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Abstract

In this paper, we obtained a new Hermite-Hadamard type inequal-
ity for functions of two independent variables that are m-convexr on
the coordinates via some generalized Katugampola type fractional in-
tegrals. We also established a new identity involving the second order
mixed partial derivatives of functions of two independent variables via
the generalized Katugampola fractional integrals. Using the identity,
we established some new Hermite-Hadamard type inequalities for func-
tions whose second order mized partial derivatives in absolute value
at some powers are (o, m)-convex on the coordinates. Our results are
extensions of some earlier results in the literature for functions of two
variables.
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1. Introduction

The following double inequality is the well-known Hermite-Hadamard in-
equality:

Let f : [a,b] — R be a convex function. Then the following double
inequalities hold:

F(52) < 5t J2 flayde < L0,

The Hermite-Hadamard inequality has attracted the attention of many
authors in the last decades due to its numerous applications in Mathemat-
ical Analysis. Several generalizations, refinements and extensions of the
Hermite-Hadamard inequality has been introduced in the literature. For
some recent results related to the Hermite-Hadamard inequality, we refer
the interested reader to the papers [2, 1, 3, 10, 11, 14, 16, 17]. Recently,
Chen and Katugampola [2] obtained the following generalizations of the
Hermite-Hadamard inequality via the Katugampola fractional integrals.

Theorem 1.1. Let B,p > 0 and f : [a”,b°] — R be a positive function
with 0 < a < b. If f is a convex function on [a”,b], then the following
inequalities hold:

aP4bP B a
F(£52) < g prl, o) + 01 f(ar)] < LI

where 1, f L fand”I 57 f are the Katugampola fractional integrals defined
in Definition 1.3.

Theorem 1.2. Let §,p > 0 and f : [a”,0’] — R be a differentiable func-
tion on (a?,b”) with 0 < a < b. If | f'| is a convex function on [a”,bP], then
the following inequality holds:

a 8
f”@””—f““”wiﬂw+wﬁﬂwﬂ

2P —ar)P
< somass (1 (0] + | ().

Motivated by the current research on the Hermite-Hadamard inequality,
our goal in this paper is to extend Theorem 1.1 for functions of two variables
that are m-convex on the coordinates and also extend Theorem 1.2 for
functions of two variables whose second order mixed partial derivatives in
absolute value at certain powers are («, m)-convex on the coordinates. In
what follows, we provide some preliminary definitions that will be useful to
our work.
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Definition 1.3 (See [5]). Let 8,p > 0 and f be a function a real-valued
function of a single variable. The Katugampola fractional integrals of f are
defined as follows:

1-p
pIngf(w) = %

oIy f(x) = % /: (t7 —a?) " h e f (1)t

where I'(+) is the gamma function defined by

/x (xf —tP)P~ 1P~ F(t)dt

and

I'(x) :/ t* e tdt,
0

For some recent results related to the Katugampola fractional integral,
we refer the interested reader to the papers [2, 5, 6, 8, 9, 10, 11].

The following fractional integrals for functions of two independent vari-
ables are natural extensions of the Katugampola fractional integrals in Def-
inition 1.3.

Definition 1.4. Let (31, 32, p1,p2 > 0 and f be a function of two indepen-
dent variables. We define, the Katugampola fractional integrals of f on the
coordinates as follows;

B
PIDLF,y) = Sy S (@ = )P e ()

-8
PP f () = B [ — 22) P un ()
1—
)

B2 _
P2]f_f_f(1;7y) = ’1:2(72) fcy (ypz — P2 B2—1 UpQ—lf($’U)dU
d
an pl_ﬁz .
pzlgif(:n,y) — 2 / (vpz _ ypz)ﬁz—l vpz_lf(x,v)dv.
I'(B2) Jy

We define the Katugampola fractional integrals of f in the two variables
as follows:

p1,02 751,82 P1751p5752 z [y wPl—1yp2—1
) Ia+7€+f(x7 y) = P(BI)F(ﬁQ) fa fC (Zl'pl 7up1)17ﬁ1 (yﬂ27v02)1752 f(u, ’U)d’Udu,
1-B1 1-B2
.02 TPL,B P P d p1—1ypa—1
P1 pZIa-l‘mdz—f(m? y) = E(ﬁl)rz(ﬁz) f; fy (P1 _upl’l;l—ﬁl’l(}vp2 —yf’z)l*ﬁQ f(u, 'U)d'l)d’u,,
1-B1 1-B2
.02 TB1.B P p b p1—1ypa—1
n lebi7 -Z‘rf(xa y) T I%(Bl)l'?(ﬁQ) fz fcy (uP1 _mplq)jlfﬁlq(}xpz —v/’2)1*52 f(u, U)d’Udu
wn p1,p2 TP1,52 . P}iﬁlpéiﬁz b rd wP1—1yp2—1
> Ibf,dff(aﬁ y) = F(BI)F(IBZ) fx fy (upl 71_/;1)1—/81 (’UP2 *yPQ)I_’(h f(u, 'U)d'Udu.
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Definition 1.5 (See [1]). A function f:[0,d] C R — R,d > 0 is said to
be (a, m)-convex function where (o, m) € [0, 1]? if

[tz +m(l—t)y) <t f(x) +m(l —1%) f(y),
for all z,y € [0,d] and t € [0, 1].

Remark 1.6. If we choose (o, m) = (1,m), then we obtain m-convex func-
tions and if (ae,m) = (1,1), then we have the ordinary convex functions.

For some recent generalizations and results related to (o, m)-convex
functions, we refer the interested reader to the papers [1, 14, 17, 15, 7].

Definition 1.7 (See [16]). A function f : A :=[0,b] x [0,d] — R is said
to be m-convex on the coordinates on A for m € [0,1], if
ftz+m(l—1t)z,sy + m(l —s)w) < stf(z,y)+mt(l—s)f(z,w)
+ms(1 —t)f(z,y) + m?(1 — s)(1 — t) f (2, w),

for all (z,y),(z,w) € A and (s,t) € [0,1] x [0,1]. Similarly, f : A :=
[0,b] x [0,d] — R is said to be (o, m)-convex on the coordinates on A for
(o,m) € [0,1] x [0, 1], if
fltx+m(l—t)z,sy+m(l —s)w) < s**f(x,y)+mt*(1 — s f(z,w)
+ms®(1—1%) f(z,y) + m*(1 = s*)(1 — ) f (2, w),

for all (z,y), (x,w), (2,v), (z,w) € A and (s,t) € [0,1] x [0,1].

Remark 1.8. If we choose (o, m) = (1,m), then we obtain m-convex func-
tions on the coordinates and if (ae,m) = (1, 1), then we have the concept of
convex functions on the coordinates.

For some recent generalizations and results related to («, m)-convex
functions on the coordinates, we refer the interested reader to the papers
[16, 3, 4, 13, 12].
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2. Main results
The following identities will be very useful in our main results.

Lemma 2.1. Let 51, (2, p1,p2 > 0, and f : [aP*,bP'] x [¢P?,d”?] — R be a
real-valued function of two independent variables. The following identities
hold:

f sP2P2 =1 f(pP1 sP2dP2 4 (1 — sP2)cP?)ds = 7p§ (B2) p21ﬁ2 f(xPr,cP?),

(dP2 —cr2 )

(
Bo—
f gP2p2— 1f($p1 sP2cP2 1 (1 _ sp2)dp2)ds — —2—(/;,32 Cpg;l p2[52 f(xpl’dp2)7

81
f tﬁlﬂl*lf(tplbpl + (1 _ tPl)apl pr)dt (_b% p1[51 f(apl,y'D?),

f tﬁlm 1f(tplapl + (1 _ tpl)bpl yp2)dt B _ F( _) p1[r31 f(bpl’ypz)7

(bm aﬂl)lh
f() f() tB1p1—1gB2pa—1 f(tplxpl + (1 _ tpl)bm,SszM + (1 _ 8p2)dp2)dsdt

P11 Ba—1p
__pt pe? TBUTB2)  py,po BB
(bpll mpf)ﬂl (d/7217yp2 )2ﬂ2 n pz’[xi,yzﬁnf(bpl ) dp2)7
fol fOl tP1p1—1gB2p2—1 f(tplxpl +(1— tpl)bﬂl sP2yP? + (1 _ Spg)cpg)dsdt
B

P P32 (BT (B2) B
- (bﬁll mpf)ﬂl(ym cﬂ2)2ﬁ2 - pZI Y f<bp1 CPZ)

fol fol tP1p1—1gB2p2—1 FtPraPr + (1 — tPr)alr, sP2yr2 + (1 — sP2)dP?)dsdt

B1—1 Ba—1
P11 pp” T(BITB2)  py,po P18
(xél apf)ﬁl (dﬂ2l—yﬁ2 ;52 prop Ia:l—,yQ—l—f(apl ) dpg)

and
fol fol Ao =tgfara=l - f(4P1gP 4 (1 —tP1)alt, sP2yP? + (1 — sP2)cP?)disdt
81 1 52 It
_ T(B1)T(B2) 81,8
- (3301 aﬂ1)51 (yml_cpg )2132 p17p21m177y27f(ap1 , sz).
Proof. The results follows directly by using change of variables and
Definition 1.4. O

Theorem 2.2. Let 31, 52, p1,p2 > 0, and f : [0,00) x [0,00) — R be an
m-convex function on the coordinates for m € (0,1] with 0 < a < b and
0 < ¢ < d. Then the following inequalities hold:
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1 aPl+4bP1  cP24dP2
51520152{(6 12 2 )
1 At py° T(B)T(B2) /5,6
< Z(b/}1 aﬂl)/ﬁ(dpz cr2)P2 PPz, pra f(bpl,dm)
m Pfl 1 ﬁz INCED1N (52) p1, p2161762 f (bpl &)
(bP1 —ar1) Bl(dzf CPQ) +,( pz/—) Tom
B1—1 Bo— 1
m_ Py Po L(B1)I(B2) p1,02 751,82 all  gpo
P R gy e (007)
B1—1 Bo—1
2_p1t py? T(B)T(B2) 02 TBL,B PL P2
R e " -Gt (%)
1 feren) | mf (a’zvdff ) (%7092)

< (B1p1+p1)(B2p2+p2)

m2f (ML 422
+ Y

L1 (1 1 ) mf(“’”v%)+ -
Bipi+p1 \ B2p2  B2p2+p2 4 4
2 bP1 P2 3 bP1 P2
pmllp) , il sd) )
T mf(S5ree) om0 )
B2p2+p2 \Bip1  Bipi+pr 4 4
p 1 P
() | s
4 4
2 bP1  qr2 3 bP1 P2
+( 11 )( 11 ) mf(va)ijf(Tvcm)
Bap2  P2p2-+p2 Bip1 B1p1+p1 4 4
me(% dpz) 4f(ﬁ cp2)
> m 2 m?2
~ Ty + ——wlm

By using the m-convexity of f on the coordinates, we have that

Proof.
for any zf1, yP* € [P, bP ] and uP?,vP? € [c2, dP?]

PP
(2 ) < @) + 5 (o, 5
m yﬂl m yPl  pP2
o f (S e) + s (S )

(2.1)



New Hermite-Hadamard type inequalities for m and ... 1455

In particular, if we choose P! = tPraPt 4 (1 —tP1)bP1, yPL = tP1HPL + (1 —
tP1)alr ult = sP2cP? 4 (1 — sP?)dP? and vP? = sP2dP? 4 (1 — sP?)cP? in (2.1),
then we have

f (w’ c%;dﬂz) < if(tplapl + (1 — tP)bPr, sP2cP2 4 (1 — sP2)dP?)
+2f (tPrarr + (1 — tP1)bo, P2d% + (1 - SPQ)%
+of (e bpl 4 (1 — 1)L gp2cP2 4 (1 — 5P2)dP?

m
m2

o p (tmb’% (1 — ey gad () sz)%) .
(2.2)

Multiplying both sides of (2.2) by t#1/1~15%202=1 and integrating with
respect to (s,t) over [0,1] x [0, 1], we have

—_

f aPl4bP1  cP24dP2
2

B1B2p1p 2 02

< %fol fo o=l sP2e L f(1P1aPt (1 — 91 )bP sP2eP o+ (1 — sP2)dP?)dsdt

+% fO f tB1p1—1 gB2pa— lf tP1aPL (1 N tpl)bpl gp2d°2 + (1 )CPQ dsdt
m

[ fo T Lsfaramlp (g L (1 — o) 2L gp2cpz (] — s’”)d’)2 dsdt

+mT2 fo fo thm—Lghar—l f (tm% + (1 — )L, pﬂ% +(1- )CPQ) dsdt.

—
Y
w

~—

Now, by using Lemma 2.1 with some slight modifications and (2.3), we
have

1 f (am FbP2 P2 dP2 )
B1B2p1p2 2 2

f1—1 Ba—1n
1_p1t pp® T(BIL(B2) p, ﬁ ,,8
< Z(bﬂl1 apf)/h (dﬂz —cr2)P2 prp2 Ve f(bpl,dp2)

+m Pfl 1 52 I'(51)T (/32) p1, p2151,52 . f (bpl ch)

(bP1—ar1)P1 (de cf2 ) +5( pg/— Tm
+m Pfl 1,052 ! r@Byr (52) pl,p2I517ﬂ2 f (a”l dpz)
(bfnl “;1 ) (dP2 —cP2)P2 ( pl/_) e+

B1—1 Ba—1
2 pt py? T(BI(B2) 02 TB1.B PL P2
o popp ()

(b/’l aPl )ﬁl (am 7&)62 (p_W)_’( P~

m m

m m

This proves the first inequality. On the other hand, by using the fact
that f is m-convex on the coordinates, we have
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fol fol t5191*135292*1f(t,01ap1 + (1 _ tﬂl)bp173p20p2 + (1 _ SPQ)dPQ)dsdt
< f(aP1’CP2)f01 f()l tP1o1—1gBap2—1cpayp1 Jg it

+mf (af, %) fOl fol tﬁlpl—lsﬂzpz—l(l _ sz)tpldsdt

+mf %7 CP2) fol fOl t51P1*1552P2*15P2<1 — tP1)dsdt

+m2f (b’i dﬁ) fol fol thipi—1gB202=1(1 — gP2)(1 — tP1)dsdt.

m’ m

That is,

fO f tP1p1—1gB2ap2— 1f(t/31ap1 + (1 _ tﬂl)bm sP2¢cP2 + (1 _ 502)d02)d5dt
< fla™, ¢”?) (51p1+p1

> P2+
+mf (a” dp2) 51P1+p1 ( 52P2+pz)

+mf b%’Cm) 62p2+p ( 51P1+p1
(2 4;‘m2f (b%? %) (52,02 - ,32p2+p2) (511P1 - m) )

Similarly, we have

fol fol t51p1*1352p2*1f (tﬂlapl 4 (1 _ tpl)b917392 dp2 (1 _ 5P2)cﬂz> dsdt

dr2 1
=/f (apl’ 7) (B1p1+p1)(B2p2+p2)

ppocf2y__1 (1 1
tmfa 'm?2 ) Bipitpr \B2p2  B2p2tp2
tmf (L, 42 1 11

Bap2+p2 \ B1p1 Bip1+p1

2 5—i)—m2f (b%’ :f%> 5%/)2 N sz21+p2) (B+m N 51,011+p1) ’

fl fl tﬁlm—lsﬁzpz—lf (tpl% + (1 tpl) ,sP2cP2 (1 _ sz)dpz) dsdit

bP1 1
< f ( ) (B1p1+p1)(B2p2+p2)

mf bﬂ dar2 1 1 1
m m ) Bipi+p1 \B2p2  P2p2+p2

apl 1 11
+mf B2p2tp2 \Bipr  Bipitper
2 (afL dr2 11 1.
+m*f (mz’ m) B2p2 52/32-1-/32) (5101 ,31/)1+Pl)

(2.6)
and
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fol fol tﬁlp1*18132p2*1f (tmb% + (1 - tpl)%’ spzd% + (1 - 5P2)%) dsdt

< f (& ﬁ) 1
= m > m ) (Bip1+p1)(B2p2+p2)
£ e 1 I | )
m ' m?2 ) Bipi+p1r \PBap2z  Bap2+p2
afl dr2\ 1 (1 _ 1
+mf m2° m ) Bapa+p2 \Bip1  Pipit+p1

+m2f (%’ %) (62;1’2 B 52P21+P2) (51_191 N 51P11+p1)
(2.7)

1
Now, we multiply (2.4) by 7 multiply (2.5) and (2.6) by %, and mul-
2
tiply (2.7) by mT, then add the results and use Lemma 2.1 to get
61*1 52 1

/8 9.
i(bf}l apl)/Bl (dslz )60(2)25)2 oL p2]ﬁl 62 f(bpl’dpz)

ﬁ1 1 ﬁz 1
m LBOI(B2)  py,po 751,582 p1 cP2
+4 (bﬂl a,,l)/gl(dz? cfnz)ﬁz 1 2Ia+( 2/_) f(b ' m)
B1—1 Ba—
m _ Py P2 L(B1)I(B2) p1,02 751,82 afl  gp
+1 4 (bfnl a:qu)ﬁ (dP2 —cP2)B2 ' QI( pl/—) C+f ( m ’d 2)
B1—1 Bo—1
2 pr pp?t T(BI(B2) 1,5 P1 P
B - ! (5 5)
1 flarrer2) | mf(arB2) | omf (5 er2)
< (B1p1+p1)(B2p2+p2) 4 + 4 + 4
()
1 1 1 mf (a1, B2) | m?f(a1,57)
RCYE (521?2 o 62p2+P2> ( 4 T 4
s (S ) MO (e
+ ( " ) + ( . m2)
1 1 1 mf(Ller2) | mif(r L2
+52P2+pz (Bl_pl o 61p1+p1> 4 4
mtp(ehen) | mip(42)
4 + "4
1 1 1 1 m?f(S £2) | mif(EheR)
+ (52_122 o 52P2+P2) (51_171 o 51P1+p1) 4 + 4

This proves the second inequality. Hence the proof is complete. O
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Corollary 2.3. Let 31,32, p1,p2 > 0, and f : [aP*,bP'] x [¢P2,dP?] — R be
a convex function on the coordinates with 0 < a < b and 0 < ¢ < d. Then

the following inequalities hold:
f (aﬂl;rb% cP2 ;dﬁz)

)

B1 Bo
1 01y DB+ (B2+1) B1,8 B1.,8
S 1 (b}H 72(191)/31 (dﬂzfciz)ﬁz ( pl’pZIbi,dz—f(am?Cm) + p17p2Ibi,c—2|—f (aplvdpz)

+ pl,m_]‘gjrvgaf (bPL, cP2) + phpzjgjrvzif (bP1, dp2)>

< F(@P1,cP2)+ F(aP1,dP2)+ F(bP1,cP2) + (b1 ,dP2)
4

Proof. The result follows directly from Theorem 2.2 if we choose m = 1.
O

Lemma 2.4. Let 51,2, p1,p2 > 0 and f : [a”,b"] x [¢”?,d”?] — R be a
twice partial differentiable mapping on (a?*,b"') X (¢2,dP?) with0 < a <b

o?
and 0 < ¢ < d, and Wafs € Li ([a”*,b"] x [c”?,d"?]). Then the following

equality holds:

f(aPI ,cP2 ).|_f(a01 ,dP2 )+f(bP1 ,cP2 ).|_f(bp1 ,dP2 )
4

220 (8y+1
~ ) lp”fiﬂam @) + 1 (1, )

+p2]gif(ap1 ,cP?) + szgif(bﬂl W)

PIpgy+1
— [’”ffif (b1, ) + LI F(b, d)

+plfb6if(ap1, cP2) + PlIbﬁif(apl’ drz)

81 Ba ]

Py P52 T(B1+1)I(B2+1) ,p2 TB1,B 2 51,8

+4(l;lP1 E11111)/311 (dr2 fczf’Z)B2 lpl pZIa'l*'vc%"f(bpl’dpz) + 7 p2[a-1i-,d2—f<bp1’cp2)
PPz [V (o1, dP2) 4 Pee2 [V f(arr, or2)

:mMWaTWZWKh_h_g+Q)

where
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f f (B24+1)p2—14(B1+1)p1—1 82 a5z f (tPOP 4 (1 — tP1)aPr, sP2dP? + (1 — sP2)cP?)dtds,
fO f (B2+1)p2—14(B1+1)p1—1 3 f(tplbpl + (1 —tPr)alr, sP2cP? + (1 — sP2)dP?)dtds,

]3 = fo f (B2+1)p2—14(B1+1)p1—1 8 f(tplapl + (1 — tP1)bPr, sP2dP2 4 (1 — sP2)cP2)dtds
and

1 1 2
Iy = / / s(Bat1)p2—14(B1+1)p1—1 8fasf(tp1ap1 +(1—tP)bP1, 572 P2 +(1—5P2)dP?) dtds.
0 JO

Proof. By using integration by parts, we have
L = [y sPatlee—l [fol tﬁlﬂltﬂl*la‘?—gsf(tplbﬂl + (I —tr)ar, s”2d”? + (1 — s/)?)cp?)dt} ds
=1
= [o 5Pt D21 lmtﬁlpl L (b + (1 — tPr)a, sP2dP2 + (1 — sP2)cP2)

t=0
— ey Jo NP0+ (1=t )arr, 572dP 4 (1 — 892)0”2)dt1 ds

= fol g(B2t1)p2—1 lm asf(bpl sP2dP? + (1 — sP2)cP?)

W fo tP1p1—1 el f(tplbpl + (1 _ tpl)apl sP2dP2 4+ (1 — sz)cpz)dtl ds
=1 _ fo Sﬁzpzspz—lﬁf(bm’ sP2dP2 + (1 — sP2)cP?)ds — oL

(bP1—aP1)py (®P1—af1)

X fol thp—1 [fol 552p28p2_1%f(tp1b"1 + (1 —tPr)alr, sP2dP2 + (1 — Sp2)Cp2)d8] dt

s=1
= (bPl 7aﬂl)(ylp2 —cP2 )p1p2 Sﬂzpzf(bpla szdpz + (1 - sz)cpz)
1 B s=0
~en —apl)%pg_cpz)m Jo 87027 (b2, 572dP% + (1 — sP2)c)ds

1
bP1—aPl
( ) o

X fol tﬁlplfl [(dﬁ2 —1:”2);)2 862p2f(tp1 bPr + (1 _ tpl)apl7 sP2dP2 + (1 _ S'DZ)CPQ)

s=0
W fo gB2p2— lf(tplbpl + (1 = tP1)a, sP2dP? + (1 — SpZ)cpZ)dS] dt.

Thus,

I = (bP1— apl)(d1’2 ch)plpzf(bpl dr?)
~ i) édﬂz sy Jo 87T (b, 5P2dP7 o+ (1 — 5P2)cP?)ds
i) é‘m —")pz fo =L f (P11 4 (1 — tP1)aP? , dP?)dt

+(bp1 apl)(bPZ sz)
X [o [t LBl p(orper 4 (1 — ¢91)aPt | sP2dP2 4 (1 — P2)cP?)dsdt
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By using Lemma 2.1, we have

I = (bP1 7a,pl)(d£27cf’2)p1p2f(bpl7dpQ)
52 'T(B2+1)
- (bﬁl—appzl)(dpz —ayer,y P f(07 )
___ AT g g gen)

(bP1 —ar1)B1+1(dP2 —cP2) py
—1 By—1
+ Pfl P§2 I(B1+1)I'(B2+1) pl,pgjﬁlﬁz f( p1 pg)
(bP1 —ar1 )51 +1(d/72 —cP2 )52+1 b—,d— a~,c .

So, it follows that

(bﬂl _ apl)(dpz _ sz)plpzh

B B
= 10 ) — LS PR F0 o) - BRI L (e )

B1 Ba
011 p5°T(B1+1)T(B241) B1,8
+(b;1 fam)ﬁi (dVQ—ci2)52 P1,p2]bi7d2_f(ap17cp2)'

(2.8)

By using similar arguments as in the above, we obtained the following.

(bﬂl _ aﬂl)(dl)2 _ Cp2)p1p212
B2 B1
= —f(bP, cP?) + %’% p2ffjf(bf’1,dp2) + %‘% plIbﬂif(a”l,cp?)

51 B2
P e T(BiADT Bt py e 7P1B2 £(p1 pe
(bP1 —ar1)P1(dP2 —cr2)B2 Ib—,c-t,-f(a 7d )7

(2.9)

(b1 — a??)(d"? — C’);)Plpﬂg ,
= —f(aPr,d") + Po°T(Batl) P21 f(aPt, cP2) + % PLIPL F(bPr, dP2)

(dP2—cP2)P2
81 B2
_ P11 Py F(IB1+1)F(/B2+1) pP1,02 517/62 £1 02
(b917a91)61(d927092)ﬁ2 Ia+7d_f(b , C )>

(2.10)
and

(bﬂl _ aﬂl)(dpz _ sz)p1p214
Pflr(51+1)

2T(B+1)
= f(apl’ cpz) - (pjpzfciz)ﬁz pzlcﬁif(am?dpz) - (b1 7ap1)ﬁ1 pl]c?—li-f(bp1> cpz)
31 Bao
P11 P T(B1+ DT (B241)  py,po 761,58
+ (b%l 72aP1 )ﬁi (dr2 7;2)52 prp2 Ia-l‘rycif(bpl ’ dpz).

(2.11)

The desired identity follows from adding (2.8), (2.9), (2.10) and (2.11).
O
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Theorem 2.5. Let (51, 02,p1,p2 > 0 and f : [0,00) X [0,00) — R be a

twice partial differentiable mapping on (a”*,b"') x (¢”2,dP?) with0 < a < b
2 2 |4

Orf
< P11 KHP1 P2 dP21).
and 0 < ¢ < d, and 8t886L1([a 0] X [eP?,dP?)). If 5501

convex on the coordinates on (a”*,b"!) x (cP?,dP?) for (o, m) € (0,1] x (0,1]
and g > 1, then the following inequality holds:

is (a,m)-

f(aP1,cP2)+f(al1,dP2)+f(bP1,cP2)+f (0P ,dP2)
4

521“ +1 |
_4lzdp2£/8;>2)ﬁ)2 PZICBj_f(aPl,dpz) + PZIfj_f(bPl?dpz)

+p2]gif(ap1 ,cP?) + szgif(bﬂl P2 )]

(B +1 [
_4l()bP1£i;1)5)1 PlIﬁif(bm,Cpg) + plIgif(bpl,dm)

+"1]b6if(ap1, ) + PlIbBlf(apl’d,02)‘|

31 B2
P11 P52 T(B14+1)T(B2+1) p2 TP, 02 701,58
10 e ) (@22 lpl PRI F(bPr, drr) 4 P IR (00 c2)

FPre VTR f(ePr, dP2) 4 IR f(a, c%] |

Q|-

< p1p2(bP1 —aPl)(dP2 —cP2) <
— 4

1_
1
(51+1)(52+1)P192>
q

2
%f(bpl,df’?)

% 1
(Bl+0¢+l)(,32+0¢+1)p1p2
q

1 1 1 9? cP2
AN RS ((52+1)Pz N (ﬁ2+a+1)pz) ™\ i f (bpl’ W)

q

1 1 1 02 afl
+(,32+a+1)p2 ((51+1)p1 o (/31+a+1)p1) m mf (77(1/’2)

1 1 1 1
+ ((62+1)P2 a (52+0¢+1)P2> ((51+1)p1 - (51+a+1)p1)
q

1
2| 92 f afl  cP2
Otds m’ m

Xm
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2
o055 (b1, )

+ ( (51+a+1)(52+a+1)plp2
q

1 1 1 darz
+(51+a+1)/91 ((52+1)ﬂz o (ﬂz+a+1)P2> m atasf (bpl )
q

1 1 1 92 all
+(,32+a+1)p2 ((51+1)p1 o (/31+a+1)p1) m mf (7’002)

1 1 1 1
+ ((52+1)P2 a (52+a+1)ﬂ2>l((51+1)p1 - (51+a+1)p1)
9\ ¢
o2 Pl dP2
e (%))

2
%f(am ,dP?)

2

xXm

q

+ 1
(61 +a+1) (BQ +a+1)p1p2

1 1 1 0?2 cP2
+(51+o¢+1)P1 ((ﬁz+1)pz o (ﬂz+a+1)p2> m %f (am, W)

1 9?2 bP1
+(52+a+1)92 ((51+1)P1 51+a+1)91) m 3t85f (W’ dm)

* ((szl) 62+a+1) )1 ( ﬁ1+1 B1+a1+1)p1)
g

2| 02 g (b1 P2
Otds m’ m

Xm

2
%f(am ,c”?)

+ 1
(B1+a+1)(Ba+a+1)p1p2

q
: L — 1 9? dr2
(Br+a+l)ps ((52+1)p2 (52+a+1)92) m mf ((l Y m )

q
1 1 B 1 9? 1L p
+(52+a+1)92 ((51+1)P1 (51+a+1)01) m 3t<95f ( m ¢ 2)

1 1 1 1
T ((B2+1)P2 o (52+a+1)/’2> ((51+1)p1 o (Bl—l—a—i—l)pl)

ql
02 g (e a2)| )
Otds m’ m :

Proof. By using Lemma 2.4 and the properties of the absolute value,
we obtain

2

xXm
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f(af1,cP2)+f(al1,dP2)+ f(bP1,cP2)+ [ (b0 ,dP2)
4

P21 (By+1 [
RO e g fam, ) 4 I f (b, d77)

_|_02]dﬁif(aﬂl ,cP?) + 92153]”(191’1, sz)]

Pir(s+1 [
_—"—4/21,/11,(?“)&)1 PP F(bPY, cP2) 4 P F(bP, dP2)

4P Ibﬁif(am ,cP?) 4 P1 Ifif(apl : dﬂz)]

52T (B1+1)T(Ba+1) ; ;
+4€I}P1p2apl)ﬂll (d:)02 Sjp2)62 [m,pz Igjrﬁ%rﬂbpl ,dP2) 4 PLP2 Ifi%’_f(g,m L")

+Pre VTR f(err, dPr) 4 e IR f(a, cm)] |

< plp2(b”1*“’:)(d027002) <|I1| + |2 + |I3] + I4|)-
(2.12)

By using the power mean inequality and the («, m)-convexity of

Otds

on the coordinates, we have

1—
’[1‘ (f f (B24+1)p2— 1t(51+1)p1 1d8dt> (fO f 8(52+1 p2— 1t(,31+1),01 1
¢ ¢
dtds)

f f (B2+1)p2—14(B1+1)p1—1 gopa o1 ¢ s

2 [0 (1= 17 )ar, 5207 (1 — 5)or?)

1-1
q
1
< <—(ﬂ1+1)(ﬂ2+1)p1p2>

><< 8?; F(bPr, dr?)

m %;sf (bﬂl cPZ) ‘ f f S(Bz+1)p2 lt(,31+1)p1 1(1 _ Sap2)tap1dtd8

X

Otds m

8(??93]0 ( m )

+m o2 f(apl dp2>‘ f f (B2+41)p2— 1t(51+1)p1 lapz(l_tapl)dtds

1

+m?

f f (B241)p2—14(B1+1)p1— L1 — s22)(1 — t“pl)dtds>
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Thus,

q

8t83f<bpl dﬂ2)

1-1
1
L] < (m) ((61+a+1)(ﬁz+a+1)p1pz

1 1 1 52 P2
+(51+o¢+1)p1 ((Bz+1)p2 a (52+a+1)p2) m m'f (b 1 7) ‘

(2.13) 1 9?2 a1
+(52+a+1)p2 ((51+1)p1 (] +a+1)P1) m atasf ( dpz)
1 1
T ((52+1)p2 52+a+1 2) ((B1+1 51+a+1)p1>
E

52]«? afl P2
Otds m’ m

Using similar argument, we have

2

Xm

q

a?as f(bPr, er?)

17_
P Ay (N -
1+1)(B2+1)p1p2 (51+Oé+1)(52+04+1)p1p2

1 1 1 0?2 dar2
+(51+a+1)ﬂl ((/3’2+1)P2 - (ﬁ2+a+1)P2> m atasf (b 5o )
q

(214) 1 1 1 o2 afl  p
+(62+a+1)p2 ((B1+1)p1 o (61+a+1)p1) M gigs | (W’C 2)
1
t ((52—!—1)/72 52+04+1 2 (51+1 (51+a+1)p1>
2 32 P1 dPZ
xm*| gig5 f a )
175 q
5| < 1 02 flarr,de?)
31 = | BiFDBFDp1p2 (/31+a+1)(ﬂz+a+1)p1p2 9i0s ;
1 1 1 92 cP2
et ((Bz+1)pz - (62+a+1)p2) M| 395 (a E W)
(2.15) 1 1 1 02 bP1
+(52+04+1)p2 ((514—1)/)1 o (51+a+1)pl) m 3t38f ( m 7dp2>
1
- ((62+1) ﬂz+a+1) )1 ( /31+1 /31+a+1)p1)
q
2

o2 bP1 P2
xm atasf(ﬁvw)
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and

1-1

q q

2
%f(aﬂl,c/)?)

Ll < | gopoms ;
(B1+1)(B2+1)p1p2 (B1+a+1)(B2+a+1)p1p2
02 dr2

1 1 1
+([31+a+1)p1 ((524—1)02 o (ﬂz+a+1)P2) m mf (a E m)

(2.16) !

1 1 _ 1 9?2 1 o
T BaFatn ((61+1)p1 (51+a+1>p1) ™ 55 | ( m € 2)

1 1 1 1
T ((52+1)/32 o (ﬁz-i—a—&-l)pz)l ((51+1)p1 o (,31+a+1)p1)

EAN
02 f b de2
Otds m’ m '

The desired inequality follows from (2.12) and using (2.13)-(2.16). O

2

xXm

Corollary 2.6. Let (51,02,p1,p2 > 0 and f : [0,00) x [0,00) — R be a
twice partial differentiable mapping on (a”*,b"') x (c?,dP?) with0 < a < b
2 2
gtaj; € Ly ([a"*, 0] x [¢?,dP?]). If gtaj;
convex on the coordinates on (aP',bPt) x (¢2,d’?) for (o, m) € (0,1] x (0, 1],

then the following inequality holds:
|f(ap1 ,cP2)+ f(aPl,dP2)+ f(bP1,cP2)+ f(bP1,dP2)
7

and 0 < ¢ < d, and

is (@, m)-

021841
= l’)”fif (a#1,de2) + P2 1% f (b1 )

21 f(a, o) +p2153f(b”1,cp2>]
PIpgy+1
e [’”ﬁf (b7, c#2) + P IS f(b1, d22)
I (a0 + plffif(apl,dpz)]

218218y +1)T(Ba+1)

4 P1 P2
4(bP1—ar1 )51 (dP2 —cP2 )52

p1 ’pQIfi’gif(bpl,dpz) 4 PLP2 Ifjrvflzf(bm ,cP?)

+p1,p2[5ifif(cm’dpz) + pnpz[bﬁ_l:g?_f(am’cpz)] ‘

< p1p2(bP1 —aP1)(dP2 —cP2)
— 4
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Proof.
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% 1
(51 +Oé+1) (ﬁQ +Oé+1)p1 P2

(

82
0t0s

+

2
%f(bm’dpz)

]+

1 1 1
+(ﬁ1+a+1)m ((52+1)P2 B (ﬁ2+a+1)pz)

+m

0tos

o (b1,

i)
m

@

+m

1
R

B2+a+1)p2

+m

0tos

( 1
(B1+1)p1

82

()

82

+ M\ 555

N
s f(aPt, cP2)
o f (v, 22)
oz (o
(51+0}+1)P1) (m

f (%76%2

9?2 afl
Bt (W

2
%f{bﬁl,cf’?)

)

82

+m Otds

1 2
’'m

7 d02>

82

+ M| 555

)

1
- (Ba+1)p2

82
Otds

x [ m?2

+m?

aPl P2

I (%52 ) |+ m| s f (5

82
0tos

fbﬂﬂ
m?’ m

afl

82
0tos

2

)

+m

1

1 ) ( 1 . 1 )
(B2+a+1)p2 ) \ (Bi+1)p1  (Bita+1l)p1

a2
m

b dP2
m?’ m :

o)

a

bP1
m

o)

The result follows directly from Theorem 2.5, if we take ¢ = 1.

Theorem 2.7. Let (31, 02,p1,p2 > 0 and f : [0,00) X [0,00) — R be a
twice partial differentiable mapping on (a”*,b"t) X (¢2,dP?) with0 < a <b

and 0 < ¢ < d, and

2

o0°f
i0s 1

([CLI)I7 bpl] X [sz’dpz])

2f |
I OtOs

is (a,m)-

convex on the coordinates on (a”*,b"') x (c¢”?,dP?) for (a,m) € (0,1] x (0, 1]
and q > 1, then the following inequality holds:

)
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f(apl ,cP2 )—}—f(af’l ,dP2 )+f(bl’1 ,cP2 )+f(b91 ,dP2 )
4

D21 (B2+1
— [p”fif (arr, dP2) + P22 (b1, dP2)

LI f(ar, ) + T O, >]
e\ (RS [ﬂl[fif (b1, cr2) 4+ TP F (o1, )

4(bP1—aPl1 )ﬁ1

+p1]bﬁif(ap1’ cP2) + PlIbﬁif(apl’ d/JQ)‘|

P P2 D(B1+ )T (B2 +1) B1,8 B1,5
+ (b1/31 2@91)1311 (dr2 —c2ﬂ2)ﬁ2 pl’pZIa-l&-,cgl—f(bm?de) + pl’p2Ia41-,d2—f(bplvcp2)
P12 Ibﬁi’fif(c’“ ,dP?) 4 PLP2 Ifi’ﬁif(a”l, sz)] |
1
< p1p2(bP1 —aP1)(dP2 —cP2) 1 "
= 4 ((Bi+D)p1r—r+1)((B2+1)p2r—r+1)
1
1 ! 92 P1 P2 ! p1 2
X (ap1+1)(ap2+1) mf(b »d ) + apam Btds (b )
2 e 2 e
P p P
vapum| (22, d7) |+ a2m2pnpo| o £ (22, 22) )
q
9? 92 d
+<mf(bpl,0p2) +C¥P2mmf(blwp,f)‘
o L
52 2 1
+apim| s f (a;; 7CP2> + a®m?p1pa| 75 f (%,d%) >
q
2
_i_(%f(am’dm) + apam 61&8 f(a 176;2)‘
2 1 2 1 %
0 0 P
+apim| s f (bﬁl»dm) ‘ + a®m?p1pa| o5 f (%,%) )
q
2 2
+( o f (@t em)| + apam| o f (a1, 42) |
2 1 2 1 é
o) bP1 2,2 9 b1 dr2
+op1m| g f (Wva) + amZp1p2| grgs f (W’W) ) }’
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Proof. By using Lemma 2.4 and the properties of the absolute value,
we obtain

f(am ,cP2 )+f(aP1 ,dr2 ).|_f(bp1 ,cP2 )+f(bﬂ1 ,dP2 )
4

2218541 [
RO e g a4 I f (b, d77)

_|_p2_753f(am ,cP?) + f’?_fgif(b”l, sz)]

PLr(8+1 [
N (O AN (I Ry AR N

4P Ibﬁjf(apl,cm) 4P Ifif(apl,dpz )1

P P2 T (B1+ )T (B2 +1)
4(bP1 —ar1 )ﬁ1 (dP2 —cr2 )82

+ p1.p2 Iaﬁ—ll—’,gi-f(bpl ,dP2) 4 P12 Ifi’ff—f(bpl W)

+pl’p215i:§if(0pl, dr2) + 017P215i:§if(a017602 )1 |

< P1P2(bp1*a’:)(dp2fcp2) <|I1| + L] + |13] + I4|)-
(2.17)

2f |
By using the Holder’s inequality and the (c«, m)-convexity of % on
S
the coordinates, we have
1
L] < <f01 I S(ﬁﬁl)pﬂ_”t(ﬁl+1)p”"d$dt>

q 1

q

X (fol fol %;Sf(tplbpl + (1 —tr1)af, s72dP? + (1 — sP2)c?) dtds)
1

< ( 1 )
= \ ((Br+1)p1r—r+1)((B2+1)p2r—r+1)

q
(s am| 8 3 somiomaa
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+m 8?23]0 (bpl 02) fo Jo (1 = soP2)tordtds

el (2 a) |21 — o

o2 afl cP2
8tas-f ( m’ )

1
4 q

+m?

L = see) (1 — tam)dtds>

q
1

- (((51+1)p1r—r+1)1((52+1)pzr—r+1)> ; ((ap1+1)(apz+1)
+ o (@) mlas f (07, 42)
e (@) miaef (4 4”)
+ (k) (woitm) m? s f (552

Thus,

8tasf(bp1 dpz)

1

:

Q=

L] < | T - i )
1+1)p1r—r+1)((B2+1)p2r—r+1) (ep1+1)(ap2+1)

q q
2 2
(2.18)  x ( o F (07, d72)| -+ apom| o f (b, 22)

q

+apim + 042m201p2

1
Q>q

52 afl  gp 52 aPl P2
_8t85f( d 2) o105/ (W7W)

Using similar arguments, we have

S
Q=

1
( (p1+1)(ap2+1) )

q
o2 dr2.
8t85f (b e m )

ok afl dr2
atasf m’ m

1
Bl =< <(ﬁ1+1>p1r—r+1><<ﬂz+1>p2r—r+1))

q
(2.19) ><< 39S (071, cP?) | + apam

q
+a?m2p1p

+apim

1
q q
)

o2 P1
Otds f (%’ sz)
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13| < <( 1 )( ! )
(B1+1)p1r—r+1)((B2+1) p2r—r+1) (ap1+1)(ap2+1)
q q
(2.20) X ( O f (am’ %)

+ apam
92 f bPr P2
Otds m’ m

2
ars (a7, d?)

q
+a?m?p1ps

2
+apim)| 75 f (b% dpz)

1
(I)q

and

((B1+1)p1r—r+1)((B2+1)p2r—r+1) (ap1+1)(ap2+1)

52 o2 dr2
(221) x(mf(apl,cpz) mf (apl,w) ‘
q 1
o2 bP1 o2 bP1 P2 e
+apim atasf(Wva) 8tasf(W’W)' ) :

The desired inequality follows from (2.17) and using (2.18)-(2.21). O

+ apam

+a?m2p1p

3. Conclusion

We established a new integral inequality of Hermite-Hadamard type for
functions of two variables that are m-convex on the coordinates via gener-
alized Katugampola type fractional integrals of functions of two variables.
We also established three new integral inequalities of Hermite-Hadamard
type for functions whose second order mixed partial derivatives in abso-
lute value at certain powers are («, m)-convex on the coordinates. If we
choose (a,m) = (1,1), then our results hold for functions whose second
order mixed partial derivatives are convex on the coordinates. We believe
that, results in this paper we inspire further research on the inequalities
involving functions of two independent variables via generalized fractional
integrals.
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