0.

Theorem 3.3. Let (X, 7) be a topological space and let A C X. If A is
connected relative to (X, 7,), then A is V-0,,-connected relative to (X, 7).

Proof. Suppose to the contrary that A is not V-6,-connected relative to
(X, 7). Then there are disjoint non-empty sets P and ) and open sets
U,V such that A=PUQ,PCU,QCV,and U’ NV" = (. Thus,

(prw)(rng) < |
C (U“ mV“) U (U“’ mV‘“)
= Qu
0

Thus the pair (P, Q) is a separation relative to (X, 7,), and so A is not
connected relative to (X, 7,). This is a contradiction.

Question 3.4. Let (X, 7) be a topological space. Is it true that every
V-0,,-connected relative to (X, 7) is connected relative to (X, 7,)?

Theorem 3.5. Let (X,7) be a topological space and let A C X. If A
is V-0,,-connected relative to (X, 7), then A is V-0-connected relative to
(X, 7).

Proof. Suppose to the contrary that A is not V-f-connected relative to
(X, 7). Then there are disjoint non-empty sets P and @ and open sets U,V
such that A=PUQ,PCU,QCV,and UNV = (. By Theorem 1.16,
TNV CUNV =0, and so A is not V-6,,-connected relative to (X,7),
a contradiction.
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The following example shows that the converse of Theorem 3.5 is not
true in general:

Example 3.6. (Example 2.26 of [4]) Consider (R, 7) where 7 = {0, R, N, Q¢, NU
Q°}. Tt is proved in [4] that 79, = {R,0,N}. Let A =N U Q°. Then

(a) A is V-0-connected relative to (R, 7).

(b) A is not V-6,,-connected relative to (R, 7).

(c) A is ,-connected relative to (R, 7).

Proof . a) Suppose to the contrary that A is not V-6-connected relative
to (R, 7). Then there are disjoint non-empty sets P and () and open sets
UV such that A = PUQ, PCU,Q CV,andUNV =0. If U
=NUQ°or V=NUQ% thenUNV=NUQNV=RNV =V #0or
UNV=UNNUQ*=UNR=U # 0. So either (U =N and V = Q°) or
(V=Nand U=Q°. Thus, UNV = QN (R — N) # 0, a contradiction.

b) Note that 7, = TeocU{C : C C N} where 7, denotes the cocountable
topology on R, and {R} U{M : M is countable} U{R —C : C C N} is
the collection of w-closed sets of (R, 7). Let P=N=Uand Q =Q°=V.
Then U =Nand V' =Q°=R-Nandso U NV" = (R-N)NN = (.
This shows that A is not V-0,-connected relative to (X, 7).

c) Suppose to the contrary that there is a pair, (P,Q), that is 60,-
separation relative to (X, 7) such that NUQ® = PUQ. Note that {0, R, R—
N} is the collection 6,-closed sets of (R, 7). Thus, Clg, (P) = Clp,(Q) =
R — N. Since PN Cly,(Q) =QNCly, (P) =0, then P C N and Q C N
and so PU @ C N, a contradiction.

Theorem 3.7. Let (X,7) be an anti-locally countable topological space
and A C X. Then A is V-6,-connected relative to (X, ) if and only if A
is V-0-connected relative to (X, 7).

Proof. Necessity. Theorem 3.5.
Sufficiency. We can see it by Theorem 1.17.

The following example, together with Example 3.6, shows that 6,,-
connectedness relative to (X, 7) and V-6,-connectedness relative to (X, 7)
are independent:

Example 3.8. (Example 1 of [9]) Consider that topological space (R, 7,)
where 7, is the usual topology on R. Let A = (0,1) U (1,2). Then
(a) A is not 6,,-connected relative to (R, 7).
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(b) A is V-0 ,-connected relative to (R, 7).

Proof. a) Since A is not interval, then A is not connected relative to
(R,7y). Since (R,7,) is regular, then by Theorem 2.14 A is not 6,-
connected relative to (R, 7).

b) It is proved in [9] that A is V-f-connected relative to (R, 7,). Since
(R, 7,) is anti-locally countable, then by Theorem 3.7, A is V-0,,-connected
relative to (R, 7).

4. 4. R, and w-R; Separation Axioms

In this section, we continue the study of R; as a known topological property
by giving several results regarding it. We introduce w-Ry (I), w-Ry (IT), w-
Ry (I1I) and weakly w-R; as four weaker forms of R; by utilizing w-open
sets.

Definition 4.1. A topological space (X, 7) is said to be w-R; (1) if for any
two points z,y € X with {a} # {y}, there are U € 7, V € 7, such that
zelU,yeVandUNV =0.

Definition 4.2. A topological space (X,7) is said to be w-Ry (II) if
Clp,({z}) = {x} for all z € X.

Definition 4.3. A topological space (X, 7) is said to be w-Ry (I11) if for
any two points x,y € X with {x} # {y}, there are disjoint sets U € 7 and
Ver,suchthat (z €U andyeV)or (yeU and z € V).

Theorem 4.4. Every R; topological space is w-R; (I).
Proof. Follows directly from the definitions.
Theorem 4.5. Every w-R; (I) topological space is w-Ry (I1).

Proof. Let (X, 7) be w-R; (I). Suppose to the contrary that there is x € X

such that Clg, ({z}) # {z}. Since {z} C Cly ({z}) is always true, then
there is y € Clg,({z}) — {z}. Since y ¢ {x}, then {z} # {y} and by
assumption, there exist U € 7, and V € 7 such that x € U, y € V and
UNV =0. Since y € Clg,({z}) and y € V € 7, then V"N {z} # 0. So

zeV” SincexeUer,and z eV, then UNV # 0, a contradiction.

Theorem 4.6. Every w-R; (II) topological space is w-R; (I11).
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Proof. Let (X,7) be w-Ry (IT). Let xz,y € X with {z} # {_7} Since

(X,7) is w-Ry (II), then Cly, ({z}) = {2} and Cly,({y}) = {y} and so
Clp,({z}) # Clp,({y}). We have two cases to be considered:

Case 1. There is z € Clp,({z}) — Clp,({y}). Since z ¢ Clp,({y}), then
there exists U € 7 such that z € U and U~ N{y} = 0. Since z € U € 7 and
z€Cly,({z}) ={z},then UN{z} #Pandsoxz € U. Set V=X -U".
Then we have x e U e, yeV er,and UNV = ).

Case 2. There is z € Clg,({y}) — Clp,({z}). As Case 1, we can find U € T,
Ver,suchthatyeUer,zeVer,andUNV = 0.

Theorem 4.7. Every w-T5 topological space is w-Ry (I).

Proof. Let (X,7) be w-Ts and let z,y € X with {z} # {y}. Then = # .
Since (X, 7) is w-Tb, there are U € 7, V € 7, such that z € U, y € V and
UNV ={. Therefore, (X,7) is w-Ry (I).

Theorem 4.8. A topological space (X, 7) is w-T» if and only if it is w-
Ry (II) and T3.

Proof. Suppose that (X,7) is w-T>. Then by Theorems 4.7 and 4.5 it is
w-Ry (IT). Also, by Theorem 1.20 (b) it is Tj. Conversely, suppose that
(X,7)is w-Ry (II) and T7. To show that (X, 7) is w-T5, we apply Theorem
1.20 (a). Let z € X. By the definition of w-R; (I1), Clg,({z}) = {z}.
Since (X, 7) is T1, then {z} = {z}. It follows that Cly_({z}) = {z}. Hence
by Theorem 1.20 (a), it follows that (X, 7) is w-T5.

Corollary 4.9. A topological space (X,7) is w-T5 if and only if it is
w-Ry (I) and T1.

Proof. Suppose that (X,7) is w-T5. Then by Theorems 4.7 and 4.5 it
is w-Ry (II). Also, by Theorem 4.8 it is T;3. The converse follows from
Theorems 4.5 and 4.8.

Recall that a proper non-empty open subset U of a topological space
(X, 7) is said to be a minimal open set if any open set which is contained
inUis () or U.

Theorem 4.10. Let U be a minimal open set of a topological space (X, 7).
If for some x € U we have {x} C U, then {z} = U. In particular, U is
clopen.
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Proof. Suppose to the contrary that m # U. Then thereisy € U —m.
Choose V' € 7 such that y € V and {z} NV = 0. Since y € UNV € 7— {0},
UNV CU and U is minimal open, then U NV = U and hence U C V.
Since x € m C U, then x € V, a contradiction.

Recall that a space (X, 7) is locally indiscrete if every open subset of X
is closed. It is known that a topological space (X, 7) is locally indiscrete
if and only if (X, 7) is generated by a partition of X as a base. If B is a
partition of a non-empty set X and (X, 7) is the topological space generated
by B as a base, then U is a minimal open set of (X, 7) if and only if U € B.

Theorem 4.11. Every locally indiscrete topological space is R;.

Proof. Let (X, 7) be locally indiscrete. Let BB be a a partition of X which
forms a base of (X, 7). Let x,y € X such that {z} # {y}. If 2,y € B for
some B € B, then {} C B = B and {y} C B = B. Since B is a minimal
open set of (X, 7) then by Theorem 4.10, {z} = {y} = B. Therefore, there
are By, By € B such that x € By,y € By and B; N By = (). This ends the
proof that (X, 7) is Rj.

Theorem 4.12. Let (X, 7) be locally indiscrete. Then (X, 7) is w-T» if
and only if it is a discrete topological space.

Proof. Suppose that (X, 7) is locally indiscrete and w-T5. Then by Corol-
lary 4.9 it is T7. Thus, the singletons are closed in (X, 7). Since (X, 7) is
locally indiscrete, then the singletons are open in (X, 7). This shows that
(X, 1) is a discrete topological space. Conversely, if (X,7) is a discrete
topological space, then (X, 7) is obviously w-T5.

Theorem 4.13. Every w-locally indiscrete topological space is w-Ry (I7).
Proof. Follows from Theorem 1.23 (a).

Theorem 4.14. Let (X, 7) be an anti-locally countable topological space.
Then the following are equivalent:

a. (X,7) is R;y.

b. (X, 1) is w-Ry (I).

c. (X,7)isw-Ry (I1).

Proof. (a) = (b): Theorem 4.4.
(b) = (c): Theorem 4.5.
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(¢c) = (a): We apply Theorem 1.24. Let x € X. By (c), we have
Clg, ({z}) = {z}. Since (X, 7) is anti-locally countable, then by Theorem
1.7, Cly ({x}) = Clg, ({x}). Therefore, we have Cly({x}) = {z} Thus by
Theorem 1.24, it follows that (X, 7) is Rj.

The following example shows that the converse of Theorem 4.4 is not
true in general:

Example 4.15. Consider (N, 7) where 7 is the cofinite topology. It is
given in [4] as an example of an w-T5 topological space that is not T». By
Theorem 4.10, (N, 7) is w-R; (I) and by Corollary 4.9 it is 77. On the other
hand, if it is Ry, then by Theorem 1.21, it is T5. Therefore, it is not Rj.

The following example shows that the converse of Theorem 4.5 is not
true in general:

Example 4.16. Consider (R, 7) where 7 = {0, R, Q}. Clearly that (R, 7)
is w-locally indiscrete and by Theorem 4.13 it is w-Ry (I1). To see that
(R,7) is not w-Ry (I), suppose to the contrary that it is w-Ry (I). Since
{\/5} =R-Q andm: R, there are U € 7, and V € 7 such that 1 € U,

V2 eV and UNV = (. Since the only open set which contains v/2 is R,
then V=R and so UNV = U # (), a contradiction.

The following example shows that the converse of Theorem 4.7 is not
true in general:

Example 4.17. Let (X, 7) be any locally indiscrete topological space that
is not discrete. By Theorem 4.11 it is Ry, so by Theorem 4.4 it is w-R; ().
On the other hand, by Theorem 4.12 it is not w-T5.

Question 4.18. Is every w-R; (I11) topological space w-Ry (I1)?

Definition 4.19. A topological space (X,7) is said to be weakly w-R; if
for all z,y € X with {z} # {y}, there exist U,V € 7, such that x € U,
yeVandUNV = 0.

Theorem 4.20. Let (X, 7) be a topological space. Then (X, 7,) is R; if
and only if (X, 7,) is T5.

Proof. Since (X, ) is 11, then by Theorem 1.21 (X, 7,,) is R; if and only
if (X, Tw) is TQ.
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Theorem 4.21. Let (X, 7) be a topological space. If (X, 7,) is Ry, then
(X, 7) is weakly w-Rj.

Proof. Suppose (X,7,) is Ry. Let ,y € X with {z} # {y}. Then z #y
and so {z}~ = {z} # {y} = {y}". Since (X,7.) is Ry, then there exist
U,V €1, such that z € U,y € V and UNV = (). This shows that (X, 1)
is weakly w-R;.

The converse of Theorem 4.21 is not true in general as the following
example clarifies:

Example 4.22. Consider (R, 7), where 7 = {, R, (—00, 2], (2,00)}.

(R, 7) is weakly w-R;: Since is locally indiscrete, then by Theorem 4.11
it is R;.

(R, 7,) is not Ry: By Theorem 4.20 it is sufficient to see that (R, 7.)
is not T5. Suppose to the contrary that (R,7,) is T2. Then there are
UV € 1,such that 0 € U,1 € Vand UNV = (). Choose H,S € 7 and
countable subsets C, D C Rsuchthat 0 e H—C CUand1€S-DCV.
Then we must have H = S = (—o0,2] and (H — C)N(S— D) CUNV = 0.
So, (—00,2] € C'U D, a contradiction.

Theorem 4.23. If (X, 7) is locally countable, then (X, 7,) is R;.

Proof. Suppose that (X, 7) is locally countable. Then (X, 7,) is a discrete
topological space and so (X, 7,) is To. By Theorem 4.20, (X, 7,) is Rj.

Theorem 4.24. A locally indiscrete topological space (X, 7) is locally
countable if and only if it has a base which consists of countable sets that
form a partition of X.

Proof. Necessity. Suppose that (X, 7) is locally indiscrete and locally
countable. Let B be a base for (X, 7) which forms a partition of X. Let
B € B. Choose x € B and choose a countable set U € 7 such that x € U.
Since BNU € 7 — {0} and BNU C B, then BNU = B and so B C U.
Therefore, B is countable.

Sufficiency. Obvious.

Theorem 4.25. Let (X, 7) be a locally indiscrete topological space. Then
(X, 7w) is Ry if and only if (X, 7) is locally countable.

Proof. Necessity. Suppose that (X, 7) is locally indiscrete and (X, 7,)
is Ry. Let B be a base for (X, 7) which forms a partition of X. Let B € B.
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We are going to show that B is countable for every B € B. Suppose to the
contrary that there is B € B such that B is uncountable. Choose z,y € B
with  # y. Since (X,7,) is Ri, then by Theorem 4.20, (X,7,) is Tb.
So there are U,V € 7, such that x € U,y € V and UNV = (). Choose
H,S € 7 and countable subsets C, D C X such that t € H — C C U and
yeS—DCV.Sinccexe HNBC Bandy € SNB C B, then BC HNS.
On the other hand, (H —C)N(S—D)CUNV =0. So, BCCUD, a
contradiction. Theorefore, by Theorem 4.24, (X, 7) is locally countable.
Sufficiency. Suppose that (X, 7) is locally countable. Then (X,7,) is a
discrete topological space and so (X, 7,) is T>. By Theorem 4.20, (X, 7,)
is Rl.

Theorem 4.26. Every w-R; (I1]) topological space is weakly w-R;.

Question 4.27. Is every weakly w-R; topological space w-Ry (I11)?
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