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1. Introduction and preliminaries

Throughout this paper, (X,d;s) will be a b-metric space with constant
s> 1.

We recall the following definition of b-metric spaces (see [5], [8], [6],

[9]; [18], [15], [7]).

Definition 1.1. Let X be a nonempty set. A b-metric on X is a function
d: X x X —[0,00) satisfying the conditions

(i)  dz,y) =0 < ==y,
() d(ey) = dy, ), (1)
(iii)  d(z,y) < sld(x,z) +d(z,9)],

for all x,y,z € X, and for some fixed number s > 1.

The triple (X, d; s) is called a b-metric space with parameter s.
The inequality (iii) is called the s-relaxed triangle inequality or simply
the s-triangle inequality.

It is clear that when s = 1, the function d becomes a metric on X. In
this case the triple (X, d; 1) is simply denoted by (X, d) which is the usual
notation for a metric space X endowed with the metric d.

Let (X, d;s) be a b-metric space with constant s > 1. The ball B(z,r)
of center x € X and radius r > 0 is defined by setting

B(x,r)={ye X : d(x,y) < r}. A nonempty subset Y of X is called open
if for every z € Y there exists a number r, > 0 such that B(z,r,) C Y.
The empty set is open by definition.

We denote by 7; the family of all open subsets of X it easy to see
that 7, satisfies the axioms of a topology. It is known that this topology
T4 is metrizable (see for example [7] and the references therein). As a
consequence, for every sequence (x,) and for each x € X, we have the
following equivalence: (x,) converges to = in the topological space (X, 7y)
if, and only if, lim,,_ 4o d(zy, ) = 0.

If limy,— 4 oo d(xp, ) = 0, then we write limy,_, o0 Tp, = .

It is easy to see that the topological space (X,7;) is Hausdorff. This
implies that the limit of a converging sequence is unique.



A general common fized point result for two pairs of maps... 1253

Contrary to the usual metric spaces, the map (x,y) — d(z,y) fails to
be continuous on the topological product space X x X and the balls B(x, )
are not be open sets (see for instance [7] and [18]).

A sequence (zp,)n>0 of points of X is said to be Cauchy sequence if, and
only if limy, y— 400 d(Zp, Tm) = 0.

It is easy to see that every converging sequence is a Cauchy sequence.

The following fundamental lemma was improved in 2017 by R. Miculescu
and A. Mihail in their paper [16] and by T. Suzuki in his paper [20] by a
different method.

Lemma 1.1 ([16] and [20]). Let (X,d;s) be a b-metric space with pa-
rameter s > 1. Let (z,,)nen be a sequence of elements from X having the
property that there exists v € [0,1) such that

d(xp+1, Tn) < vd(Tp, Tn-1), ¥n € N.

Then the sequence (zy)nen is Cauchy.

In [10], T. M. Dosenovi¢, M. V. Pavlovi¢ and S. N. Radenovi¢ made
several important observations concerning Lemma 1.1 above and showed
how various known fixed point results in b-metric spaces can be shortened
by using this lemma.

The b-metric space (X,d,s) is said to be complete iff every Cauchy
sequences converges in X.

A subset Y of X is said to be closed if the set Y := X \ 'Y is open (i.e.,
Y¢eT).

Let Y be a non empty set of the b-metric space (X, d; s). We denote dy
the restriction of d to the set Y x Y. Then the space (Y, dy;s) is b-metric
space, called a b-metric subspace of X. We observe that if (Y,dy;s) is a
complete b-metric space, then Y is closed in (X, d; s).

For each subset Y of X, we denote Y the closure of Y. That is the
smallest closed subset of X containing Y.
It is easy to prove the following two lemma.

Lemma 1.2. Let (X,d;s) be a b-metric space and let Y be a subset of X.
Let x € X. Then the following assertions are equivalent:
(a) x €Y.
(b) There exists a sequence (yy,)n of points in Y which converges to x.
(c) d(z,Y) =0, where as usual, d(z,Y) := inf{d(z,y) : y € Y}

The following lemma may be obtained as a direct consequence from Lemma
1.2.
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Lemma 1.3. Let (X,d;s) be a b-metric space and let Y be a subset of X.
Then the following assertions are equivalent:
(a) Y is closed.
b)Y =Y.
(c) For each sequence (yy), of points in Y and for every x € X,
if limy,— 400 d(x,yy) =0, then we have z € Y.

From the lemma above, we deduce that every closed subset of a complete b-
metric space is complete (i.e., the subspace (Y, dy; s) is a complete b-metric
space).

The following definition was introduced by Jungck in 1996 (see [14])
in the setting of metric fixed point theory.

Definition 1.2. ([14]) Two selfmaps f and g of a nonempty set X
are called weakly compatible maps if they commute at every coincidence
point of f and g (i.e., for allu € X, fu= gu = fg(u) = gf(u)).

The following definition extends the concept of weak compatibility intro-
duced by Jungck in 1986 (see [13]) for selfmaps of metric spaces.

Definition 1.3. Two self-mappings S and T of a b-metric space (X, d; s)
are called b-compatible if lim,, .o d(ST'zy,T'Sx,) = 0, whenever {z,} is a
sequence in X such that lim,_ ., Sx, = limy,_,oo Tz, = t, for some t in X.

We point out that another kind of compatibility for maps was recently used
in [4] to investigate common fixed point theorems for two pairs of selfmaps
of b-metric spaces satisfying a Lipshitz contractive condition.

As before, let (X, d;s) be a b-metric space with constant s > 1. Let
1,J,S and T be selfmaps of X satisfying the following general contractive
conditions:

(1.2)d(Sz,Ty) < f <d([:c, Jy),d(Iz, S),d(Jy, Ty), 2L - Ty) d(‘]ysj 5 “")> :
holds for all z,y € X, where f : ([0,00)°> — [0, 00) satisfying certain condi-
tions (see Section 2).

The aim of this paper is to establish two general common fixed point
theorems (see Theorem 3.1 and Theorem 3.2) for these self-mappings I, J, S
and T', when the pairs (S,) and (7, J) are weakly compatible. We point
out that our results do not make appeal to continuity.
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As a consequence of our general results, we recapture several earlier
fixed point results dealing with some contractive conditions that can be
entered as particular cases. So our results allow us to unify several related
results existing in recent literature.

We point out that this paper extend certain results investigated in [1]
(for metric case) to the more general context of b-metric spaces. We point
out also, that the author has used implicit relations in [2] and [3] to study
fixed point results in b-metric spaces.

This paper is organized as follow:

In Section 2, after this introduction and preliminaries, we introduce the
class of functions used to define the contractive condition (1.2). We provide
also examples of such implicit relations.

In Section 3, we establish our main results (see Theorem 3.1 and The-
orem 3.2).

In Section 4, we provide several consequences, where some previousely
published fixed point results are seen as particular cases of our general
results.

2. Implicit relations

For all number s > 1, we consider the set F,5 of all real functions f :
([0,00)® + [0, 0) satisfying the following conditions:

(Fy): is upper semi-continuous on [0,00)% and nondecreasing in vari-
ables x4 and zs5;

(F2): f(0,0,u,u,0) < %, for all u > 0;

(F3): f(u,0 O,;,;)<u for all u > 0;

(Fy): there exist 0 < h < 1 such that for every u,v € [0, 00) with

(Fyo): u < f(v,v,u,u+v,0), or

(Fap): u < f(v,u,v,0,u+v)

we have u < hv.

Next we give some examples of such functions.

Example 2.1. f(t1,...,t5) = Amax{ty,t2,t3, 3(ta+15)}, where A € [0,1).
(F1): is clear.
(F2): f(0,0,u,u,0) = Au = s\.% < %, for all u > 0.
(F3): f(u,0,0,%,%) = A < u for all u > 0.
(Fy): For all u,v > 0, we have

1
f(v,v,u,u+ v,0) = Amax{u, v, E(u +v)} = Amax{u,v}. (2.1.a)
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Suppose that u < f(v,v,u,u + v,0) (or u < f(v,u,v,0,u + v)) and that
u > v. Then, from (2.1.a), we get u(1 — A\) < 0, a contradiction. Therefore
u < v, which yields (by (2.1)) that u < Av. Thus Fy, is true with h:= X €
[0, %) For all u,v > 0, we have

1
f(v,u,v,0,u +v) = Amax{u, v, §(u +v)} = Amax{u,v}. (2.1.0)

Suppose that u < f(v,u,v,0,u + v) and that v > v. Then, from (2.1.b),
we get u(l — ) < 0, a contradiction. Therefore v < v, which yields (by
(2.1.b)) that u < Av. Thus Fyj is true with the sdame h := X € [0, %)

Example 2.2. f(tl, ... ,t5) = a1ty + aste + asts + aqts + asts, where a; > 0
fori=1,2,...,5; with ag + a4 < % and aj + a2 + a3z + 2max{aq, a5} < 1.
(F1): is clear.
(F2): f(0,0,u,u,0) = (a3 + as)u = (s(a3z +aq))% < %, for all u > 0.
(F3): f(t,0,0,%, %) = u(a; + %4£%) < u, for all u > 0. (Because
a1 + %’l < 1).
(Fy): For all u,v > 0, we have

f(v,v,u,u+v,0) = (ag + as)u + (a1 + ag + aq)v. (2.2)

If u < f(v,v,u,u+v,0), then u < hyv, where hy := %1%2%.
Also, we have

fo,u,v,0,u 4+ v) = (az + as)u + (a1 + az + as)v. (2.3)

If u < f(v,u,v,0,u +v), then u < hov, where hy := %_m;;_%?

We set h := max{hi, ha}. Then by assumtion, we have h € [0,1) and
from (2.2) and (2.3), (Fy) is satisfied with the prameter h.

Example 2.3. f(t1,...,t5) = At1, where A € (0,1).
This is a particular case of Example 2.2, where a1 = X\ and as = ag =
aqg = a5 = 0.

Example 2.4. f(t1,...,t5) = (atita + btats + ct4t5)%, where a > 0; b, c >
0;a+b<1andc< s

(F1): is evident.

(Fy): £(0,0,u,u,0) =0 < %, for all u> 0.

(F3): f(u,0,0,%,%) = [c%]% = \/?Eu < u, because /¢ < s.
(Fy): For all u,v > 0, we have

u < flv,v,u,u+v,0) = u? — av? — buv < 0. (2.3)
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Let v > 0 and g(t) = t*—bt—a, where t = £. We observe that g(0) = —a < 0
and g(1) =1 — (a+b) > 0. Then there exists r € (0,1) suc that g(r) = 0.
In fact we have r = ngz“‘“. Since the other root of the equation g(t) = 0
is strictly negative, then the inequality g(¢) < 0 (¢ > 0) implies that ¢ < r.
Thus, if v < f(v,v,u,u + v,0) with v > 0, then we have u < rv. If v =0,
then from (2.3) we get u = 0. Therefore u < rv.

Also, for all u,v > 0, we have

u < f(v,u,v,0,u+v) = u? < auv + buv = u < (a + b)v. (2.4)

By setting h := max{a + b, ¥ +da vg?+4a}’ we see that h € [0,1) and that the
condition (Fy) is fulfilled with this constant.

3. Main results

As before, X denotes a b-metric space endowed with the b-metric d with
parameter s > 1. We recall that for any subset A of X, the closure of A is
denoted by A.

Our first main result reads as follows.

Theorem 3.1. Let I,J,S and T be mappings from a complete b-metric
space (X, d; s) into itself satisfying the conditions:
(A1)S(X)CJ(X)and T(X) C I(X).

(A 2) The pairs (S,1) and (T, J) are weakly compatible.
(A3)S(X)NT(X)CI(X)UJ(X).
(A 4) The inequality

d(Iz, Ty) d(Jy, Sx))
s s ’

(3.1)d(Sz, Ty) < f <d([:p, ), d(Iz, Sx), d(Jy, Ty), ,

holds for all x,y € X, where f € Fg5.
Then I,J,S and T have a unique common fixed point z.
Furtheremore, we have {z} = Fix{S,1} = Fiz{T, J}.

Proof. Let xy be an arbitrary point in X. Set yo = Szg. Since S(X) C
J(X), then we can find a point x; € X such that yo = Jz1. Set y1 = T'z;.
Since T(X) C I(X), then we can find a point x5 € X such that y; = [xs.
By induction it is easy to construct two sequences (z,) and (y,) in X
satisfying for each nonnegative integer n,
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(3:2)  yon = Swap = Jwony1 and  Yont1 = Tront1 = (2242
For each non negative integer n, we set d,, := d(Yn, Yn+1). Using inequality
(3.1), the property (F1) and the s-triangle inequality, for all nonnegative
integer n, we have :

dont1 = d(Y2n+2,Yont1) = d(Szany2, Tr2n11)

<f (d(fw2n+2, Jxon11), d(Ix2n 42, ST2nt2), d(Jx2ni1, TT2n11),

Ld(Izony2, Txon+1), 2d(J2oni, S$2n+2))

(d(y2n+1> Yon)s A(Y2n 11, Y2nt2), A(Y2ns Y2n41), 0, 1d(y2n, y2n+2))

A(Y2n,Y2n+2
dan, don+1, dan, 0, W)

(
(dan, don+1,d2n, 0, dop, + dopy1).

By (F3p), we obtain day 1 < hda,. Similarly, by (F3,) we obtain
don < hdsp—1 for all positive integer n. We deduce that

dn S h" d07

for all non negative integers n.

By Lemma 1.1, it follows that the sequence (3.2) is a Cauchy sequence.
Since X is complete, the sequence {y,} converges to some element z € X.
Thus, we have

z= lim Sz, = lim Jxop41 = lim Txont1 = lim Txop40.
n—oo n—oo n—oo n—oo

By assumption (A 3) , we have z € I[(X) U J(X).
(1) Suppose that z belongs to the set J(X). Then we can find a point u € X
so that z = Ju. We set 7 := d(T'u, z). To get a contradiction, let us suppose
that 7 > 0. Then by using the inequality (3.1), the s-triangle inequality and
the property (F1) of f,we have successively
d(Tu,z) < sd(Tu,Sxa,) + sd(Sxap, 2)
<sf (d([:vgn, z),d(Izay, Sxay),d(z, Tu), %d(1$2n, Tu),
1d(z, Smop) + sd(Szan, 2)

<sf (d([:ﬂgn, 2),d(Izop, Sxon),d(z, Tu), d(Izoy, z) + d(z, Tu),
d(z, ngn)) + sd(Sxap, 2).

Again, by the s-triangle inequality, for all nonnegative integer n, we
have

d(Ixap, Stap) < sd(Ixay,, z)+sd(z, Sza,) (which tend to zero when n — +00).
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By taking the limits as n — oo in both sides of the above inequalities, we
get
0<7<sf(0,0,7,7,0)

which is a contradiction with (F2). Thus we have z = Ju = Tu.
Since T'(X) C I(X), there exists a point v € X such that z = Iv. Then,
again by using the inequality (3.1), we get

d(Sv, ) = d(Sv, Tu) < f(O,d(z,Sv),0,0, éd(Sv,z)) < £(0,d(2, Sv),0,0,d(Sv, 2)).

By the property (Fy;) it follows that Sv = z. So we have proved that
Ju=Tu=z=5v=1Iv.
Since the pairs (7, J) and (S, I) are weakly compatible then we have
TJu=JTu, and SIv=I1Sv. (3.3)
From (3.3) we obtain

Tz=Jz and Sz=Iz. (3.4)

Now, we show that z is a fixed point of S. We set 7 := d(Sz, z) and suppose
that 7 > 0. Then by using the inequalities (3.1) and (3.4), we have
0<7 =4d(Sz,Tu)
<f (d([z,Ju),d(Iz, Sz),d(Ju, Tu), 1d(Iz,Tu), 1d(Sz, Ju))
=f(10,0,%, %),
which is in contradiction with the property (F3). Thus Sz = z. Therefore
Sz=1z=z.
Set p:= d(z,Tz) and suppose that p > 0. Then by using the condition
(3.1) and the inequality (3.4), we have
0<p =d(2,T2z)=d(SzTz)
< fld(Iz, Jz),d([z,Sz),d(Jz,Tz),%d(]z,Tz),%d(Jz,Sz))
= f(d(z,T2),d(z 2),d(TzTz),1d(z,T2),1d(Tx, z)))
=1 (r,0,0,%,£)
a contradiction with (F3). Thus Jz = Tz = z. Therefore z is a common
fixed point of the mappings I, .J,S and 7.
(2) Suppose that z belongs to the set I(X). Then by similar arguments,
one can prove as it is done in (1) that z is a common fixed point of the
mappings I, .J,.S and T
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3) The uniqueness of z is a consequence of conditions (3.1) and the property
).
(4) Now we show that z is the unique common fixed point of the mappings
S and I. Suppose that there exists w € Fix{S, I} with w # z. Then by
using the condition (3.1), we have
0<d(z,w) =d(Sw,Tz)
< f (d(Iw, J2), d(Tw, Sw),d(Jz, T=), *d(Iw, T=), 1d(J >, Sw))

= f (d(w,2),0,0, 42 dw2l)
contradicting (F»). Therefore {z} = Fiz{S, I}.
Suppose that there exists v € Fiz{T, J} with v # z. Then by using the
condition (3.1), we have
0 <d(z,v) =d(Sz,Tv)
< f(d(Iz,Jv),d(Iz, Sz),d(Jv, Tv), 1d(1z,Tv), td(Jv, Sz))

= f d(Z,’U), 07 07 d(Z,’U)7 d(UVZ)) )

(
(

N

S S

contradicting (F3). Therefore {z} = Fixz{T,J}. This ends the proof. O

Remark. Let I,J,S and T be mappings from a b-metric space (X,d;s)
into itself satisfying the conditions:
(A1) S(X)cC J(X) and T(X) C I(X) and
(A 3)’ One of the sets S(X), T(X), I(X) or J(X) is complete.

Then it is easy to see that I, J, S and T are also satisfying the condition
(A 3).

Therefore, by a proof similar to the one given for Theorem 3.1, one can
obtain the following result in (possibly non complete) b-metric spaces.

Theorem 3.2. Let I, J, S and T be mappings from a b-metric space (X, d; s)
into itself satisfying the conditions:

(A1) S(X)CJ(X)and T(X) C I(X).

(A 2) The pairs (S,1I) and (T, J) are weakly compatible.

(A 3)’ One of the sets S(X), T(X), I(X) or J(X) is complete.

(A 4) The inequality

d(Ix,Ty) d
B350 Ty) < 1 (dlte, Jy), e, 52), 1y, Ty), LT, LIRS,
holds for all x,y € X, where f € Fy5.
Then I,J,S and T have a unique common fixed point z.
Furtheremore, we have {z} = Fiz{S,I} = Fiaz{T, J}.
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We end this section by giving an illustrative example.

Example 3.1.

Let X := [0,1] be equipped with the b-metric d given by d(z,y) :=
|z — y|2 for all z,y € X. The parameter of the b-metric d is s = 2. We
define four maps I, J, S and T on X by setting

Then we have:
(1) The b-metric space (X, d;2) is complete.
(2) The inclusions SX C JX and TX C IX are evident.
(3) The inclusion S(X)NT(X) C I(X) U J(X) is obvious.
(4) It is easy to see that the pairs {S, I} and {7, J} are weakly compatible.
(5) For all z,y € X, we have

4 2\ 2 4 2\ 2
d(Sz,Ty) = |Sz—Ty)* = (% +%) (% - %)
2
< (g+5) d(Iz, Jy)
< Bd(Ix, Jy) < Zd(Iz, Jy)
< max{d(Iz, Jy),d(Sz, Ix),d(Ty, Jy), L3I0 AT,
We set A = 2—54. We observe, here, that sA = 2\ = % < 1.
According to the item (5) above, we see that the assumption (A 4) is
satisfied with the function f given by:
fltr,. . ts) = Fymax{ty, by, t3,5(ta + t5)}, for all (f1,t2,13,14,15) €
[0, 00)5.
We conclude that all conditions of Theorem 3.1 are satisfied and the

unique common fixed point of the selfmappings S, T, and J is the point
Zero.

4. Some consequences and related results

A first consequence One of the first consequences of Theorem 3.2 is the
following theorem.

Theorem 4.1. Let I, J, S and T' be mappings from a b-metric space (X, d; s)
into itself satisfying the conditions:

(A1) S(X)CJ(X)and T(X) C I(X).

(A 2) The pairs (S,I) and (T,J) are weakly compatible.
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(A 3)’ One of the sets S(X), T(X), I(X) or J(X) is complete.
(A 4) d(Sz,Ty) < Xd(Iz,Jy) holds for all z,y € X, where X is a constant
in [0,1).

Then I,J,S and T have a unique common fixed point z.
Furtheremore, we have {z} = Fix{S,I} = Fiz{T, J}.

We point out that the condition 0 < X < ! imposed in [12] is
relaxed here in Theorem 4.1. Thus our second main result gives an
ameloration to [Theorem 3.13 in [12]].

We give next a result which is related to the first main result.

Theorem 4.2. Let f € Fs5 and let 1,J,S and T be mappings from
a complete b-metric space (X,d;s) into itself satisfying for some positive
integers p, q,r and s,

d(SPz, T9y) < f (d(ﬂx, Toy), d(I"z, SPz), d(.J*y, T%), %d([’”x, Ty), %d(ﬁy, spa;))

(4.1)
for all x € X.
Suppose that
(A1) SP(M) C J5(M) and TI(M) C I"(M).
(A 2) The pairs (S,1I) and (T, J) are commuting.
(A 3)SP(M)NT(M) C I"(M)U J5(M).

Then I,J, S and T have a unique common fixed point z. Furtheremore, we
have {z} = Fiz{S,1} = Fiz{T, J}.

Proof. Set S:=S?, T:=T9,1:=1" and J := J*. Then an application
of Theorem 2.1 yields that the mappings I , J , S and T have a unique com-
mon fixed point z in M. We have Sz = S(Sz) and by the commutativity
of S and I we have Sz = S(I"z) = I"(Sz) = I(Sz). Thus Sz € Fiz{S,I}.
By virtue of Theorem 2.1, we must have Sz = z. By similar arguments we
have Iz=zand Jz =Tz =2 O

The following theorem extends [Theorem 3.11, [12]] published by

M. Jovanovié, Z. Kadelburg and S. Radenovié¢ in 2010.

Theorem 4.3. Let (X,d;s) be a b-metric space with constant s > 1, and
and let S, T 1,J: X — X be selfmappings satisfying the following condi-
tions:
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(A1) S(X)CJ(X)and T(X) C I(X).

(A 2) The pairs (S,I) and (T, J) are weakly compatible.

(A 3)’One of the sets S(X), T(X), I(X) or J(X) is complete.

(A 4) There exists A € (0, %) such that the inequality

d(Iz,Ty) d(Jy,Sz)

d(Sz, Ty) < Amax{d(Iz, Jy), d(Iz, Sz), d(Jy, Ty), = — ——~

(4.2)
holds for all x,y € X.

Then S,T,I and J have a unique common fixed point (say) z € X.
Furtheremore, we have {z} = Fix{S,I} = Fiz{T, J}.

2

To obtain Theorem 4.3, on can use Theorem 3.2 and the function f
given by

ts 5

2V Y(ty, to, ts, ta, 0 5
28728}’ (17 2,503,504, 5)6[7+OO)7

f(tl,tg,tg,t4,t5) = )\max{tl,tQ,tg,
with constant A € [0, %) It is easy to verify that this function belongs to
the set F, 5. So we obtain the above theorem as a direct consequence of our
second main result (i.e., Theorem 3.2).

The next theorem is a consequence of our main results.

Theorem 4.4. Let (X,d;s) be a complete b-metric space with constant
s > 1, and and let the pairs (S,I) and (T,J) be b-compatible pairs of
selfmaps of X satisfying

d(Sz,Ty) < A max {d(]a:, Jy),d(Sxz, Iz),d(Ty, Jy), d

(4.3)

for all x,y € X, where 0 < \ < %
We suppose that

(i) S(X) C J(X), T(X) € I(X);

(ii) the pairs (S,I) and (T, J) are weakly compatible and

(i) S(X)NT(X) Cc I(X)U J(X).
Then I,.J,S and T have a unique common fixed point (say) z € X.
Furtheremore, we have {z} = Fiz{S,I} = Fiz{T, J}.

Sz, Jy) +d(Ty, Ix) }
2s ’

We point out that Theorem 4.4 may be considered as a variant
(for noncontinuous maps) of the result [Theorem 2.1., [11]] published
by N. Hussain, Z. D. Mitrovié¢, S. Radenovi¢ in 2018.
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If we set T =1 = J = S in Theorem 4.4, then we recapture
Theorem 3.4 of the article [19].

Another consequence of our main result is the following.

Theorem 4.5. Let (X,d;s) be a complete b-metric space with constant
s > 1, and and let the pairs (S,I) and (T,J) be b-compatible pairs of
selfmaps of X satisfying

(4.4) d(Sz,Ty) < ad(Sz, Iz) + bd(Ty, Jy) + cd(Iz, Jy),

for all x,y € X, where a, b, c are non-negative real numbers satisfying a +
s(b+¢) < 1.
We suppose that
(i) S(X) € J(X), T(X) C I(X);
(ii) the pairs (S,I) and (T, J) are weakly compatible and
(ii)) S(X)NT(X) Cc I(X)U J(X).

Then I,.J,S and T have a unique common fixed point (say) z € X.
Furtheremore, we have {z} = Fiz{S, I} = Fiz{T, J}.

This theorem is consequence of Theorem 3.1 with the function f given
by

f(t1,ta, ts, ta, ts) == cty + aty + bts, V(t1,t2,t3,ts, t5) € [0, +00)°,

where a, b, ¢ are non-negative real numbers satisfying a + s(b+ ¢) < 1.

Indeed, it is easy to see that f belongs to the class F;5. So, we may
recapture this result as a consequence of the main theorem (Theorem 3.1)
of this paper.

Let Ix be the identity map of X. We observe that, if we set T = S
and I = J = Ix in Theorem 4.5, then we recapture the main result (i.e
Theorem 3.2) established in [17] by P. K. Mishra, S. Sachdeva and S.
K. Banerjee.

Remark. It is possible to quote many other well known common fixed
point results in b-metric spaces as consequences of the main results of this
paper. We omit the details.
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