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1. Introduction

In general topological spaces, the notion of semi-open sets was introduced
by Levine [10] and Cameron [1]: A set A of a topological spaces (X, 7) is
semi-open if there exists an open set U such that U C A C cU, where ¢
is the closure operator. Since this concept has played role in several sig-
nificant places in the study of topological spaces. In a topological space
X, the union of open sets and the union of semi-open sets is the whole
space X. Csdszdr [3] adapted this notion of semi-open set to a generalized
topological space: A pair (X,pu), p € P(X), the power set of a set X,
is called a generalized topological space (GTS) and p is called generalized
topology (GT) if p is closed under arbitrary unions; the elements of u are
called p-open sets; X may not be in u; A set A is p-semi-open if there
exists a U € p such that U C A C ¢,U, where ¢, is the closure operator in
(X, ). In this adaptation the union of u-semi-open sets may not be equal
to the union of p-open sets and hence a contrasting behavior of the above
notion with the classical definition of semi-open set is observed. To main-
tain the above equality, the notion of p-semi-open set is modified. A set A
in a GTS (X, p) is called p-semi-open if there exists a p-open set U such
that U C A C ¢,U N M, where M, is the union of all y-open sets. The
appropriateness of the definition introduced is shown by the fact that we
are able to extend all the basic results on semi-open sets in [8, 9, 10, 14] to
generalized topological spaces. Roughly the new definition does not permit
the spread of u-semi-open sets beyond the spread of p-open sets. If X € p,
the two definitions of u-semi-open set coincide.

Maheshwari and Tapi [11] introduced the notion of feebly open sets in
Topological spaces which are closely related to semi-open sets. Greenwood
and Rielly [7] studied feebly closed mappings. Following the same approach
as in [17, 18], we further study p-feebly open sets and separation axioms.
The behaviour of the above notions in respect of several types of mappings
is investigated.

The paper is organized as follows: Section 2 contains a summary of
basic notions and results used in the paper. In Section 3, we introduced
pu-semi-open set and pu-feebly open set. Several properties of these sets are
discussed in this Section. Section 4, contains separation axioms: p-semi-
Ry, p-semi-Tp, p-semi-T7, p-semi-To, p-feebly-Ry, u-feebly-Ty, u-feebly-Ty
and p-feebly-T5. In section 5, we discussed various type of functions like
p-semi-continuous, u-feebly continuous functions, p-closed functions.
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2. Preliminaries

Let (X, u) be GTS. Let M,, = U{U : U € u}. In general X may not be a
member of . If X € p then (X, p) is called a strong GTS. A set A C X
is called p-closed if its compliment in X is p-open. The generalized closure
of a set A C X, denoted by c,A, is the intersection of all p-closed sets
containing A. The generalized interior of a set A C X, denoted by i,A, is
the union of all py-open sets contained in A. The following properties are
known and will be used without reference.

Theorem 2.1. [2, 3, 4, 15, 16, 17] Let (X, ) be a GTS and A,B C X.
Then the following statements hold:

1. ACc,A and i, A C A.

2. A C B implies ¢, A C ¢, B and i, A C i,B.

3. cucyA =c, A and iyi A =1,A.

4. i, A=X —c, (X —A) and ¢ ;A =X —iy (X — A).
5. ¢, A is a p-closed set.

cyA =c, (ANM,) and i, A =i, (AN M,).

z € ¢, A if and only if v € U € p implies U N A # 0.

G NS

IfU,VepandUNV =0 then c,UNV =0 and UNc,V =0.
9. M, —c,A=X —c,A.

10. iy(c,A—A) = 0.

11. cuipeuiyA = cpiyA and iyc,t,0,A = d4c,A.
The following lemma is immediate.

Lemma 2.2. Ifpandv are GTs on aset X, then i C v implies ¢, A C ¢, A,
for all A C X.

Definition 2.3. Let (X, ) be a GTS and Y be a subset of X. Let py =
{UNY :U € pu}. Then (Y, py) is called a p-subspace of (X, ).
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Theorem 2.4. [19] Let (X, u) be GTS and (Y, py') be p-subspace of (X, j1).
Then ¢,y A = c,ANY for each subset A of Y.

Definition 2.5. A subset A of GTS (X, u) is said to be pu-nowhere dense
in X if i,c, A =0.

The following Lemma from general topological spaces is also extended
to GTS.

Lemma 2.6. Let X be a topological spaces and A C X. If A is semi open
and nowhere dense then A = ().

Proof. If A is semi-open in X, then there exists an open set in X such
that U € A C cU. Then cU C cA C ccU = cU. So icU = icA = (), where
1 is the interior operator of X, since A is nowhere dense. So U C icU = (.
Thus A = (.

Definition 2.7. Let (X, p) be a GTS and A C X. A point x € X is said
to be p-accumulation point of A if x € U € p implies U N (A — {x}) # 0.
The set of all accumulation points of A is called p-derived set of A and
denoted by A'.

It may be remarked that for any set A, X — M, C A
Lemma 2.8. Let (X, p) be a GTS and A, B C X then
(i) c,A=AUA.
(i) B = X — M, and A C B implies A" = X — M,,.

Proof. (i) follows from Theorem 2.1(v). (ii) Let € M. Then there
existsa U € psuchthatz € Uand UN(B —{z}) =0. SoUN(A —{z}) =0

Definition 2.9. [2] Let (X, u) and (Y,v) be GTSs. A mapping f : X — Y
is said to be (p,v)-continuous if f~(G) is p-open for each v-open set G.

It is remarked that if a mapping f : (X, u) — (Y, v) is such that f(x) €
M, for some x € X — M, then f can not be (u,v)-continuous. Thus, for
a (4, v)-continuous mapping f, it is necessary that f(X — M,) CY — M,.
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Definition 2.10. [5] Let X be a set and B C P(X) then B generates a
GT ppon X: A set A € p if for each x € A, there exists a B € B such that
x € BC A. B is called a generalized basis for this GT p.

Definition 2.11. [5] Let {(X;, 1i)} be a family of GTSs. Let B be the col-
lection: B = {[]A; : A; € p;}, where with the exception of a finite number
of indices A; = M,,,. Then the GT p on X = [[X; generated by the gener-
alized basis B is called generalized product topology denoted by p = [] ;.
The pair (X, p) is called a generalized product GTS.

In the notations of above definition, let A; C X; and A = ] 4;, then
the following lemma holds.

Lemma 2.12. [5] ¢, A =] ¢y, A

Definition 2.13. Two sets A and B in a GT space (X, p) are called p-
separated if AN ¢, B =0 and c,ANB = (.

Definition 2.14. [15] A set S C X is said to be p-connected if SN M, =
UUV,U and V are p-separated, implies U = () or V = ().

Lemma 2.15. Let (X,u) be a GTS. A,B C X, A is p-open and A C B,
then c, A C cuiyc,B.

Lemma 2.16. If A and B are subsets of GTS (X, ) and AN B =), then

tuCpip AN iyc,i, B = 0.

Proof. If ANB =0, then i,ANi,B = 0 so that i, A Ne¢uiyB = 0.
Therefore, i, A N i,c,i, B = 0 which implies that c¢,i, A Niyeyi,B = 0.
Hence, i,¢,1,A NiyeyiyB = 0.

Lemma 2.17. IfU and V are subsets of a GTS (X, ), U € pandU CV,
then ¢, U C c,iyc,V.

Definition 2.18. A subset A of a GTS (X, u) is called
1. [2] p-regular open (or pr-open) if i,c, A = A.
2. [6] p-preopen (or p,-open ) if A Ci,c,A.

3. [6] p-a-open (or ay-open) if A Ciyc,i,A.
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4. [15] p-p-open if A C cyiyc, AN M,.

5. p-regular semi open (or rs,-open) if there exists a py-regular open set
U such that U C A C ¢, U N M,.

The collections of all p-( ) sets in (i) to (v) of the above definitions are
denoted by pur, pu, oy, By, rs, respectively. The complements of the sets in
the above definitions are named similarly by replacing the word “open” by
“closed”, for example p-pre-closed (or p,-closed) for the complement of a
pu-open set and vice-versa. It follows using Theorem 2.1, a subset A of GT'S
(X, p) is a regular p-closed (or pr-closed) if and only if ¢,i,A = A; A is p,-
closed if and only if ¢,i,A C A; A is ay-closed if and only if ¢,i,c, A C A;
Ais B,-closed if i,c,i,A C Aand X — M, C A. For any set A, c,i,c,A is
ay-closed. Also if A € s, then A € s, but not conversely.

Lemma 2.19. If A is ur-closed subset of GTS (X, i), then i,A is pr-open.

The collection of ur-open sets in a GTS (X, 1) generates a GT on X,
called semi-regularization GT on X and denoted by 75 or s,.

Lemma 2.20. [17] If {z} is p-nowhere dense in a GTS (X, u), then {x}U
(X — M,) is oy-closed.

3. u-semi-open set and pu-feebly-open set

Definition 3.1. A subset A of a GTS (X, p) is called p-semi-open if there
exists a pi-open set U such that U C A C ¢, U N M,,.

Note that the empty set is p-semi-open in any GTS (X, ). If (X, p) is
strong, then the above definition is reduced to the one in [2]. A subset in a
GTS (X, ) is called p-semi-closed if its compliment in X is p-semi-open.

Theorem 3.2. A subset A of a GTS (X, p) is p-semi-open if and only if
ACcpiyzANM,.

Proof. Let A be p-semi-open. Then there exists a U € p such that U C
ACc,UNM,. Since U Ci,A, c,UNM, C cyi,AN M,. Therefore, A C
cuty AN M,. Conversely, A C c,i, AN M, implies i, A C A C c,i, AN M,.

Theorem 3.3. The collection of u-semi-open subsets in a GTS (X, u),
form a GT on X.
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Proof. Let {A,} be a collection of u-semi-open subsets in a GTS (X, u).
For each a, there exists O, € p such that O, C Ay C ¢,0q N M,,. Then
UaOa C UaAa € Ua€yOa N M, C ¢,(UaOg) N M,

Let us denote the GT of p-semi-open sets in a GTS (X, i) by s,.

Theorem 3.4. Every p-open subset of a GTS (X, ) is py-semi-open.

Proof. IfU € p,then U CU C ¢, UNM,.
Corollary 3.5. For a GTS (X, ), p C sp.

Theorem 3.6. Let (X,u) bea GTS and A€ s,. If AC B Cc,ANM,,
then B is p-semi-open.

Proof. There is a p-open set U such that U C A C ¢,UNM,. Then
U C Bandc,AC c,(c,UNM,) Ccu(c,U) =c,U. Therefore, c, ANM,, C
c,UNM,. Thus, U C B C ¢, UNM,.

Theorem 3.7. Let B = {B,} be a collection of subsets in GTS (X, )
such that

(i) n C B,

(ii) If B€ Band BC D C ¢,BNM, then D € B. Then s, C B and
thus, s, Is the smallest class of subsets in X satisfying (i) and (ii).

Proof. Let A € s,. Then there exists a U € p such that U C A C
c,UNM,. U € B by (i) so that A € B by (ii).

Theorem 3.8. Let ACY C X, where (X, ) is a GTS and (Y, py) is the
u-subspace of (X, ). If A is p-semi-open in X, then A is py-semi-open in
Y.

Proof. For some U € p, U € A C ¢,UNM,. By Theorem 2.4, now
ACY, U=UNY CANY =ACc,UNM,NY =cu, UNDM,,.

Lemma 3.9. If U is p-open subset of a GTS (X, ), then ¢,U — U is
nowhere p-dense in X.
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Proof. X —c¢,(c,U—-U)=X—cu(c,UNU®) =1,[(c,UNU)] =14,[UU
(X = U)] =UU(X —¢,U) since U is p-open. So cu[X —cu(c,U—U)] =
culUU(X —¢,U)] = X, that is, X — ¢, [X — ¢u(c,U — U)] = 0. Therefore,
iucu(cyU — U) = 0 and thus, ¢,U — U is nowhere p-dense in X.

Theorem 3.10. Let (X, ;) bea GTS and A € s,,. Then A =UUB, where
(i) U € u, (ii) UN B = and (iii) B is nowhere p-dense in X.

Proof. LetU C ACc,UNM, forsomeU € u. But A=UU(A—-U).
Let B=A—-U. Then B C ¢,U —U and B is thus nowhere p-dense by
Lemma 3.9.

Theorem 3.11. Let (X, ;) be a GTS and A = O U B be a subset of M,
such that (i) § # O € p (ii). A is p-connected, and (iii). B = X — M,,.
Then A € s, .

Proof. It is sufficient to show that B C ¢,0ONM,. Deny. Then B =
B1UB>, where B; C C,uO N MM and () # By C MM - CMO. Now A = OUB1U
By and OUB; # () by (i). Then OUB; C ¢,0 N M, and BoNe, O = 0. Thus,
(OUBy)NeuBa = (OUB) N (BaUBy') = (0OUBy)N(BaU (X — M,,)) =
(OUB1)N By = 0. Also ¢,(OUBy) C c,(cp,NM,) C ¢,c,0 = ¢,0.
Therefore, BoNc, (O U By) = 0. Thus, OUB; and By are p-separated sets.
Therefore, A is not p-connected, a contradiction to (ii).

Definition 3.12. Let B = {B,} be a collection of subsets in GTS (X, 11).
Then we define Int B = {i,B, : B, € B}

Lemma 3.13. For a GTS (X, u), p =Int s,,.

Proof. p € Int s, since for each U € p, i,U = U, and U € s, by
3.9. Conversely, let U € Int s,. Then U = i,A for some A € s,. Then
U=1i,Aecp.

Theorem 3.14. Let (Xi,p1) and (Xo,pu2) be GTS, X = X; x Xy and
1 = 1 X po be the generalized product topology on X. If Ay is p1-semi-
open and As is pg-semi-open. Then Ay x Ag is p-semi-open.
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Proof. Let A; = O, UB;, O; € p; and B; € C,,0; N M, for i = 1,2.
Then A1 x Ay = (01 X 02) U (Bl X 02) U (01 X Bg) U (Bl X Bg) then
01 x 02 is p-open and (B x O2)U(O1 x Ba)U(By x B2)C (¢,,01 N My,,)
(6#202 A MM2) = (CulOl X 0#202) N (Mul X MM2) = Cuaxpe (01 x 02) N
M, x s, by Lemma 2.12. It follows that A; x Aj is p-semi-open in X.

Lemma 3.15. If A is a pu-semi-open and p-nowhere dense subset of a GTS
(X, ), then A = 0.

Proof. Let A be pu-semi open. Then there exists a U € p such that U C
ACc,UNM,. Thus, c,U C c,AC c,c,U = c,U. Therefore, c,U = c,A.
So U C i,c,U =iy, A =10. So that U = 0 and ¢, U = ¢,0 = X — M,.
Therefore, ¢, U N M, = (. Thus, A = 0.

Lemma 3.16. Let A be asubset of a GTS (X, ), then is,c, A = cyiyc, AN
M,

Proof. Since ¢y ic AN M, = cuipcyinc, AN M, = cuiy(cyipc, AN
M,)NM,, cyinc, AN M, is a p-semi-open set. Since ¢,i,c, A C ¢, A, then
cutucyANM, Cc,A. So cyiuc, ANM, C isucﬂA. On the other hand, if U
is any p-semi-open set contained in ¢, AN M, then U C ¢,i,(c, ANM,)N
My, = cpipc, AN My, Therefore, is,c, A C cpiye, AN My,

Lemma 3.17. For a subset A of a GTS (X, 1), ¢s,A = AUi,c, AU (X —
M,,).

Proof.  Since c;, A is s,-closed, i,c,(cs, A) C cs, A. Therefore, i,c,A C
cs,A. So AU i, A C e, A Also X — M, C ¢, A. Hence, AUi,c, AU
(X —M,) C cs, A. On the other hand, since i,,c,(AUd,c, AU(X —M,)) C
iucu(AUc, AU(X —M,)) = i,uc,A. Therefore, i,c, (AU, c, AU(X —M,)) C
AUiuc, AU (X — M,). Hence, AU i,c, AU (X — M,)

is s,-closed, and therefore, ¢;, A € AUid,c, AU (X — M,,).

Lemma 3.18. [17] Let « be a point in a GTS (X, u). Then {z} is p-
nowhere dense or p,-open.

Lemma 3.19. Let = be a point in a GTS (X, ). Then {z} is p-nowhere
dense or {x} Ciyc{x} = cs, {x} N M,.
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Proof.  Suppose that {z} is not y-nowhere dense. Then z € i,c,{x}.
By Lemma 3.17, cs, {7} = {2z} Uiyc {z} U(X — M,) = i e {z} U(X — My).
Then {z} Ciyc {z} = cs, {x} N M.

Lemma 3.20. Let A be a subset of GT'S (X, ). Then iz, A = ANcyi AN
M,

Proof.  Since c;, A = AUi,c, AU(X —M,,). Then (X —cs, A) = X — (AU
i AU(X —My,)). Sois, (X —A) = (X —A)N(X —iuc, A)N(X — (X —M,,)),
Therefore, 45, (X — A) = (X — A) Neyipy(X — A) N M,. Let X — A = B,
then i5, B = BN cyiy, BN M,.

Lemma 3.21. Let A be a subset of GTS (X, ). Then cs,is, A =15, AU
ipcuiy AU (X — M)

Proof. By Lemma 3.17, ¢, is, A = i5, A Uiycyis, AU (X — M,). So
Cs, b5, A =15, AUd,c (AN cuiy AN M) U(X — M,) Cig, AU,
(cuANcuipAne,M,) U (X —M,) Cis, AU (iuc AN igeyiy AN dc, My) U
(X —M,) Cis, AUdyc,i, AU(X — M,,). To establish the opposite inclusion,
we observe that ¢, is, A = is, AUi,cu0s, AU (X — M,) D is, AUdycui, AU
(X — M,).

Lemma 3.22. Let (X, p) be a GTS. If A € s, then c,i,A = c,A.

Proof. If A€ sy, then AC c,i, ANM, C c,i,A. Therefore, i,A C A C
cutyA. Hence, c,iy A C ey A CcpiyA.

Definition 3.23. [16] A GTS (X, p) is called extremally p-disconnected if
c,UNM, € p for every U € p.

Lemma 3.24. If a GTS (X, p) is extremally p-disconnected, then ¢, A =
cs, A for every A € sy,

Proof. cs,A C ¢, A for any subset A of X. On the other hand, let
0 #Acs,and x ¢ cs, A, then there exists B € s, such that € B and
BNA={. Thus, i,BNi,A = 0. Since X is extremally p-disconnected,
(euinB N M,) NeyiyA = 0. Since B is sy-open, B C ¢,i, BN M, so that
BneyiyA=0. Therefore, x ¢ ¢,i,A = ¢, A, by Lemma 3.22.

Definition 3.25. Let (X, p) be a GTS. A subset A C X is said to be
p-feebly-open if there is a p-open set U such that U C A C ¢, U N M.
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The set of all u-feebly-open sets is denoted by f,. The empty set is
trivially p-feebly-open. A set is u-feebly-closed if its complement is u-
feebly-open.

Theorem 3.26. A set A of (X,u) is u-feebly-open if and only if A C
Cs, i AN M.

Proof. Let A be p-feebly-open. Then there exists a U € p such that U C
A C cs, UNM,. Since U C inA, cs, U N M, C csuiuAﬂMu. Therefore,
A C cSHiMAﬂMM. Conversely, A C csMiMAﬂMM implies i, A C A C
Cs, tp AN M.

Theorem 3.27. The collection f,, is a GT on X.

Proof. Let {A,} be a collection of u-feebly-open sets in a GTS (X, u).
For each « there exists O, € u such that O, C A, C ¢s,Oa N M,,. Then
UaOa € UaAa € Uacs, Oa N My, C cs, (UaOq) N My,

Theorem 3.28. For a GTS (X, i), every p-open set is p-feebly-open.

Proof. U € pimplies U CU C cs, U N M,.

Theorem 3.29. For a GTS (X, 1), every f,-open set is s,-open.

Proof. Let A is u-feebly open. Then there exist p-open set U such that
UCAC cs, U N M,. Since cs, U C ¢, U, then U C ACc,UNM,.

Corollary 3.30. For a GTS (X, pn), 1 C fu C sp.

Lemma 3.31. A subset A of (X, j1) containing (X — M,) is u-feebly closed
if and only if is,c, A C A.

Proof. Let A be p-feebly closed. Then there exist a U € p such that
UC(X-A)Cc,,UNM,. Then X —cs,i,U C A, that is, is,c, (X -U) C A.
Then i5,c, A C A. Conversely, let i5,c, A € A. Then X —A C ¢, (X —c,A).
Thus, A is u-feebly-closed.

Theorem 3.32. Let (X, u) be a GTS. Then A C X is p-feebly-open if and
only if A is oy,-open.
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Proof. If A is u-feebly-open, then there is a p-open set U such that U C
A C ¢, UNM,. By Lemma 3.17, ¢, , U = UUi,c,UU (X — M) = i,c,UU
(X —=M,). SoU C A C (iyc, UU(X —M,))N M, =i,c,U. Consequently,
ipucuiyA =i,c,U. Thus, we have that A Ci,c,i,A. Conversely, let A C X
be a ay-open. Then i,A C A C i,c,i,A. Now let U = i,A. Then
U C ACiuc,U. Therefore, U C AC (UUi,c,UU(X —M,))NM,. So,
by Lemma 3.17, U C A C ¢;,U N M.

4. (u~-semi and p-feebly)-separation axioms

Definition 4.1. A GTS (X, u) is called

1. u-Ro [18] if x € U € p implies ¢, {x} "M, C U.

2. p-Ty [17] if for any pair of distinct points x,y € M, there exists
p-open set containing precisely one of x and y.

3. p-Ty [13] if x,y € M,  # y implies the existence of p-open sets Uy
and Uy such that x € Uy and y ¢ Uy and y € Us and x ¢ Us.

4. p-Ty [13] if x,y € M, x # y implies the existence of disjoint p-open
sets Uy and Uy containing x and y, respectively.

5. p-regular (G-regular) [12, 13] if for each u-closed set F' and a point
x ¢ F there are disjoint p-open sets U and V' such that x € U and
FAM,CV.

6. p-normal (G-normal) [12, 13] if for any p-closed sets A and B such

that AN BN M, =0 there exist disjoint pi-open sets U and V such
that ANM, CU and BNM, CV.

Definition 4.2. A GTS (X, p) is said to be
1. p-semi-Ry if x € U € s, implies cs, {x} N M, CU.

2. p-feebly-Ry if x € U € f,, implies ¢y, {x} N M, C U.

Theorem 4.3. A GTS (X, ) is p-semi-Ry if and only if x € U € s,,
implies i,c,{x} C U.
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Proof.  Let (X, ) be py-semi-Rg and if x € U € s,,. Then ¢, {z} N M, C
U. By Lemma 3.17, ({z} Uiyc{z} U (X — M,)) N M, C U. Therefore,
{z} Uiye {x} CU. Conversely, if for if x € U € s, implies i,c,{z} C U.
Then {z}Ui,c,{x} C U. Therefore, ({x}Uiyc {z}U(X —M,))NM, CU.
Hence, by Lemma 3.17, ¢s, {z} N M, C U.

Theorem 4.4. If a GTS (X, p) is p-Ro, then it is p-semi-Ry.

Proof. Let x € V € s,. There is a p-open set U such that U C V C
c,UNM,,. Suppose that z € U. Since (X, p) is p-Ry, then ¢, {z} "M, C U.
Therefore, cs, {z} N M, C U C V. Now suppose that z € V — U C
(cuUNM,) —U. Then iyc {z} = 0 and ¢, {z} N M, C V.

Theorem 4.5. A GTS (X, i) is p-feebly-Ry if and only if (X, ov,) is co-Ro.

Proof.  The proof follows from Theorem 3.32.

Theorem 4.6. If (X, u) is p-feebly-Ry, then (X, ay,) is ay-semi-Ry.

Proof. The proof follows from Theorem 4.4 and Theorem 4.5. The
converse of the above Theorem is not true.

Example 4.7. Let X = {a,b,c} and p = {{0},{a}, {b},{a,b}, X} be GT

on X. Then, s, = {{0},{a},{b},{a,b},{b,c},{a,c}, X}, fu = o =, and
Sa, = Su. Cleary, (X, ) is ay-semi-Ro but (X, u) is not u-feebly-Ry.

Theorem 4.8. If (X, u) is u-Ro, then it is u-feebly-Ry.

Proof. Let z € U € a,. By Lemma 3.19, {z} is g-nowhere dense or
{z} Ciucu{r} = cs, {z} N M. If {z} is p-nowhere dense, cq, {2} N M, =
{z} CU. If {z} Ciucp{x} = cs, {x} N M, then c,{z} N M, Ci,c.{r}
since (X, p) is p-Ro. ca,{x} "M, C cs, {x} " M,. By Theorem 4.4, (X, 1)
is pi-semi-Rp and U € s,,. Then c,, {x}NM, C U. Hence, cq,{z}NM, CU.
Thus (X, o) is a,-Ro, So that by, Theorem 3.16, (X, i) is p-feebly-Ry.

Definition 4.9. A GTS (X, ) is p-semi-Ty (u-feebly-Ty) if (X, s,) (resp.
(X7 fu)) is Su‘TO (resp. fu‘TO)

Obviously, if a GTS (X, u) is pu-Tp then it is p-semi-Ty. The converse is
not true.
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Example 4.10. Let X = {a,b,c,d} and pp = {{0}, {b}, {d},{b,d},{a,b,c}, X}
be GT on X. Then, Sp = {{®}7 {b}> {d}a {a’a b}7 {b> C}? {b> d}7 {CL, b, C}a {ba Cy d}z
{a,b,d}, X}. Clearly, (X, p) is p-semi-Tp but not p-Tp.

Theorem 4.11. A GTS (X, p) is p-feebly-Ty if and only if (X, «y,) is ay-
To.

Proof. The proof follows from Theorem 3.32.

Theorem 4.12. If a GTS (X, p) is p-semi-Ty, then (X, oy,) is oy — Tp.

Proof.  Let (X,u) be pu-semi-Ty and z,y € M, and = # y. Let U € s,
be such that y € U and ¢ U. Then y ¢ c;,{z}. By Lemma 3.19, {z}
is p-nowhere dense or {z} C i, c {r} = cs, {x} N M. If {x} is p-nowhere
dense, then by Lemma 2.20, {z} U (X — M) is ay-closed. So there is a-
open set containing y but not z. If {z} C i,c{z} = cs, {x} N My, then
y ¢ iucu{x}. So there is p-regular open set containing « but not y. Thus,
(X, o) is ay — To.

Definition 4.13. A GTS (X, u) is said to be
1. p-Tp if ¢y {x} — {x} is p-closed for each x € M,,.
2. p-semi-Tp if ¢, {x} — {z} is s,-closed for each x € M,,.
3. s,-Tp if cs,{x} —{z} is p-closed for each v € M,.
4. s,-semi-Tp if (X, s,) is s,-Ip.

It is obvious that if a GTS is u-Tp, then it is p-semi-Tp, and if (X, p)
is s,,-1p, then it is s,-semi-Tp.

Theorem 4.14. If a GTS (X, ) is p-semi-Tp then it is s,-semi-Tp.
Proof. For x € My, c; {z} — {z} = (cp{z} — {z}) Necs, {2}

Theorem 4.15. In a GTS (X, u), if for each x € M, {«} is either p-
nowhere dense or pi-open, then (X, oy,) is o,-Tp.
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Proof. For z € M,, by the assumption, {z} is p-nowhere dense or
p-open. If {z} is p-nowhere dense, then co, {z} = {z} U (X — M,). So
that cq, {z} — {2} = X — M, is a a,-closed set. If {x} is p-open, then
Ca iz} —{z} = ca, {2} N (X —{x}) is ay-closed. Thus, (X, ) is ay is Tp.

Theorem 4.16. If (X, p1) is p-semi-Tp, then it is s,-semi-Tp.

Proof.  Let z € M, then cs, {z} — {z} = (cu{z} — {z}) N su{z}. Since
cu{z} —{x} is s,-closed, cs, {x} — {z} is s,-closed.

Definition 4.17. A GTS (X, p) is p-semi-T (p-feebly-T1 ) if for each pair
of distinct points x,y € M,,, thereis aU € s, (resp. U € f,,) set containing
x but not y.

Obviously, a GTS (X, u) is p-semi-T7, then it is p-semi-Tj and for each
x e My, {z} U(X — M,) is s,-closed if and only if (X, p) is p-semi-T7.

Theorem 4.18. A GTS (X, p) is p-semi-1y if and only if each singleton
{z} € M,, is p-nowhere dense or u-regular open.

Proof.  Let (X,u) be p-semi-T} and « € M,. Then {z} U (X — M,)
is s,-closed so that cs,{z} " M, = {x}. By Lemma 3.19, either {z} is
p-nowhere dense, or i,c,{x} = {«} so that {z} is pu-regular-open.

Conversely, let x € M,,. If {x} is p-nowhere dense, then {z}U(X —M,)
is s,-closed and if {z} is pr-open, then i,c,({z} U(X — M,)) = i,c{z} =
{z} C{z} U (X — M,) and so {z} U (X — M,) is s,-closed.

Definition 4.19. Let (X, ) be a GTS. A set {z} C M, is p-clopen if {x}
is p-open and {x} U (X — M,) is p-closed.

Theorem 4.20. A GTS (X, p) is p-feebly-T; if and only if (X, ay,) is -
1.

Proof.  The proof follows from Theorem 3.32.

Theorem 4.21. A GTS (X, u) is p-feebly-T; if and only if for each x €
M, {x} is p-nowhere dense or {x} is p-clopen.
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Proof. Let (X,ay) be a,-T1. Then co, {2} = {z} U (X — M,), so that
cpipcu({x} U (X — M,)) € {z} U (X — M,). By Lemma 3.19, {z} is p-
nowhere dense or {z} C i c {z} C cs, {z} N M,. If {z} Ci,c {x}, then
{z} Ciucu{z} C cpipc ({2} U (X — My)) N M, = {z}. So that {z} is
p-open and {z} U (X — M,,) is p-closed. Thus, {«} is p-clopen. Conversely,
since for each € M, p-nowhere dense set {z} and p-clopen set {z},
{z} U (X = M,)is ap, (X, ) is a-Th.

Corollary 4.22. If a GTS (X, p) is p-feebly-T; then it is u-semi-T;.
The converse of the above corollary is not true (see [9]).

Definition 4.23. A subset A of a GTS (X, p) is said to be p-regular semi-
open if there is a pr-open set U of X such that U C A C ¢, U N M,,. The
set of all u-regular semi-open sets is denoted by rs,,.

Definition 4.24. A GTS (X, u) is called
1. p-semi-Ty if (X, s,) is s,-T5.
2. p-feebly-Ty if (X, fu) is fu-To.

Theorem 4.25. Let (X, ) be GTS. Then (X, ) is p-Ty if and only if
(X, o) is ay-To.

Proof.  Let (X, ) is ay-T>. For distinct points = and y in M, there
exist U,V € a, such that x € U, y € V and UNV = (. Therefore, by
Lemma 2.16, i,¢,i,U Niye,i,V = 0. Conversely is obvious.

Lemma 4.26. A subset A of a GTS (X, p) is u-regular semi-open if and
only if A is s,-open and AU (X — M,,) is s,,-closed.

Proof. Let A € rs,. Then there exists a p-regular open set U of X such
that U C A C ¢, UNM,. Then U = i,c,U = i,c,A. Therefore, i,,c, A C A
so that AU (X — M) is s,-closed. Also A C ¢, UNM, = c,i,UNM, C
cuiyAN My, sothat A € s,. Conversely, let A € s, and AU (X — M) be
sy-closed. Then i,c, A C A C cyizANM, C cuiyc, AN M, and i,c,A is
pu-regular open. Then A is u-regular semi-open.

From Lemma 3.17, it is easily observed that if A € s, then ¢;, ANM,, €
s, and so, by Lemma 4.26, cs, AN M, € rs,. Thus, the following theorem
follows.
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Theorem 4.27. A GTS (X, u) is p-semi-Ty if and only if for each pair of
distinct points x,y € M,,, there is a p-regular semi-open set U containing
x but not y or containing y but not x.

Definition 4.28. A GTS (X, u) is called

1. p-regular semi-Ty if for each pair of distinct points x,y € M,,, there
is a p-regular semi-open set U containing one of the points.

2. p-regular semi-1y if x,y € M,, x # y implies the existence of -
regular semi-open sets Uy and Us such that x € Uy and y ¢ U; and
y € Us and x ¢ Us.

3. p-regular semi-Ts if v,y € M, v # y implies the existence of disjoint
p-regular semi-open sets Uy and Us containing x and y, respectively.

Theorem 4.29. Ifa GTS (X, p) is p-regular semi-T5, then it is p-semi-T.

Proof. The proof follows from Lemma 4.26.
From Theorem 4.27, the following implications follow:

p-regular semi-75 = p-regular semi-77 = p-regular semi-7p

)

p-semi-Tp = p-semi-77 = p-semi-T5
The following corollary is corollary 2.23 [20)].

Corollary 4.30. If U is p-open, then c; U = c,U.

Lemma 4.31. rs, = rs;,.

Proof.  From Corollary 4.30, it follows that if a set A is 75-semi-open,
then it is p-semi-open and hence from Lemma 4.26, rs;, C rs,. On the
other hand, let A € rs,. Then there exists a ur-open set U such that
UCACc,U. Since ro, = roy,, by corollary 4.30, A € rs,,.

A property P in (X, ) is said to be p-semi-regular if provided (X, p)
has P if and only if (X, 7,) has P.

Theorem 4.32. p-semi-15 is p-semi-regular property.

Proof.  The proof follows from Theorem 4.27 and Lemma 4.31.
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5. Mappings

Definition 5.1. A mapping f : (X,p) — (Y,v) is said to be (u, v)-semi-
continuous at a point x € X if for each v-open set V containing f(x), there
exists a p-semi-open set U containing x such that f(U) C V. If f is (u,v)-
semi-continuous at each point of X then f is called (u,v)-semi-continuous
on X.

Remark 5.2. Note thatif f : (X, ) — (Y,v) isamapping and f(z) € Y — M,
then f is trivially (u,v)-semi-continuous at x. If x € X — M,, and f(x) €
M, then f is not (u,v)-semi-continuous at x since there is no p-semi-open

set U containing x. Thus, for f to be (u,v)-semi-continuous it is necessary
that f(X —M,) CY —M,.

Theorem 5.3. For a mapping f : (X,u) — (Y,v), the following state-
ments are equivalent:

1. f is (u, v)-semi-continuous.

f~1(V) is p-semi-open for each v-open set V.
f~Y(F) is p-semi-closed for each v-closed set F'.
f(es,A) C c,(f(A)) for any subset A of X.

¢s, (fH(B)) C f~(cyB) for any subset B of Y.

S TR N

fHiw(B)) Cis, (f~1(B)) for any subset B of Y.

Proof.  The implications, (i) implies (i7), and (¢3) if and only if (iii) are
obvious.

(791) = (). Byf Y, (f(A))) is sy-closed and A C f~1(c,(f(A))). There-
fore, ¢s, A C f~(cy(f(A))). Thus, f(cs, A) C e (f(A)).

(iv) = (v). Let A = f~%B). Then f(cs,(f"*(B))) C ¢, B. Thus,
Csu(f_l(B)) - f_l(CV )-

(v)(:> (( ')))By (iv), €5, (f 1 (Y =B)) € f~ (e (Y=B)). Then f~1(in(B)) C
(SH) = (7). Let U € v. Then, by (vi), f~1(U) C is,(f1(U)). Therefore,

FHU) =i, (1))

Theorem 5.4. A mapping f : (X,pu) — (Y,v) is (i, v)-semi-continuous if
and only if f : (X, s,) — (Y,v) is (s, v)-continuous.
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Definition 5.5. Let (X, p) and (Y,v) be GTSs. A function f: (X, u) —
(Y,v) is called

1. [4] closed if the image of p-closed set is v-closed.
ay-closed if f: (X, u) — (Y, ) is closed.
semi-closed if f : (X, pu) — (Y, s,) is closed.
feebly-closed if f : (X, p) — (Y, f,) is closed.
pre-closed if f : (X, u) — (Y,py) is closed.

[4] open if the image of p-open set is v-open.

NS vk N

semi-open if f: (X, u) — (Y, s,) is open.
Theorem 5.6. The following statements are equivalent:
1. f:(X,p) — (Y,v) is feebly-closed.
2. f:(X,p) — (Y,v) is ay-closed.

Theorem 5.7. A function f: (X, u) — (Y,v) is oy-closed if and only if it
is semi-closed and pre-closed.

Theorem 5.8. Let f: (X, ) — (Y, v) be a closed function, and B,C C Y.

1. IfU is a p-open set such that f~1(B) C U, then there exists a v-open
set V containing B such that f~1(V) C U.

2. Iff"YBYCReu, f/YC)C S ecuand RNS =, then there exist
disjoint p-open sets U and V' such that B C U and C C V.

Proof.

1. Let V C Y besuch that (Y—V) = f(X—U). Since f is closed, then V'
is v-open. Since fY(B) CU, (Y -V)=f(X-U)C ff~Y(Y-B) C
(Y — B). Therefore, B C V. Now (X —U) C flf(X -U) =
Y Y - V) =X — f~4(V). Hence, f~1(V) C U.

2. Let fY(BYCReu, fH(C)C S e€pand RNS = 0. Then, by (i),
there exist p-open sets U and V' containing B and C, respectively,
such that f~%(U) C Rand f~1(V) C S. Since, f~H(U)Nf~1(V) =0,
unv =4.
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Theorem 5.9. Let f: (X,u) — (Y,v) be feebly-closed and B,C C Y. If
there exist two disjoint p-open sets R and S such that f~'(B) C R and
f~HC) C S, then there exist two disjoint v-open sets R and S such that
BCR andCCS.

Proof. If f: (X,u) — (Y,v) is feebly closed then by Theorem 5.6 it
is ay-closed. Therefore, f : (X,u) — (Y,a,) is closed. Thus, the result
follows from Theorem 5.8.

Definition 5.10. A function f : (X, u) — (Y, v) is said to be
1. (p,v)-weekly-open if f(U) C i,(f(c,U)) for every p-open set U.

2. (p,v)-almost-open if for every pr-open set U of X, f(U) is v-open in
Y.

3. (p,v)-irresolute if f~1(U) is s,-open for every s,-open set U.
U of X, f(U) is v-open in Y.

Lemma 5.11. If a function f: (X, u) — (Y,v) is (i, v)-almost-open, then
it is (u, v)-weekly-open.

Proof. Let U be a p-open set. Since f is (u-v)-almost-open, f(i,c,U)
is v-open. Hence, f(U) C f(iuc,U) C iy f(c U).

The converse of the above lemma is not true in general ( See Example
1.5 in [14)).

Theorem 5.12. If a function f : (X,pu) — (Y,v) is (u,v)-almost-open,
(p, v)-semi-continuous and f(M,) C M,, then it is (u, v)-irresolute.

Proof. LetV € s,. Then there exists a v-open set A such that A CV C
c,ANM,, so that f~1(A) C f~1(V) C f~1(c, AN M,). Therefore, in view
of Remark 5.2, f~}(A) C f~4V) C f~1(c, A)N M,. Since f is (i, v)-semi-
continuous, f~1(A) € s, and thus, f~1(A4) C ¢ i (f71(A)NM,. Put F =
Y — f(X — cuin(f~1(A))). Then F is v-closed because f is (u,v)-almost-
open and c,i,(f 71 (A)) is pr-closed. Now X —c,i,(f~1(A4)) C X—f71(4) =
f7H(Y—A). Therefore, f(X—cui (f~1(A))) C f(f~HY—-A)) C (Y—A),s0
that A C F. Thus ¢, A C F. Similarly, f~'(F) C cui,f~'(A). Therefore,
f ey A) Ceu(f~HA)). Then f~ (e, A)NM, Cc,(f~1(A))NM,. Hence,
by Theorem 3.6, f~1(V) € s,,.
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Theorem 5.13. If f : (X, 1) — (Y, v) is semi-open mapping, then f~*(cs, G)
C e, (f~H@Q)) for any set G C Y.

Proof. Ifz ¢ c,(f~1(G@)). Then there exists a p-open set U containing
x such that U N f~1(G) = 0. Then f(z) € f(U) and f(U) NG = (). Since
[ is semi-open, f(U) is semi-open. Therefore, f(x) ¢ cs,G.

Theorem 5.14. If a function f : (X, u) — (Y, v) is semi-open, (i, v)-semi-
continuous, f(M,) C M, and (Y,v) is extremally v-disconnected, then f
is irresolute.

Proof. Let V € s,. Then there exists v-open set U such that U CV C
c,UNM,,. Therefore, f~H(U) C f~1(V) C fHe,UNM,) = f~1(c,U)NM,,.
Since Y is extremally v-disconnected, by lemma 3.24 ¢;,U = ¢,U. Then
by Theorem 5.13, f~1(U) C f~Y(V) C ¢, (f~1(U)) N M,. Since f is (u,v)-
semi-continuous, f~1(U) € s,. Hence, by Theorem 3.6 , f~1(V) € s,,.
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