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314 M. A. Pathan and Waseem A. Khan

1. Introduction

The generalization of 2-variable Kampé de Fériet polynomials (or, Gould
Hopper polynomials) introduced by Gould and Hopper [15,p.58,(6.2)] (see
also [14, 4]):

H(p)
n (x, y) = n!

[n
p
]X

r=0

yrxn−pr

r!(n− pr)!
. (1.1)

These polynomials are usually defined by the generating function
[15,p.58,(6.3)]:

ext+yt
p
=

∞X
n=0

H(p)
n (x, y)

tn

n!
, (1.2)

and reduce to the ordinary Hermite polynomials Hn(x) (see [1, 2]) when
p = 2, y = −1 and x is replaced by 2x.

Recently, in the framework of the monomiality principle [8, 13], a class of
generalized exponential functions, the so-called Laguerre-type exponentials
(shortly L-exponentials), was introduced by Dattoli and Ricci [14]. These
functions are determined by using a differential isomorphism, denoted by
the symbol T := Tx, acting onto the space A := Ax of analytic functions of
the x variable by means of the correspondence

D := Dx → DL := DxD; x→ D−1x ,

where

D−nx (1) =
xn

n!
,

so that

T (xn) =
xn

n!
.

Note that the exponential function is transformed by T into the Laguerrian
exponential e1(x)

Tex = e1(x) :=
∞X
n=0

xn

(n!)2
.

This is in accordance with the results of a paper by Dattoli and Ricci [11]
about the definition of the higher-order Laguerre-type exponentials, which
are defined in such a way that

T s
x(e

x) = es(x) :=
∞X
k=0

xk

(n!)s+1
.



On the three families of extended Laguerre-based ... 315

A first example of the above-mentioned isomorphism was found proving
the connection between the Hermite-Kamp é de Fériet (or Gould-Hopper)
polynomials [7, 10] and the two variable Laguerre polynomials. Now use
of the above isomorphism already permitted us to extend the ordinary
higher-order Laguerre polynomials which are the Laguerrian counterpart
of the Gould-Hopper ones [6], and Laguerre type Bessel functions [9]. Par-
ticular cases of higher-order type Laguerre polynomials were used for the
computation of moments of chaotic radiations (see [4]).

General classes of higher-order Laguerre polynomials were defined in [4]
as

L(j;s,σ)n (x, y) = n!

[n
j
]X

k=0

ykxn−jk

(k!)σ+1[(n− jk)!]s+1
, (1.3)

and are given by the generating function

∞X
n=0

L(j;s,σ)n (x, y)
tn

n!
= T s

xT
σ
y (e

xt+ytj ) = exts e
ytj
σ . (1.4)

Note that Lj
n(x, y) are the 2-variable generalized Laguerre polynomials

Lj
n(x, y) = n!

[n
j
]X

k=0

ykxn−jk

(k!)[(n− jk)!]
, (1.5)

which are special cases of (1.3) and (1.4), when s = σ = 0.

The exponential generating function for the geometric polynomials (also
known as Fubini polynomials) Fn(x) is given by [6] (see also [5])

1

1− x(et − 1) =
∞X
n=0

Fn(x)
tn

n!
. (1.6)

Geometric polynomials also have close relation ship with Apostol-Bernoulli
numbers βn(λ) and Euler numbers En as (see [6])

βn(λ) =
n

λ− 1Fn(
λ

1− λ
), λ 6= 1

En = Fn(
−1
2
),
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where Apostol-Bernoulli numbers βn(λ) are defined byµ
t

λet − 1

¶
=

∞X
n=0

βn(λ)
tn

n!
.

Ramanujan obtained the exponential generating function of the exponential
(one variable Bell) polynomials φn(x) (see [Berndt [3],Part 1,Chapter 3])
as

ex(e
t−1) =

∞X
n=0

φn(x)
tn

n!
, (1.7)

and proved the recurrence relation

φn+1(x) = x(φn(x) +
d

dx
φn(x)).

Geometric and exponential polynomials are connected by the relation
[6]

Fn(x) =

Z ∞
0

φn(x)e
−λdλ.

Recently, Ozarslan [18] introduced the following unification of the Apostol-
Bernoulli, Apostol-Euler and Apostol-Genocchi polynomials. Explicitly,
Ozarslan studied the following generating function:

f
(α)
a,b (x; t, a, b) =

Ã
21−ktk

βbet − ab

!α

ext =
∞X
n=0

Y
(α)
n,β (x; k, a, b)

tn

n!
, (1.8)

µ
| t+ b ln

µ
β

α

¶
|< 2π, k ∈N0; a, b ∈ <\{0};α, β ∈ C

¶
.

For α = 1 in (1.8), we get

fa,b(x; t, a, b) =
21−ktk

βbet − ab
ext =

∞X
n=0

Yn,β(x; k, a, b)
tn

n!
, (1.9)

µ
| t+ b ln

µ
β

α

¶
|< 2π, k ∈ N0; a, b ∈ <+;β ∈ C

¶
.

From (1.8) and (1.9), we have

Y
(1)
n,β (x; k, a, b) = Yn,β(x; k, a, b), (n ∈ N),

which is defined by Ozden [19]. Ozden et al. [21] introduced many proper-
ties of these polynomials. We give some specific special cases:
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1. By substituting a = b = k = 1 and β = λ into (1.8), one has the Apostol-

Bernoulli polynomials Y
(1)
n,β (x; 1, 1, 1) = B

(α)
n (x;λ), which are defined by

means of the following generating functionµ
t

λet − 1

¶α
ext =

∞X
n=0

B(α)n (x;λ)
tn

n!
, (| t+ log λ |< 2π), (1.10)

(see for details [16-25]; see also the references cited in each of these earlier
works).

For λ = α = 1 in (1.10), the result reduces to

t

et − 1e
xt =

∞X
n=0

Bn(x)
tn

n!
, | t |< 2π,

where Bn(x) denotes the classical Bernoulli polynomials (see from example
[16-25]; see also the references cited in each of these earlier works).

2. If we substitute b = α = 1, k = 0, a = −1 and β = λ into (1.8), we have

the Apostol-Euler polynomials Y
(1)
n,λ (x; 0,−1, 1) = E

(1)
n (x, λ)µ

2

λet + 1

¶α
ext =

∞X
n=0

E(α)n (x;λ)
tn

n!
, (| t+ log λ |< π), (1.11)

(see for details [16-25]; see also the references cited in each of these earlier
works).

For λ = 1 in (1.11), the result reduces to

2

et + 1
ext =

∞X
n=0

En(x)
tn

n!
, | t |< π,

where En(x) denotes the classical Euler polynomials (see from example [16-
25]; see also the references cited in each of these earlier works).

3. By substituting b = α = 1, k = 1, a = −1 and β = λ into (1.8), one has

the Apostol-Genocchi polynomials Y
(1)
n,β (x; 1,−1, 1) = 1

2Gn(x;λ), which is
defined by means of the following generating function

2t

λet + 1
ext =

∞X
n=0

Gn(x;λ)
tn

n!
, (| t+ log λ |< π)),
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(see for details [16-25]; see also the references cited in each of these earlier
works).

4. By substituting x = 0 in the generating function (1.8), we obtain the
corresponding unification of the generating functions of Bernoulli, Euler
and Genocchi numbers of higher order. Thus we have

Y
(α)
n,β (0; k, a, b) = Y

(α)
n,β (k, a, b), (n ∈ N).

Very recently, Pathan and Khan [22] introduced 2-variable Hermite-
based Apostol type polynomials as follows:

Definition 1.1. The generalized Hermite-based Apostol type polynomials

HP
(α)
n,β (x, y; k, a, b, e) for nonnegative integer n are defined byÃ

21−ktk

βbet − ab

!α

ext+yt
2
=

∞X
n=0

HP
(α)
n,β (x, y; k, a, b, e)

tn

n!
,

µ
| t+ b ln

µ
β

α

¶
|< 2π, k ∈N0; a, b ∈ <\{0};α, β ∈ C

¶
.

For the existence of the expansion, we need

(i) | t |< 2π where α ∈ N0, k = 1 and
³
β
a

´b
= 1; | t |< 2π when α ∈ N0,

k = 2, 3, · · · and
³
β
a

´b
= 1; | t |<| b log

³
β
a

´
| when α ∈ N0, k ∈ N and³

β
a

´b
6= 1 or (6= −1); x, y ∈ R, β ∈ C/{0}, 1α = 1.

(ii) | t |< 2π when
³
β
a

´b
= −1; | t |<| b log

³
β
a

´
| when

³
β
a

´b
6= −1,

x, y ∈ R, k = 0, α, β ∈ C, a, b, c ∈ C 1α = 1.

(iii)| t |< 2π when α ∈ N0 and
³
β
a

´b
= −1, x, y ∈ R, k ∈ N, β ∈ C,

a, b, c ∈ C/{0} 1α = 1 where w =| w | eiθ,−π ≤ θ < π and log(| w |) + iθ.

The generalized Stirling numbers of the second kinds S(n, ν, a, b, β) of
order ν are defined in [26] as follows:

∞X
n=0

S(n, ν, a, b, β)
tn

n!
=
(βbet − ab)ν

ν!
. (1.12)
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Setting β = λ, a = b = 1, (1.12) reduces to

∞X
n=0

S(n, ν, λ)
tn

n!
=
(λet − 1)ν

ν!
.

2. A new class of extended Laguerre-based Apostol-type poly-
nomials

In this section, we introduce a new class of extended Laguerre-based Apostol-
type-Bernoulli, Apostol-type-Euler and Apostol-type-Genocchi polynomi-
als

LY
(α|j;s,σ)
n,β (x, y; k, a, b), for a real or complex parameter α defined in a suit-

able neighborhood of t = 0 by means of the following generating functionÃ
21−ktk

βbet − ab

!α

exts e
ytj
σ =

∞X
n=0

LY
(α|j;s,σ)
n,β (x, y; k, a, b)

tn

n!
, (2.1)

which contains as special cases not only generalized Apostol-type polyno-
mials (1.8) to (1.11) but also generalization of the Laguerre polynomials

L
(j;s,σ)
n (x, y) (c.f. Eq.(1.4)).

By substituting x = y = 0 in (2.1), we obtain the corresponding uni-
fication of the generalized Apostol-type-Bernoulli, Apostol-type-Euler and

Apostol-type-Genocchi numbers Y
(α)
n,β (k, a, b), for a real or complex param-

eter α given by means of the generating functionÃ
21−ktk

βbet − ab

!α

=
∞X
n=0

Y
(α)
n,β (k, a, b)

tn

n!
.

Now by taking s = σ = 0 in (2.1) and using (1.2), we have the representa-
tion

LY
(α|j;0,0)
n,β (x, y; k, a, b) =

nX
r=0

Ã
n
r

!
Y
(α)
n−r,β(k, a, b)H

j
r (x, y).

It is evident that this explicit formula is a generalization of the following
familiar results (see Kurt [16])

Bn(x, y) =
nX

r=0

Ã
n
r

!
Bn−rHr(x, y),
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Hn(x, y) =
nX

r=0

Ã
n
r

!
1

(n− r + 1)
Br(x, y).

On setting j = 2 and s = σ = 0 in (2.1), we get a recent result of
Pathan and Khan [22,p.118,Eq(2.6)]. For k, β = 1, a = b = 1, j = 2
and s = σ = 0, (2.1) reduces to a known result of Pathan and Khan [23].
Further if α = 1 the result reduces to known result of Pathan [25], which is
a generalization of the generating function of Dattoli et al. [12, p.386(1.6)]
in the form µ

t

et − 1

¶
ext+yt

2
=

∞X
n=0

HBn(x, y)
tn

n!
.

Theorem 2.1. Let a, b > 0. Then for x, y ∈ R and n ≥ 0, we have

LY
(α|j;s,σ)
n,λ (x, y; 1, 1, 1) = LB

(α|j;s,σ)
n (x, y;λ),

LY
(α|j;s,σ)
n,λ (x, y; 0, 1,−1) = LE

(α|j;s,σ)
n (x, y;λ),

LY
(α|j;s,σ)
n,λ

2

µ
x, y; 1,−1

2
, 1

¶
= LG

(α|j;s,σ)
n (x, y;λ). (2.2)

Proof. By using special values of k, a, b in generating function (2.1), we
can obtain the results (2.2). We omit the proof. 2

Theorem 2.2. Let a, b > 0 and a 6= b. Then for x, y ∈ R and n ≥ 0, we
have

LY
(α+γ|j;s,σ)
n,β (x+ y, z + u; k, a, b)

=
∞X

m=0

Ã
n
m

!
LY

(γ|j;s,σ)
m,β (y, u; a, b)LY

(α|j;s,σ)
n−m,β (x, z; k, a, b), (2.3)

LY
(α|j;s,σ)
n,β (x+ z, y + u; a, b)

=
mX
n=0

Ã
m
n

!
LY

(α|j;s,σ)
n−m,β (x, y; k, a, b)L(j;s,σ)m (z, u). (2.4)
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Proof. Applying definition (2.1), we have

∞X
n=0

LY
(α+γ|j;s,σ)
n,β (x+ y, z + u; k, a, b)

tn

n!

=
∞X
n=0

LY
(α|j;s,σ)
n,β (x, z; k, a, b)

tn

n!

∞X
m=0

LY
(γ|j;s,σ)
m,β (y, u; k, a, b)

tm

m!

=
∞X
n=0

nX
m=0

LY
(γ|j;s,σ)
m,β (y, u; k, a, b)LY

(α|j;s,σ)
n−m,β (x, z; k, a, b)

tn

(n−m)!
.

Now equating the coefficients of the like powers of t in the above equation,
we get the result (2.3). Again by definition (2.1) of generalized polynomials,
we have Ã

21−ktk

βbet − ab

!α

e(x+z)ts e(y+u)t
j

σ

=
∞X
n=0

LY
(α|j;s,σ)
n,β (x+ z, y + u; k, a, b)

tn

n!
,

which can be written asÃ
21−ktk

βbet − ab

!α

e(x+z)ts e(y+u)t
j

σ

=
∞X
n=0

LY
(α|j;s,σ)
n,β (x, y; k, a, b)

tn

n!

∞X
m=0

L(j;s,σ)m (z, u)
tm

m!
.

On replacing n by n−m in the above equation and comparing the coeffi-
cients of tn

n! , we get the desired result (2.4). 2

Theorem 2.3. For n ≥ 1, we have

L(j;s,σ)n (x, y)

=
n!

21−k(n+ k)!

h
βbLY

(1,1|j;s,σ)
n+k,β (x+ 1, y; k, a, b)− abLY

(1,1|j;s,σ)
n+k,β (x, y; k, a, b)

i
.

(2.5)
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Proof. We begin with the definition (2.1) and write

exts e
ytj
σ =

1

21−ktk

Ã
21−ktk

βbet − ab

!³
βbet − ab

´
exts e

ytj
σ

=
1

21−ktk

"Ã
21−ktk

βbet − ab

!
βbe(x+1)ts eyt

j

σ −
Ã
21−ktk

βbet − ab

!
abexts e

ytj
σ

#
.

Then using the definition of a general class of Laguerre polynomials L
(j;s,σ)
n (x, y)

given by (1.9) together with (2.1), we have

∞X
n=0

L(j;s,σ)n (x, y)
tn

n!

=
∞X
n=0

1

21−k(n+ k)!

h
βbLY

(1,1|j;s,σ)
n+k,β (x+ 1, y; k, a, b)− abLY

(1,1|j;s,σ)
n+k,β (x, y; k, a, b)

i
tn.

Finally, comparing the coefficients of tn, we get (2.5). 2

Theorem 2.4. The Hermite-based unified Apostol-type polynomials sat-
isfying the following relation holds true:

βbHY
(α|j)
n,β (x+ 1, y; k, a, b)− abHY

(α|j)
n,β (x, y; k, a, b)

= 21−kHY
(α−1|j)
n−k,β (x, y; k, a, b)

n!

(n− k)!
. (2.6)

Proof. For s = σ = 0 in the generating function (2.1), we have

βb
Ã
21−ktk

βbet − ab

!α

e(x+1)t+yt
j − ab

Ã
21−ktk

βbet − ab

!α

ext+yt
j

= 21−ktk
∞X
n=0

HY
(α−1|j)
n,β (x, y; k, a, b)

tn

n!
,

∞X
n=0

³
βbHY

(α|j)
n,β (x+ 1, y; k, a, b)− abHY

(α|j)
n,β (x, y; k, a, b)

´ tn
n!

= 21−k
∞X
n=0

HY
(α−1|j)
n,β (x, y; k, a, b)

tn+k

n!
,
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∞X
n=0

³
βbHY

(α|j)
n,β (x+ 1, y; k, a, b)− abHY

(α|j)
n,β (x, y; k, a, b)

´ tn
n!

= 21−k
∞X
n=k

HY
(α−1|j)
n−k,β (x, y; k, a, b)

tn

(n− k)!
.

By comparing the coefficients of tn

n! , we arrive at the desired result (2.6).
2

Theorem 2.5. For α ∈ N, the following relation between the λ-Stirling
numbers of second kinds and extended Laguerre-based unified Apostol type

polynomials LY
(α|j;s,σ)
n,β (x, y; k, a, b) holds true:

abαα!
nX

r=0

Ã
n
r

!
LY

(α|j;s,σ)
n−r,β (x, y; k, a, b)S

Ã
r, α,

µ
β

a

¶b!

=

⎧⎪⎨⎪⎩
0, for n < kα,

2(1−k)αL(j;s,σ)n−kα (x, y), for n ≥ kα,

(2.7)

with α ∈N0 = N ∪ {0} and k ∈ N fixed.

Proof. By using equations (2.1), (1.5) and (1.12), we have

∞X
n=0

LY
(α|j;s,σ)
n,β (x, y; k, a, b)

tn

n!
=

Ã
21−ktk

βbet − ab

!α

exts e
ytj
σ

=
2(1−k)αtkα

abα
µ³

β
a

´b
et − 1

¶α exts eytjσ =
2(1−k)αtkαexts e

ytj
σ

abαα!
∞P
r=0

S

µ
r, α,

³
β
a

´b¶
tr

r!

,

or, equivalently

∞X
n=0

LY
(α|j;s,σ)
n,β (x, y; k, a, b)

tn

n!
abαα!

∞X
r=0

S

Ã
r, α,

µ
β

a

¶b! tr

r!

= 2(1−k)αtkα
∞X
n=0

L(j;s,σ)n (x, y)
tn

n!
,

abαα!
∞X
n=0

nX
r=0

Ã
n
r

!
LY

(α|j;s,σ)
n−r,β (x, y; k, a, b)S

Ã
r, α,

µ
β

a

¶b! tn

n!
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= 2(1−k)α
∞X
n=0

L(j;s,σ)n (x, y)
tn+kα

n!
.

By comparing the coefficients of tn

n! , we obtain the desired result (2.7).
2

Theorem 2.6. The following relation between the λ-Stirling numbers of
second kinds and extended Laguerre-based unified Apostol type polynomi-

als LY
(α|j;s,σ)
n,β (x, y; k, a, b) holds true:

abγγ!
nX

r=0

Ã
n
r

!
LY

(α|j;s,σ)
n−r,β (x, y; k, a, b)S

Ã
r, γ,

µ
β

a

¶b!

=

⎧⎪⎨⎪⎩
0, for n < kγ,

2(k−1)γL(α−γ|j;s,σ)n−kγ (x, y), for n ≥ kγ,

(2.8)

with γ ∈ N0 = N ∪ {0} and k ∈ N fixed.

Proof. From (2.1) and (1.12), we have

∞X
n=0

LY
((α−γ)|j;s,σ)
n,β (x, y; k, a, b)

tn

n!
=

Ã
21−ktk

βbet − ab

!α−γ

exts e
ytj
σ

=

Ã
21−ktk

βbet − ab

!α

exts e
ytj
σ

Ã
βbet − ab

21−ktk

!γ

,

2(k−1)γ
∞X
n=0

LY
((α−γ)|j;s,σ)
n,β (x, y; k, a, b)

tn+kγ

n!

= abγγ!
∞X
n=0

LY
(α|j;s,σ)
n,β (x, y; k, a, b)

tn

n!

∞X
r=0

S

Ã
r, γ,

µ
β

a

¶b! tr

r!
.

On comparing the coefficients of tn

n! , we get the required result (2.8). 2

Theorem 2.7. The following implicit summation formulae for extended

Laguerre-based Apostol-type polynomials LY
(α|j;s,σ)
n,β (x, y; k, a, b) holds true:

LY
(α|j;s,σ)
q+l,β (z, y; k, a, b) =

q,lX
n,p=0

Ã
q
n

!Ã
l
p

!
(z−x)n+pLY (α|j;s,σ)q+l−p−n,β(x, y; k, a, b).

(2.9)
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Proof. We replace t by t + u and rewrite the generating function (2.1)
as Ã

21−k(t+ u)k

βbet+u − ab

!α

ey(t+u)
j

σ = e−x(t+u)s

∞X
q,l=0

LY
(α|j;s,σ)
q+l,β (x, y; k, a, b)

tq

q!

ul

l!
.

Replacing x by z in the above equation and equating the resulting
equation to the above equation, we get

e(z−x)(t+u)s

∞X
q,l=0

LY
(α|j;s,σ)
q+l,β (x, y; k, a, b)

tq

q!

ul

l!
=

∞X
q,l=0

LY
(α|j;s,σ)
q+l,β (z, y; k, a, b)

tq

q!

ul

l!
.

(2.10)
On expanding exponential function (2.10) gives

∞X
N=0

[(z − x)(t+ u)]N

N !

∞X
q,l=0

LY
(α|j;s,σ)
q+l,β (x, y; k, a, b)

tq

q!

ul

l!

=
∞X

q,l=0

LY
(α|j;s,σ)
q+l,β (z, y; k, a, b)

tq

q!

ul

l!
,

which on using series manipulation formula

∞X
N=0

f(N)
(x+ y)N

N !
=

∞X
n,m=0

f(n+m)
xn

n!

ym

m!
,

in the left hand side becomes
∞X

n,p=0

(z − x)n+ptnup

n!p!

∞X
q,l=0

LY
(α|j;s,σ)
q+l,β (x, y; k, a, b)

tq

q!

ul

l!

=
∞X

q,l=0

HL
(α|j;s,σ)
q+l,β (z, y; k, a, b)

tq

q!

ul

l!
. (2.11)

Now replacing q by q − n, l by l − p in the left hand side of (2.11), we get

∞X
q,l=0

q,lX
n,p=0

(z − x)n+p

n!p!
LY

(α|j;s,σ)
q+l−n−p,β(x, y; k, a, b)

tq

(q − n)!

ul

(l − p)!

=
∞X

q,l=0

LY
(α|j;s,σ)
q+l,β (z, y; k, a, b)

tq

q!

ul

l!
.

Finally on equating the coefficients of the like powers of t and u in the
above equation, we get the required result (2.9).
2
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3. Extended Laguerre-based Apostol-type Bell and Fubini
polynomials

The starting point for the second generalization of the extended Laguerre-
based Apostol-type polynomials, Bell polynomials and Gould-Hopper poly-
nomials which we wish to consider is given by the following generating
functionÃ

21−ktk

βbet − ab

!α

ex(t+e
t−1)

s eyt
j

σ =
∞X
n=0

LφY
(α|j;s,σ)
n,β (x, y; k, a, b)

tn

n!
. (3.1)

The clue to seeing a relation between Apostol-type polynomials, Bell
polynomials [1,2] and extended Laguerre polynomials [1] such as (2.1), (1.7)
and (1.5) and the special cases of (3.1) is given in the following useful The-
orem.

Theorem 3.1. For n ≥ 0, we have

φL
(α,m|j;s,σ)
n,β (x, y; k, a, b) =

nX
r=0

Ã
n
r

!
φ(s)r (x)HL

(α,m|j;s,σ)
n−r,β (x, y : k, a, b),

where Bell polynomials φn(x) are given by (1.7).

Proof. We begin with the definition (3.1) and writeÃ
21−ktk

βbet − ab

!α

ex(t+e
t−1)

s eyt
j

σ = ex(e
t−1)

s

Ã
21−ktk

βbet − ab

!α

exts e
ytj
σ .

Now the steps of the proof are similar to the proof of (2.4). 2
The third generalization of the Laguerre-based Apostol-type polyno-

mials (2.1), Fubini polynomials (1.6) and Gould-Hopper polynomials (1.1)
considered is given by the following generating function:Ã

21−ktk

βbet − ab

!α
exts e

ytj
σ

1− z(et − 1) =
∞X
n=0

LFY
(α|j;s,σ)
n,β (x, y; z; k, a, b)

tn

n!
. (3.2)

We are thus motivated to consider the following theorems on generaliza-
tion of the Apostol type polynomials, Fubini polynomials and extended
Laguerre polynomials. In the course of proving Theorems 3.2 and Theorem
3.3, we have used the generating function (3.2).
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Theorem 3.2. For n ≥ 0, we have

FL
(α,m|j;s,σ)
n,β (x, y; k, a, b) =

nX
r=0

Ã
n
r

!
Fr(z)LY

(α|j;s,σ)
n−r,β (x, y; k, a, b),

where Fubini polynomials Fn(x) are given by (1.6).

Theorem 3.3. For n ≥ 0, we have

LFY
(α|j;s,σ)
n,β (x, y; z; k, a, b) =

nX
r=0

Ã
n
r

!
LF

(j;s,σ)
r (x, y; z)Y

(α)
n−r,β(k, a, b),

where extended Laguerre-based polynomials LF
(j;s,σ)
n (x, y; z) are generated

by

exts e
ytj
σ

1− z(et − 1) =
∞X
n=0

LF
(j;s,σ)
n (x, y; z)

tn

n!
. (3.3)

Interpreting the left hand side of (3.3) in terms of Fubini and extended
Laguerre polynomials, we arrive at the representation

LF
(j;s,σ)
n (x, y; z) =

nX
r=0

Ã
n
r

!
Fr(z)L

(j;s,σ)
n−r (x, y).

Theorem 3.4. For n ≥ 0, we have

LFY
(α|j;s,σ)
n,β (x, y; z; k, a, b)

=
nX
l=0

Ã
n
l

!
LY

(α|j;s,σ)
n−l,β (x, y; k, a, b)

lX
k=0

zkk!S2(l, k), (3.4)

where S(n, ν, 1) = S2(n, ν) is the Stirling number of second kind.

Proof. From (3.2), we have

∞X
n=0

LFY
(α|j;s,σ)
n,β (x, y; z; k, a, b)

tn

n!
=

Ã
21−ktk

βbet − ab

!α
exts e

ytj
σ

1− z(et − 1)

=

Ã
21−ktk

βbet − ab

!α

exts e
ytj
σ

∞X
k=0

zk(et − 1)k
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=

Ã
21−ktk

βbet − ab

!α

exts e
ytj
σ

∞X
k=0

zk
∞X
l=k

k!S2(l, k)
tl

l!

=
∞X
n=0

LY
(α|j;s,σ)
n,β (x, y; k, a, b)

tn

n!

∞X
l=0

zk
lX

k=0

k!S2(l, k)
tl

l!
.

Replacing n by n− l in above equation, we get

∞X
n=0

LFY
(α|j;s,σ)
n,β (x, y; z; k, a, b)

tn

n!

=
∞X
n=0

Ã
nX
l=0

Ã
n
l

!
LY

(α|j;s,σ)
n−l,β (x, y; k, a, b)

lX
k=0

zkk!S2(l, k)

!
tn

n!
.

Comparing the coefficients of tn

n! in both sides, we get (3.4). 2

Theorem 3.5. For n ≥ 0, we have

LFY
(α|j;s,σ)
n,β (x, y; z; k, a, b)

=
nX
l=0

Ã
n
l

!
LY

(α|j;s,σ)
n−l,β (x, y; k, a, b)

lX
k=0

zkk!S
(s)
2 (l + r, k + r), (3.5)

where S(n, ν, 1) = S2(n, ν) is the Stirling number of second kind.

Proof. Replacing x by x+ r in (3.2), we have

∞X
n=0

LFY
(α|j;s,σ)
n,β (x, y; z; k, a, b)

tn

n!

=

Ã
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!α
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j
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Ã
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!α
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l!

=
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(α|j;s,σ)
n,β (x, y; k, a, b)
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n!

∞X
l=0

zk
lX

k=0

k!S
(s)
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.
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Replacing n by n− l in above equation, we get

∞X
n=0

LFY
(α|j;s,σ)
n,β (x, y; z; k, a, b)

tn

n!

=
∞X
n=0

Ã
nX
l=0

Ã
n
l

!
LY

(α|j;s,σ)
n−l,β (x, y; k, a, b)

lX
k=0

zkk!S
(s)
2 (l + r, k + r)

!
tn

n!
.

Comparing the coefficients of tn

n! in both sides, we get (3.5). 2

4. Symmetry identities

In this section, we derive general symmetry identities for the extended

Laguerre-based Apostol-type polynomials LY
(α|j;s,σ)
n,β (x, y; k, a, b). We start

with the following theorem.

Theorem 4.1. Let α, k ∈ N0; a, b ∈ R \ {0}; β ∈ C, x, y ∈ R and n ≥ 0,
the following identity holds true:

nX
r=0

drcn−r
Ã

n
r

!
LY

(α|j;s,σ)
n−r,β (dx, d2y; k, a, b)LY

(α|j;s,σ)
r,β (cx, c2y; k, a, b)

=
nX

r=0

crdn−r
Ã

n
r

!
LY

(α|j;s,σ)
n−r,β (cx, c2z; k, a, b)LY

(α|j;s,σ)
r,β (dx, d2y; k, a, b).

(4.1)

Proof. Let

f(t) =

Ã
22(1−k)(cdt)k

(βbect − ab)(βbedt − ab)

!α

ecdxts ec
2d2ytj
σ .

Then the expression for f(t) is symmetric in c and d and we can expand
f(t) into series in two ways to obtain

f(t) =
∞X
n=0

LY
(α|j;s,σ)
n,β (dx, d2y; k, a, b)

(ct)n

n!

∞X
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(dt)r
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n=0

Ã
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drcn−r
Ã

n
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(α|j;s,σ)
n−r,β (dx, d2y; k, a, b)LY
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!
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n!
.
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Similarly, we have

f(t) =
∞X
n=0

Ã
nX

r=0

crdn−r
Ã

n
r

!
LY

(α|j;s,σ)
n−r,β (cx, c2y; k, a, b)LY

(α|j;s,σ)
r,β (dx, d2y; k, a, b)

!
tn

n!
.

Comparing the coefficients tn

n! in last two equations, we get the desired
result (4.1). 2

Theorem 4.2. The following symmetry relations for the extended Laguerre-
based unified Apostol-type polynomials holds true;

c−1X
m=0

µ
β

a

¶bm nX
l=0

Ã
n
l

!
HY

(α|j;s,σ)
n−l,β (dx, d2z; k, a, b)cn−k−l(dm)l

=
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µ
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a
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Ã
n
l

!
HY

(α|j;s,σ)
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Proof. Let us consider

g(t) =

Ã
21−ktk
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!α

ecdxts ec
2d2ytj
σ
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(dt)n

n!
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m=0

µ
β

a
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l=0

(cm)l
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g(t) = ab(d−1)d(−k)
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µ
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Ã
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l

!
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. (4.3)

On the similar lines, we have

g(t) = ab(d−1)c(−k)
∞X
n=0

c−1X
m=0

µ
β

a

¶bmÃ nX
l=0

Ã
n
l

!
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LY
(α|j;s,σ)
n−l,β (dx, d2z; k, a, b)cn−l(dm)l

tn

n!
. (4.4)

On comparing the coefficients of tn

n! in (4.3) and (4.4), we arrive at the
desired result (4.2). 2

Theorem 4.3. The extended Laguerre-based unified Apostol-type poly-
nomials satisfy the following relation holds true:

nX
r=0

Ã
n
r

!
cn−rdr+1LY

(α|j;s,σ)
n−r,β (dx, dy; k, a, b)
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µ
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a
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Ã
n
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µ
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Proof. We now use
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h(t) =
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Ã
n
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(α|j;s,σ)
n−r,β (dx, dy; k, a, b)

rX
i=0

Ã
r
i

!

Si

µ
c− 1;

³
β
a

´b¶
× LY

(α|j;s,σ)
r−i,β (cX, cY ; k, a, b) t

n
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Using a similar plan, we get

h(t) =
∞X
n=0

nX
r=0

Ã
n
r

!
dn−rcr+1LY

(α|j;s,σ)
n−r,β (cx, cy; k, a, b)
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Ã
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µ
β

a
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(α|j;s,σ)
r−i,β (dX, dY ; k, a, b)
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. (4.7)

Equating the coefficients of t
n

n! in last equations (4.6) and (4.7), we get (4.5).
2
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