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1. Introduction
In 2006, Jumarie [4] gave an interesting extension of the gamma function

as

(1.1) To(z) = (a7t | Bo(—t*)t=D2d)*, 0<a <1,

where E,(u) is the Mittag-Leffler function (1.2)

oo uk
1.2 E.(u) = ., acC.
(1.2) (u) ;;)Wf)’ €

Here (a!) denotes I'(ov + 1). We use this notation throughout the paper.

The integral involved in (1.1) is the fractional integral with respect to
(dt)™ given by Jumarie (see, for details [3], [4], [5], [7], [8], [9], [10], [11]).
This modified integral has the following connection via fractional calculus,
with the usual integral [5]

(1.3) /f (de)° :a/ () de.

We define the extension of Gauss hypergeometric function as follows

o N
(1.4) SFi(a,b;c;z) Z ©), —,

’I'L

where 0 < o < 1, a,b,c € C with ¢ is never zero or negative integer.

Here (1), , is the extended Pochhammer symbol defined by

Lo(A+0)
La(A)

where A\ € C, ne NU{0}, 0 <a<1.

(1'5) ()\)n,a =

In the definition (1.5), 'y () is the extended gamma function given by

(1.1).
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2. Generalized integral transforms

In 2012, Virchenko [16] introduced the following generalizations of classical
integral transforms.

Definition: The generalized Laplace integral transform

21 Loyl f(@)in) = a7 f(a) do
0

and

Lo (F @)y} = [a e 1077 (ics —blay) ™) f(z) do,
0

(2.2)
where z > 0,7y € C, 71 >0, v2>0, b >0, 1<I>I’B is the (7, B)-generalized
hypergeometric function [15]

19077 (056, —b(ay) ) =

c a—1 Wl[ (Cf’i’)

(2.3)
(Re(c) >Re (a) >0;{ 7, B} CR,7T>0; 7— 0 <1)

and ,W¥, is the generalized hypergeometric Wright function

P

(a1; a1) ... (ap; op) _ Mz_
(2.4) Yo (b1 B1) .. (bg; By) 1 nZO li[ T'(bj+n B;) "

q P
(z € C5 ai,bj € C; {ay, B} C R; ai,b; #0; 1+ Z,Bj— S a; > 0.

j=1 i=1

Definition: The generalized Stieltjes integral transform

P“’”’%’M{f( )izt = P{f(u);z}
_ b(mfﬁlml)ﬂ du

— 2 f(u (a1;7); (az;7)
- . T'(az) f (x'1j1+u'v1 73 2\II1 (C; ﬁ)

(2.5)
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and

Pt )y = Po{ f(u); )

(2.6) I(c) Ofo( w2 f(u) (a1;7); (a2;7) z1

T4
= T(a1) D(az2) 3 71 4u71)73 2V (C; B) | - b(m) ] du,

where Re(ai;) > 0, Re(ag) > 0, Re(c) > 0,v > 0;{r, 8} C R;7 >
0; 7— B <1;b>0 and 2P is defined by (2.3).

Theorem 1. If 0 <z < 1,y € C, v1 >0, 72 >0, b > 0; aj,a2, p €
C;pé¢{0,—1,-2,..};0 < a <1, then

1 .
(2.7) Lvl,»yz{SFl(al,amp;w);y}Zay 2oy (y),
where o (o). . (o)
A1)y o \O2)y -n
n(s) = & Chslelep (st

In particular_when v1 =1, then

o 1
L, {8 Fi(an, a2, p;2);y} =y 2 1T (ye+1) § 7y <a1>a2>’72 + 15 p; 5) -

(2.8)
and
~ o 1 T(e) . _
(2.9) Loy o,y {8 Fi(on, aos py2)y} = %my ks 102(5733);
where
0 . y2+ntl, n
oa(byx) = Y Ldulezdy g, ()i (35550) |, Lr
n=0 Pln C; B) ’
Proof. From the linearity property of generalized Laplace transform

(2.1) (see, [16]), one can write the following

ey > (al)n a(a2)n 7 —(zy)M +n 1
Loy o {3 Fi(an, a2; p5 )5y} = ZT /e Y d —

(2.10)
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Let us evaluate the integral involved in (2.10). By taking the substitutions
xy =t and " = u, we can get

T emten™ gratn gy

0

o0
=y R e that

0
o0 (M_ ) .
— 1,-v-n-1 —u Y1 — 1 ,—v-n-1 (12+n+ )
Y of e du =31y I ’

using this in (2.10), one can get the formula (2.7).

Assertion (2.9) can be derived by using the formula [16]

7 koo L T(0) ke (a5 7); (22 y
Ly, vy i ay}—%my 7 12‘1"1[ (c: 5() v ) —bl,
(2.11)

and applying similar method leads to the proof of (2.7).
Theorem 2. If Re(a;) > 0, Re(az) > 0, Re(c) > 0,7 > 0; {r, 8} C

Rr>0717-0<1;b>0;a1,a0,p€ Cip ¢ {0,—-1,-2,..};0 < a < 1,
then

1 T _
P2 7374 fo C e ) - 71 3 +72+1 b
1 {2 1(041,04%,07 :z),y} - F(al)I‘ a2)y 03( ,IL'),
(2.12)
where
0-3(b7$)
_Jetntl n
X (@), (02), T (o250 ) \1,2[ (a1;7); (a2;7) (2E2HL 34 ‘_b] iy
n=0 (P)n (c; B); (13374) "
and
1 T(¢) _
P23 74 fa < ). — 1 y3+v2+1 b
1 {2 1(0417042ap7x)7y} - F(al)I‘(ag)y 04( 7'%')7
(2.13)
where
04(b>$)
Yotn+1 n
_ 3 (o), (o), T (25 )3%[ (a1;7); (a5 7) (7 — 2215 '_b] v
=0 ) (¢; B); (735 74) "
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Proof. From the definition (2.5), we have

e8]
P2 (9 (o, qo; pi @) y}_ al)F(az) 3 ( 1)(7,;)(n2)n
o +n a1;7T); (ag; V4
X b/‘(yxj—x)ggxpll (a1 c). (a2;7) ‘—b(ych;) ]d:p%.
(2.14)

From (2.3) and changing the variable from { = ¢ and then ¢ = u, the
integral appeared in (2.14) becomes

Yo+n (a1;7); (az;) 1 T4
wa.qu 73 oWy [ (C; 5) - b(yﬁxW) du

0\8

+n+1
—v1v3+ty2+n+l X (12_+'74k_1) —y3— —b)*
_ oyt 5 Faﬁ-ﬂz Zz+'yk) fu 5 (1+u)" " kmdu%
o (c+B
yo+n+1 Jetn+tl
Yy —7173+72+n+l X2 (a1+7'k) (a2+'yk)F 2’7711 Hyak-l F(’YB_ 2’7711 )(*b)k
= o P2y T(cTBR) T (73 T7ak) 2

Putting this in (2.14), we can reach the assertion (2.12).
Using the similar method, one can derive formula (2.13).

3. Generalized fractional operators and ; F(a, b; c; z)

The generalized fractional integral operators involving the Appell’s function
due to Saigo and Maeda [13] are defined by

(87597) @
(31 =& [(@—t) By (65,68, 851 — L1—2) f(t)dt
(6,8, 8,B8",v € Cand x > 0; Re(y)>0)

O—g

and

(I‘s"s"ﬁ’ﬁ"”f)( )
(82) =& Tt—a) B (5.0,8, 8571 - 5,1 - L) f(t)dt

t? T

(0,8",8,8",v € Cand x > 0; Re(y) > 0).
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Note on extended hypergeometric function 591

and fractional derivative operators are defined by

(33) (P67 ) (@) = (1" P77 ) (@)
and
(3.4 (P27 ) () = (127727 ) (),

where Fj is the third Appell function (also known as the Horn function)
[14]

' o o o~ (0) (01, (B) (B), 2™ y"
F3(6,0", 8,8 v;z,y) = m’;zo Do T max{|z|, |y|} < 1.

(3.5)
The formula of generalized fractional integrals (3.1) and (3.2), and
derivatives (3.3) and (3.4) of the power function are given below

[gﬁlvﬂ7ﬂl77 prl (a:.)
6)— _L(p) L(pty—6-8"—p) T(p+8'—¢") +y—3—8"—1
B6)= e trm e
(Re(’)/) > 07 Re(p) > maX{Ov R6(5 + ¢’ + B - 7)7 (5, - B,)}a T > 0)

(152257 2071) (a)

— LA=p—yt6+3) PA—p+6+5"—7) P(A—p+f) ,.p+y—5—5'—1

T I'(1—p) T(A=p+0+0"4+5+5"—7) T(1—p+0—p5)

(Re(y) > 0, Re(p) <1+ max{0,Re(—3), Re(6+ " —~), Re(6 + 5" —~)}, z>0)
(3.7)

— L Lpt6—B) L(p+6+6'+5' =) . p46+6'—y—1
D(p—B) T'(p+0—06'—7) I'(p+6+8"—7)
(Re(y) > 0, Re(p) > max{0, Re(—d + ), Re(—0 — o' = ' +~)}, © > 0)
(3.8)

Dgf’ﬁ,/)"ﬁ zfp) (z)

— D(6-0"4y4p) D(=0' B4y +p) T(B'+p) ) 546 —y—p
= T(p)T(=6-8—B+y+p) T(—0"+5+p)

(3.9)

ERe(';) > 0, Re(p) > max{Re(—p3"), Re(d'+L—~)+[Re(y)]+1}, = > 0)
3.10
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Theorem 3. Ifx >0,0<a <1, {0,d,5,08,7,a,b;} CC,i=1,...p, j =
1,...,q, Re(y) > 0, 1+ min{Re(y—6 — ¢ — ), Re(y—0—4d"), Re(5')} > 0,
then

6751a57ﬁ/’7 — 76*5’ F(776/7ﬁ+1) F(776751+1) F(B/+1)
(IO+ [3 F q(z)]) () = a7 T(—0—6—B+T) (B —0'+1)

. Ly =08 —f+1,5 —8 +1a1,.0p;
T gy By — = 0 L by, b |

(3.11)

and if © > 0,0 < a < 1,{4,0,8,8,7,ai,b;} C C,i = 1,..,p,j =
1,....,q, Re(y) > 0, 1 + min{Re(6 — 0’ — ), Re(d + 5" — ), Re(—5)} > 0,
then

0,6".8,6"y [1 1 _ T(A—A+6+8) (14648 —) T(1—P)
(B2 [3550: (4)]) @) = M s
xv—é—é’—la 1 _7+5+5/71 +5+B/ _771 _Bvala"'vap; 1

pstars 1+6+8+B8+8 =7 14+0—8,1,b1,....,bg; ©
(3.12)

Proof.  The hypergeometric function with p numerator and ¢ denomi-
nator parameters is defined by [1]

i, ...ap; 2 (a1), - (ap), 2
(3.13) qu[ bi,...bq; Z] :7;0 (bi)n...(b:)nm'

From (3.13) and (3.6), we can write

5,6'.8,8', _ B (a1)p4 (a2),--(ap),
(Io_ i L%“Fq(z)D (z) = nZ::O YR AT
I(y—6—8"—B4+n+1) (8 =8 +n+1)I'(n+1) $7_5_5’+n)

L(y—0—06"+n+1)T(yv—8"—p+n+1) (' +n+1)

=58 T(y=8 =B+ 1) P(y=6—6'+1) (B’ +1)

=T T(y—0—0 — B+ (5 —o'+1)

§ (1), (y=6=6"=B+1), (' =8'+1),, (a1)n 4 (a2),---(ap),, z7

o= BT+, (=6=0"+1),,(v=6"=B+1),, (1), (bq),, nl”

which in view of definition (3.13), is the right hand side of assertion (3.12).

In the same way, using (3.13) and applying the formula (3.7), we can
derive the assertion (3.12).
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Theorem 4. Ifx >0,0<a <1, {0,d,5,6,7,a;,b;} CC,i=1,...,p, j =
1,...,q, Re(y) >0, 1 + min{Re(§ — ), Re(§ + 8" + 3 —~)} > 0, then
Vel i e

PA-p) T(1+6—6"—) T (1+5+5"—7)
o o L14+6—=8,1404+0+p8 —v,a1,...,ap; .
p3Tat 1_571+6_5,_771+5+5/_77b17"'7bq; ’
(3.14)

and if z > 0,0 < o < 1,{0,0,5,0,7,ai,b;} C C,i = 1,..,p,j =
1,...,q, Re(y) > 0, 1+ min{Re(—06 — &' + ), Re(—6' — B+~),Re(5')} > 0,

88" 887 [La 1 [(—6—0"4y+1) T(=0'—B4y+ 1) T(B8'+1)
(DO* [EPF q ')D (%) = =y AT 17+
v A/_la JF -0 +v+1,-8—-pB+~v+1,8+1,ay4,.., ap,l
W 5 =B+ 1, =0+ +1,1,b1, by '
(3.15)

Proof. From (3.13) and (3.8), we get

(D829 [pE)]) (@) = 5 s e

. ( D(nt1) T(§—B+n+1) D(3+8'+5' —yn+1) xmuwn)
T(— B+t T(0—0 —~+nt1) T(0+5 —7+n+1)

_ 0=y __DO46—B) T(14045+5'—)
T=B) T(1+d=0'—) T(L+3+5—7)

X (1)n(1+675)n(1+5+6/+5/77)n (al)n,a (G’Q)n"'(ap)n ™
LT

n=0

1-8), (14+0—6"=),, (1+6+8'=v),,  (b1),,--(bg),, nl?

By using (3.13) again, we can reach to (3.14).

Similarly, using formula (3.9), assertion (3.15) can be derived.

Remark 1. If we take o = 1 in the above mentioned theorems, we get the
corresponding results for the classical hypergeometric functions oF} and
Fy.

ptq
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