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Abstract:

Let G = (V, E) be a graph. A total labeling : VUE — {1,2,...,k}
is called totally irregular total k-labeling of G if every two distinct ver-
tices uw and v in V(QG) satisfy wt(u) # wt(v), and every two distinct
edges ujug and vivy in E(G) satisfy wt(ujug) # wt(vivs), where

wt(u) = P(u) + > Y(uww) and wt(uiuz) = Y(ur) + P(uruz) +

weE(G)
Y(uz). The minimum k for which a graph G has a totally irreqular
total k-labeling is called the total irreqularity strength of G, denoted
by ts(G).
In this paper, we determine the exact value of the total irreqularity
strength of cubic graphs.
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1. Introduction

As a standard notation, assume that G = G(V, E) is a finite, simple and
undirected graph with p vertices and ¢ edges. A labeling of a graph is
any mapping that sends some set of graph elements to a set of numbers
(usually positive integers). if the domain is the vertex-set or the edge-set,
the labeling are called respectively vertex-labeling or edge labeling. If the
domain is V U E then we call the labeling a total labeling. In many cases
it is interesting to consider the sum of all labels associated with a graph
element. This will be called the weight of element.

For a graph G we define a labeling ¢ : VU E — {1,2,...,k} to be a total
k— labeling. A total k—labeling ¢ is defined to be an edge irregular to-
tal k—labeling of the graph G if for every two different edges uv and u'v’
their weights ¢(u) + ¢(uv) + ¢(v) and ¢(u') + d(u'v") + ¢(v') are distinct.
Similarly a total k—labeling ¢ is defined to be an vertex irregular total
k—labeling of the graph G if for every two different vertices v and v their
weights wt(u) and wt(v) are distinct. Here, the weight of a vertex = in G
is the sum of the label of v and the labels of all edges incident with the
vertex . The minimum k for which the graph G has an edge irregular
total k—labeling is called the total irregularity strength of G, denoted by
tes(G). Analogously, the minimum & for which the graph G has a vertex
irregular total k—labeling is called the total vertex irregularity strength of
G, denoted by tvs(G).

The total edge irregularity strength and total vertex irregularity strength
are invariant analogous to irregular assignments and the irregularity strength
of a graph G introduced by Chartrand et al. [11] and studied by numerous
authors, see [9, 13, 14, 16, 23]. The irregular assignment is a k—labeing
of the edge ¢ : E — {1,2,...,k} such that the sum of the labels of edges
incident with a vertex is different for all the vertices of GG, and the smallest
k for which there is an irregular assignment is the irregularity strength,
denoted by s(G).

A simple lower bound for tes(G) and tvs(G) of a (p,q)—graph G in
terms of maximum degree A(G) and the minimum degree §(G), determine
in the following theorems.

Theorem 1. [9] Let G be a (p, ¢)—graph with maximum degree A = A(G)
then tes(G) > max { [%W , [%W}
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Theorem 2. [9] Let G be a (p,q)—graph with minimum degree 6 = 6(QG)
and maximum degree A = A(G) then

[p+6

< < —
A+1-‘ <tvs(G) <p+A—-20+1

Ivanco and Jendrol [15] posed the following conjecture:

Conjecture 1. Let G be an arbitrary graph different from K. Then
tes(G) = max { [ 452] . [ 434}

In [20] Nurdin et al. posed the following conjecture:

Conjecture 2. Let G be a connected graph having n; vertices of degree
i(i =6,04+1,0+2,..., A), where § and A are the minimum and the maximum
degree of G respectively. Then

tvs(G)= max { { d4ng

A
S5+ Z n;
Stnstnsin i=5
o+11, 5+2 e £+1 :

Conjecture 1 has been for complete graphs and complete bipartite graphs
[16, 17], for the grid [19], for hexagonal grid graphs [5], for toroidal grid
[12], for generalized prism [10], for categorical product of two cycles [1], for
strong product of cycles and paths [6], for zigzag graphs [7] and for strong
product of two paths [3].

Conjecture 2 has been verified for trees [20], for circulant graphs [8].
Combining both total edge irregularity strength and total vertex irregular-
ity strength notions, Marzuki et al. [18] introduced a new irregular total
k-labeling of a graph G, which is required to be at the same time both
vertex and edge irregular. The minimum value of k for which such labeling
exist is called total irregularity strength of graph and is denoted by ts(G).
Besides that, they determined the total irregularity strength of cycles and
paths. Marzuki, et al. [18] given a lower bond of ts(G) as follows.

(1.1) For every graph G, ts(G) > max{tes(G),tvs(G)}

Ramdani and Salman [21] showed that the lower bound in (1.1) for
some cartesian product graphs is tight. In [2], Ahmad et al. found the
exact value of total irregularity strength of generalized Petersen graph.
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2. The plane graph D,

In [4] A. Ahmad et al. defined the plane graph D,, and found the vertex
irregular total labeling of cubic graphs. we have investigated the total
irregularity strength of plane graph, cross prism graph, Necklace graph
and goldberg snark graph.

Let D, be a plane graph. The set of vertices and edges of the plane graph
D,, is given as followed.

V(Dy) = Vi{asbiscisdi - 1 < i < n}
E(D,) = {cicit1; bici; aibi; bid; aidi; aipad; - 1 < i < n}

where the subscript n + 1 must be replaced by 1. In the next theorem we
determined the total irregularity strength of plane graphs D,,.

Figure 1: The plane graph D's

Theorem 3. Let D, n > 3 be plane graph, Then ts(D,,) = 2n + 1


pc
f-1


Total irregularity strength of some cubic graphs 909

Proof: Since |E(D,,)| = 6n, so from Theorem 1, tes(D,) > 2n + 1. Also
D,, has 4n vertices of degree 3, so from Theorem 2, we get tvs(D,) >

%—‘. From equation (1.1), we get ts(Dy) > 2n + 1 Now we show that
ts(Dy) < 2n+ 1. For this we define a total labeling ¢ from V(D,,) U E(D,,)
into {1, 2,...,2n+ 1} and compute the vertex weight and edge weight in
the following way.

For 1 <13 <n,

o(ci) =i, ¢(bi) = 1, #(a;) = n+1, ¢(d;) = k, ¢(bic;) = 1,
P(aid;) = n+1, ¢lair1d;) = k, wt(a;d;) = 4n+2+1, wi(b;
wt(bic;) = 1+ 2i, wt(d;) = 6n + 3 + 1,

5n + 3 + 1, for 1<i<n-1

5n + 3, for i=n

¢(bzdz) =n-+ ’i,
dl) = 3n+2+i,

wt(aiﬂdi) =

Case.l. when n is even

)1, for 1<i<n-—1
¢(Czcz+l) _{ TL—|—2, fOT i=n

fn it
¢(azbz)_{ n+1, for 2<1<n
2+ 2, for 1<i<n-—1
’wt(CiciJrl) :{ on+3 for 1=n

) 2n+2, for i=1
wt(albl)_{Qn—i—Z—i—i, for 2<i<n

wt(ag) = 5n + 3, for i=1
Y] Bn+ 3414, for 2<i<n
) 2n+3, for i=1
wt(bz)_{2n+2+2i, for 2<i<n
n+5, for i=1
wt(e) =4 2+ 2i, for 2<i<n-1
3n + 3, for i=n

Case.2. when n is odd

qﬁ(albz) =n-+ 1, wt(aibi) =2n+2+ i,
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1, for 1<i<n-—1
n+1, for i=n

P(cicit1) = {

2 + 21, for 1<i<n-—1
wh(cicit1) = 2n + 2 for i=n
) 2n+4, for i=1
wt(bz){2n+2+2i, for 2<i<n
) n+4, for i=1
wt(az)—{ 5n + 3 + 1, for 2<i<n
n+4, for i=1
wt(c;) =< 2+ 21, for 2<i<n-—1
3n + 2, for i=mn

It is easy to check that there are no two edges of the same weight and
there are no two vertices of the same weight. So ¢ is a totally irregular
total k—labeling. We conclude that ts(D,) = 2n + 1. Which complete the
proof.

3. The crossed prism graph C,

In [4] A. Ahmad et al. defined the cross prism graph C,, and found the
vertex irregular total labeling of the cross prism graphs and is denoted by
Ch. The set of vertices and edges of C), is given as followed.

E(Cn) = {aiaiﬂ; bibz‘_;,_l; aibiﬂ; aibi_l 01 S 7 S n} U {albn; anbl}.

In the next theorem we determined the total irregularity strength of
crossed prism graphs C),.
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Figure 2: The cross prism graph O

Theorem 4. Let C,, n > 4 and n is even be a crossed prism graph, Then
ts(Cp) =n+1

Proof: Since |E(C,)| = 3n, so from Theorem 1, tes(C,) > n + 1. Also
C,, has 2n vertices of degree 3, so from Theorem 2, we get tvs(Cy) >

2n+43
4

ts(Cp) < n+ 1 For this we define a total labeling ¢ from V(C,) U E(C,,)
into {1, 2,...,n+ 1} and compute the vertex weight and edge weight in

. From equation (1.1), we get ts(Cp,) > n + 1 Now we show that

the following way.

Letk=n+land1<i<n.
(b(bz) = 17 ¢(al) = ka ¢(bzbz+1) = 7:7 ¢(aiai+1) = iu ¢(a1bn) = 27 ¢(anb1) = 17
wt(bibiy1) = 2+ 14, wt(aza;1) = 2n + 2 + 1, wt(a;) = n+ 2+, wt(arb,) =
n+4, wt(ayby) = n+ 3,


pc
f-2
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Case.l. when 7 is odd

¢(aibi—1):n+3_i7 SSZSTL—17
wt(abi—1) =2n+5—1, 3<i<n-—1,
wt(b;) =2n+3+4, 1<i<n—1,

Case.2. when 7 is even

¢(aibi+1):n+1—i, 2<1<n—2,
wt(b;) =2n+1+i, 2<i<n,
wt(aibiy1) =2n+3 —14, 2<i<n-—2,

It is easy to check that there are no two edges of the same weight and there
are no two vertices of the same weight. So ¢ is a totally irregular total
k—labeling. We conclude that ts(Cy) = n + 1. Which complete the proof.

4. The necklace graph N,

In [4] A. Ahmad et al. defined the necklace graph N,, and found the vertex
irregular total labeling of N,. The necklace graph has 2n 4+ 3 vertices and
having the vertex set and the edge set as follows.

V(N =V{a;:1<i<n}u{bj:2<j<n—1}
E(Nn) = {aiais1: 1 <6 <n=130{bjbj11: 2 < i < n=2h0{azb; : 2 <d,j <n—1:}

U{aian, a1bs, anbp—1}

where the subscript n + 1 must be replaced by 1.
In the next theorem we determined the total irregularity strength of neck-
lace graph N,,.
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Figure 3: The necklace graph Ng

Theorem 5. Let N,, n > 4 be necklace graph, Then ts(N,) = n.

Proof: Since |E(N,)| = 3n — 3, so from Theorem 1 tes(N,) > n. Also N,
has 2n—2 vertices of degree 3, so from Theorem 2, we get tvs(N,) > [25H].
From equation (1.1), we get ts(IV,) > n. Now we show that ts(N,,) < n.

For this we define a total labeling ¢ from V(N,,)U E(N,,) into {1, 2,...,n}

and compute the vertex weight and edge weights in the following way.
P(bjbjr1) =J, 2<j<n—2

P(aran) = 2, p(anby—1) = 1, p(arbe) =1,
) 144, for 1<i<n-—3
d(aiait1) { n, for i=n—-2,n-1
1, for i=1
d(a;)) =1 n, for 2<i<n-1
n—1, for i=n

wt(bjbj+1):2+j, QSJ Sn—Q
wt(abj) =2n+3 -4, 2<i,j<n-1,
wt(a1be) = 3, wt(ara,) =n + 2, wt(apby,—1) =n+ 1,

n+ 3, for i=1
2n+ 1471, for 2<i<n-3
G 3n for i=n—2

3n—1, for i=n—-1


pc
f-3
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6, for i=1

2n+ 3 +1, for 2<i<n-—3
wt(a;) =< 3n+2, for i=n—-2

3n + 3, for i=n—-1

2n + 2, for i=n

n+2+j, for 2<j<n—-2
wt(bj)_{n+3, for j=n—1

It is easy to check that there are no two edges of the same weight and there
are no two vertices of the same weight. So ¢ is a totally irregular total
k—labeling. We conclude that ts(NV,,) = n. Which complete the proof.

5. The goldberg snark graph G,

The goldberg snark graph G,, is a 3 regular graph with 12n vertices denoted
by G, is a graph with the vertex set and the edge set as follows.

V(Grn) = Vd{ai; bis cis dis €45 fis 9is his 1 <@ <n}

E(Gp) = {aiait1; €iv1 fi; gihiv1; aibi; bici; bidi; cieis di fi €i fi; cigis dihi; gihil <
i<n}

where the subscript n + 1 must be replaced by 1.
In the next theorem we determined the total irregularity strength of gold-
berg snark graph G,,.
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Figure 4: The goldberg Snark graph Gy

Theorem 6. Let G, n > 3 be goldberg snark graph, Then ts(G)) =
[%fﬂ =4n+1.

Proof: Since |E(Gy)| = 12n, so from Theorem 1, tes(Gy) > 4n+ 1. Also
G, has 8n vertices of degree 3, so from Theorem 2, we get tvs(G,) >

Bt | From equation (1.1), we get ts(G,) > 4n + 1. Now we show that
ts(Gp) < 4n+ 1. For this we define a total labeling ¢ from V(G,)U E(G,,)
into <1,2,...,4n+ 1} and compute the vertex weight and edge weights in

the following way.

Let k=4n+1and 1 <17 <n,

¢(a1) = k, gZS(bZ) =k, (;5((31) = 2n — 1+ 21, ¢(dz) = 2n + 21, (;5(6,) = 1,
¢(fz) =1, ¢(g1) =2n+1, (Z)(h%) =2n+1, qﬁ(aiaiﬂ) = k‘—’i, qb(alb%) = 2n+1,
p(bici) = 2n + 1, ¢(bidi) = 2n + 1, ¢(cie;) = 1, ¢(difi) = 1, ¢(cigi) = 1,
o(dihi) = 1,


pc
f-4
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2 for i=1
W@ﬂ%—{%_q for 2<i<n
e for i=1
¢(gzhz)—{2n_1+21', for 2<i<n
1, for i=1
¢(ez+1fl) - { 24, for 2<i<n
P(gihit1) = { o2 + 2i, for 2<i<n
wt(bs) = 10n+3+i, wt(c;) = An+2+2i, wt(d;) = An+3+2i, wt(f;) = 1+4i,
wt(g;) = 6n + 1 + 44, wt(aza;r1) = 3k — i, wt(ab;) = 2k + 2n + 1,
wt(bics) = k + 4n + 2, wi(bids) = k+ 4n + 1+ 20, wi(cies) = 2n + 1 + 2,
(

wt(d; fi) = 2n+ 2 4 24, wt(c;g;) = 4n + 1 + 2i, wt(d;h;) = 4n + 2 + 24,

wt(efs) for i=1
b 2z+1 for 2<i<n

6n + 4, for i=1
t(gzhl) {6n_|_1_|_227 fO’F 2<i1<n
[ 3 for i=1
uﬂ%HﬁW—{2+m, for 2<i<n
] 6n+3, for i=1
Wt(gzhz—f—l)_{ 6n + 2 + 2i, for 2<i<n
[ 13n+3, for i=1
w“%)_{‘Mn+4—L for 2<is<n
wt(e;) = 4 6, for =2
4 —1, for 3<i<n
8n + 4, for i=1
wi(h) = 6n16 for i=2
6n — 1+ 44, for 3<i<n

It is easy to check that there are no two edges of the same weight and
there are no two vertices of the same weight. So ¢ is a totally irregular

total k—labeling. We conclude that ts(G)) = {HL;Q-‘ Which complete
the proof.
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