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1. Introduction

The study of stability problem for various functional equations originated
from a famous talk of S. M. Ulam [1]. In 1940, Ulam [1] posed a problem
concerning the stability of functional equations: “Give Conditions in order
for a linear function near an approximately linear function to exist.” Since
then, this question has attracted the attention of many researchers. Note
that first solution to this question was given by Hyers [2] in 1941. He made a
significant breakthrough, when he gave an affirmative answer to the Ulam’s
problem for additive functions defined on Banach Spaces. Thereafter, the
result by Hyers [2] was generalized by Rassias [3], Aoki [4] and Bourgin
[5]. After then, many Mathematicians have extended the Ulam’s problem
to other functional equations and generalized the Hyers results in various
directions (see [6, 7, 8]).

Definition of Hyers-Ulam stability have applicable significance since it
means that if one is studying the Hyers-Ulam stable system then one does
not have to reach the exact solution. (Which usually is quite difficult or time
consuming). This is quite useful in many applications, for example Fluid
Dynamics, Numerical Analysis, Optimization, Biology, and Economics etc.,
where finding the exact solution is quite difficult. It also helps if the stochas-
tic effects are small, to use deterministic model to approximate a stochastic
one. It is very important to note that there are many other applications
for Hyers-Ulam stability in other areas like, nonlinear analysis problems
including partial differential equation and integral equations.

The theory of stability is an important branch of the qualitative the-
ory of differential equations. The generalization of Ulam’s problem was
recently proposed by replacing functional equations with differential equa-
tions: The differential equation ¢ (f,w,w/, z, .. ac(”)) = 0 has the Hy-
ers - Ulam stability if for a given ¢ > 0 and a function z such that
’qﬁ (f,x,x', z, .. :1:(”)>‘ < ¢, there exists a solution z, of the differen-

tial equation such that |x(t) — z4(t)] < K(e) and lg% K (e) = 0. Obloza
seems to be the first author who investigated the Hyers-Ulam stability of
linear differential equation [9]. Thereafter, Alsina and Ger [10] published
their papers, which handles the Hyers-Ulam stability of the linear differ-
ential equation 3 (t) = y(t). The result obtained by Alsina and Ger was
generalized by Takahasi et. al., [11] to the case of the complex Banach
Space valued differential equation 3 (£) = A y(t), (see also [12, 13]).

Now a days, the Hyers-Ulam stability of ordinary differential equations
has been investigated (see [14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26,
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29, 30, 31, 32, 33]) and the investigation is going on. In this paper, our
main aim is to investigate the Hyers-Ulam stability and Hyers-Ulam-Rassias
stability of the nth order homogeneous linear differential equation

2 () 4an_1 () 2V @)+ Aag(t) 2" (8)+ai (t) 2 (8)+(ao(t) — p(t) z(t) =0
(1.1)

with initial conditions

(1.2) z(a) = 2'(a) = 2"(a) = ... = 2" V() = 0,
and with boundary conditions

(1.3) z(a) =xz(b) =0,

forall t € I, z(t) € C"(1), p(t) € CO(I) and a;(t) € C(I),i =0,1,2,...,n —
1. Where I = [a,b] C R, p > 0 and p(t) is a bounded for all sufficiently
large t in R.

2. Preliminaries

Firstly, we give the definitions of Hyers-Ulam stability and Hyers-Ulam-
Rassias stability for the differential equation (1.1) with initial and boundary
conditions (1.2) and (1.3) respectively.

Definition 2.1. We say that the differential equation (1.1) has the Hyers-
Ulam stability with initial conditions (1.2), if there exists a constant K > 0
such that for every € > 0, x € C™(I), if

[#00) + an-a()) "D + o+ aa(t) 2 (0) +ar(6) (1) + (ao(t) — p(0) ()] < e

with z(a) = 2/(a) = 2"(a) = ... = () (t) = 0, then there exists some
y(t) € C™(I) satistying the differentail equation

Y () Fan-1(8) y" V() aa(t) ¥ (8) Faa () ¥ (0)+(ao(t) = p(t)) y(t) =0,

with y(a) = v/(a) = y"(a) = ... = y"~D(t) = 0, such that |z(t) — y(t)| <
K e.

We call such K as a Hyers-Ulam stability constant for the differential equa-
tion (1.1) with (1.2).
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Definition 2.2. We say that the differential equation (1.1) has the Hyers-

Ulam stability with boundary conditions (1.3), if there exists a constant

K > 0 such that for every ¢ > 0, z € C"(I), if

2 (1) + a1 () 27O + o+ as(t) 2() + an(t) () + (ao(t) — p(8) 2(0)] <,
with z(a) = x(b) = 0, then there exists some y(t) € C"(I) satisfying the
differentail equation

Yy (#)Fan—1(t) gV () Faa(t) Y (D) +ar(t) ¥ () +Hao(t) — p(1) y(t) =0,

with y(a) = y(b) = 0, such that |x(t) — y(t)| < K e.
We call such K as a Hyers-Ulam stability constant for the differential equa-
tion (1.1) with (1.3).

Definition 2.3. We say that the differential equation (1.1) has the Hyers-
Ulam-Rassias stability with initial conditions (1.2), if there exists ¢ €
C(I,Ry) such that for every e > 0, x € C™(I), if

[2(1) + an1(t) 27O + o+ ax(t) 27() + ar () () + (ao(t) — p(t)) 2(t)| < e(®),
with z(a) = 2/(a) = 2”(a) = ... = 2" V(t) = 0, then there exists some
y(t) € C™(I) satisfying the differentail equation

Y™ () +an-1(t) y" V()4 Fa2(t) ¥ () a1 (1) ¥ (1)+(ao(t) — p(t)) y(t) =0,
with y(a) = 3/(a) = y"(a) = ... = y" D (t) = 0, such that |z(t) — y(t)| <
¢(t) K(e).

We call such K as a Hyers-Ulam-Rassias stability constant for the differ-
ential equation (1.1) with (1.2).

Definition 2.4. We say that the differential equation (1.1) has the Hyers-
Ulam-Rassias stability with boundary conditions (1.3), if there exists 6, €
C(I, R4) such that for every e > 0, x € C™(I), if

20 (@) + an-1(8) 2D (E) + o+ az(t) (1) + ar () (1) + (ao(t) - p(1)) @ (t)] < ea(®),
with x(a) = x(b) = 0, then there exists some y(t) € C™(I) satisfying the
differentail equation

Y () Fan-1(t) y" V(1) . az(t) v (0)+ar () o (1) +(an(t) — p(t)) y(t) =0,
with y(a) = y(b) = 0, such that |z(t) — y(t)| < ¢(t) K(e).

We call such K as a Hyers-Ulam-Rassias stability constant for the differ-
ential equation (1.1) with (1.3).
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3. Hyers-Ulam Stability

In this section, we investigate the Hyers-Ulam stability of the differ-
ential equation (1.1) with (1.2) and (1.3). Now, we prove the Hyers-Ulam
stability of the differential equation (1.1) with (1.2).

Theorem 3.1. If Z max |a;(t)| + max |(ap(t) — p(t))| < ﬁ then

the differential equamon (1.1) has the Hyers-Ulam stability with initial con-
ditions (1.2).

Proof. For every € > 0 and = € C"(I) satisfies ’x(”_l)(t)’ < .. <
()] < la/()] < | ()] i [0 (0) + ana (1) 2 D(0) + .+ ar(t) 27 (1)
Far(t) 2'(t) + (aolt) — p(t)) (t) < e,

with z(a) = 2/(a) = 2”(a) = ... = ™V (t) = 0. Then by Taylor’s formula,
we have
/ z" (a s
(3.1) =z(t)==z(a) +z (a)(t —a) + 2(! )(t —a)?+ ..+ nfg) (t—a)”
Since we have z(a) = z'(a) = 2"(a) = ... = 2"~D(t) = 0, then (4.1)
becomes
)
() = n!@ (t—a)"
So,
()] = | =5 ¢ — a)"|
max |z(t)] < b—n‘!lL max‘a:(”)(t))
n n—1 )
max |z(t)| < L= { max |2 (t) + = a; ()P (t) + (ao(t) — p(t)) 2(t)
=S ai®20(0) ~ (a0(t) - plt)) 2(0) }
(b—a)” =
max 2(t)] < &=t {6+ {; max |a;(£)] + max| (ao(t) — p(t))\} max |2 )\}
max |z (t)] < (b:ﬁ) + 7)n/\maxla:(t)|

n—1
where A = > max|a;(t)| + max |ag(t) — p(t)|. Now, let us choose
i=1
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0= (b—a) A. Hence we get,
n!
(b—a)"
maX|$(t)| < m €,
(b—a)” .
choose K as A A=3) hence we have max|z(t)| < K e. Obviously, we

have yo(t) = 0 is a solution of
20 (t)+an—1(8) 2D (0)+..+az(t) " (D) +ar () 2/ (8) +(ao () — p(t)) x(t) =0

with initial conditions z(a) = 2'(a) = 2"(a) = ... = 2(®~Y = 0, such that
[z(t) —yo(t)] < Ke.

Hence, by the virtue of Definition 2.1, the differential equation (1.1) has
the Hyers-Ulam stability with initial conditions (1.2).

Now, we investigate the Hyers-Ulam stability of the differential equation
(1.1) with boundary conditions (1.3).

Theorem 3.2. If Z max |a;(t)| + max |(aog(t) — p(t))| < (711)3— then

a)

the differential equatlon (1.1) has the Hyers-Ulam stability with boundary
conditions (1.3).

Proof. For every € > 0 and = € C"(I) satisfying
2™ (8) + a1 () 2"V + o+ as(t) () + ar(t) () + (ao(t) - p(t) 2()| <,
with z(a) = z(b) = 0. Let M = max{’x(i)(t)’ : t € a, b]} i=0,1,2,...,n—

1. Since z(a) = x(b) = 0, there exists ¢ty € (a,b) such that |z(¢p)| = M
Then by Taylor’s formula, we have

2" ()

(3.2) 2(a) = alto) + 2/ (t0){t — @) + Tty — a)? .. + T gy e
, 2 w(n)

(3.3) 2(b) = 2(to) + ' (fo)(b— to) + b0 (p _ g1z 4 1 T
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559
Since we have z(a) = 0, (4.2) becomes
(n) ae ,
z nfé) (to — a)” + ...+ v 2('0) (to — a)2 +z (to)(to — a) + .’L‘(to) =0,
|
thus ’a:(”)@)’ > M Now, let tg € (a, —b] , we have
(to —a)”
nn!M>nn!M nnl 2" M nn!2" ()
= = max |z (t)].
(to—a)” = (b—a)” (b—a)” (b—a)"
27’1
Since we have z(b) = 0, (4.3) becomes
(n) (¢ ,
: n'(C) (b—to)" + ... + = 2<,0) (b—to)? + (to) (b — to) + x(to) = 0.
|
Thus we have ‘ > nni M . Now, let tg € [a——i_b,b> , we have
(to — b 2
nn!M>nn!M_nn!2”M_nn!2” ()
(b—to)» — (b—a)”  (b—a)*  (b—a)" max |z
2’!’L
| b=
Hence, we obtain max |z(t)| < o max ‘x(n)< )‘ Thus we have
max|a(t)] < Lot { max |7 (1) + z i(0)2D(1) + (ao(t) = p(1)) (t)
=S a0 () ~ (aolt) ~ p(t)) <>'}
max |x

) < Lo Loy { " max [ay()] + max |(ao (£) —p<t>>|} maz |z >|}
max|o(0)] < L5 e + L= ) max ()

n—1
where A = Y max|a;(t)| + max|(ao(t) — p(t))]. Now, let us choose § =
i=1
bh—a)
(n n'a2)” A. Hence we arrive that,

max [z(t)] < — ="

nal2n (1—0)
Choose

B (b—a)"
Cnnl2n (1-0)
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Hence we have max |z(t)| < K e. Obviously, we have yo(t) = 0 is a solution
of

2™ () +an_1(t) 2V () +...4az(t) 2" (¢)+ar (t) ' (8)+(ao(t) — p(t)) z(t) =0
with boundary conditions z(a) = z(b) = 0, such that
|z(t) —wo(t)| < Ke.

Hence, by the virtue of Definition 2.2, the differential equation (1.1) has
the Hyers-Ulam stability with boundary conditions (1.3).

4. Hyers-Ulam-Rassias stability

The following Theorems are shows the Hyers-Ulam-Rassias stability of the
differential equation (1.1) with (1.2) and (1.3).

Theorem 4.1. If Z max |a;(t)| + max |(ap(t) — p(t))| < ﬁ then

the differential equafuon (1.1) has the Hyers-Ulam-Rassias stability with
the initial conditions (1.2).

Proof. For every ¢ > 0 and = € C"(I) satisfies
20 D(#)] < o < 2" ()] < |'(8)] < [2(2)], there exists a ¢ : [ — [0, 00) if

20(8) + ana(8) @) + o+ an(t) 2" (1) + ar(t) /() + (ao(t) - p(t) @(t)] <
(1) €,

with z(a) = 2/(a) = 2’ (a) = ... = Y (t) = 0. Then by Taylor’s formula,

we have

/ 2" (a z(™
A1) a(t) = () + o (a)(t —a) + 2(! Jt—a2+ ..+ n!@(t—a)n
Since we have z(a) = z'(a) = 2"(a) = ... = » D(t) = 0, then (4.1)
becomes
z™

So,
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|z(t)| =
(b—a)"

max |z (t)] < max‘:v(")(t)‘
™)(t) + Z a;(t)zD(t) + (ao(t) — p(t)) z(t)
=" alt)0(0) ~ (aoft) ~ p(0) 2(0) }

ma [z(t)] < =4 {¢( e+ { S max [a;(t)] + max |(ao(t) —p<t>>|} max|:c<t>|}
nmxmxw\gﬁ%§ﬁ¢()e+-iﬁLAnmxuaN

s (4 — ayr|

max |z (t)] < (b;ﬁ)n { max

n—1
where A = 3° max|a;(t)| + max|ag(t) — p(t)|. Now, let us choose § =

(b :Z!a)n)\. Hence we get, max |z(t)| < %gf)( ) €, choose K as %,

hence we have max |z(t)] < K ¢(t) e. Obviously, we have yo(t) = 0 is a so-
lution of

2 () +an—1(8) &™) (0) 4. Faz(t) 2 (D) +ar (t) 2/ (1) +(ao(t) — p(t)) 2(t) = 0

with initial conditions z(a) = 2/(a) = 2"(a) = ... = 2"~V = 0, such that

(1) =y @) < K¢(t) e

Hence, by the virtue of Definition 2.3, the differential equation (1.1) has
the Hyers-Ulam-Rassias stability with initial conditions (1.2).

Now, we prove the Hyers-Ulam-Rassias stability of the linear differential
equation (1.1) with boundary conditions (1.3).

Theorem 4.2. If Z max |a;(t)| + max |(aop(t) — p(t))| < (7227 then

a)”
the differential equafuon (1.1) has the Hyers-Ulam-Rassias stability with
the boundary conditions (1.3).

Proof.  For every € > 0 and = € C™(I) if there exists ¢ : I — [0,00)
satisfies the inequality

20 (@) + an-1(8) M) + o+ az(t) (1) + ar () /() + (ao(t) — p(1) 2(t)| < B(1) €,

with z(a) = 2(b) = 0. Let M = max {|(®) : t € [a,b]},i=0,1,2,...,n—
1.

Since z(a) = z(b) = 0, there exists tg € (a,b) such that |z(¢g)| = M.
Then by Taylor’s formula, we have
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" x(n)

(4.2) x(a) = :E(t()) + $/(t0)(t0 - a) + %(to — CL)2 + ...+ n'(g) (to — a)”
/ x" (™

(4.3) 2(b) = x(to) + 2 (t) (b — to) + 2<f°)(b— t0)2 + .. + nfo (b— to)"

Since we have z(a) = 0, (4.2) becomes

(n) ae ,
z n'(g) (to — a)” + ...+ v 2(|0) (to — a)2 +x (to)(to — a) + l’(to) =0,
'M a+b
m)(ey| > M ( _]
thus ‘a: (5)‘ Z o —a) Now, let tg € | a, 5| e have

nn! M nn! M nn! 2" M n n! 2"
= = max |z(t)].

(to—a)» = (b—a)" (b—a)” (b—a)”
2TL

Since we have z(b) = 0, (4.3) becomes

[L‘” (to)
2!

2™ (¢)

n!

b—ty)"+ ...+

(b—to)? + & (to) (b — to) + z(to) = 0.
‘ nn M a-+b

Thus we have ’ b
(to —

. Now, let tg € [ ,b) , we have

nn! M nnl M nnl 2" M n n! 2"
= = max |z (t)]

(b—to)» = (b—a)” (b—a)" (b—a)”
on

<o
<

<>+z%m () + (aolt) — p(t)) (1)
—ngww—mw—m»wﬁ
mwmun<ﬁx§{w>e+{EEHMw@M+mmK%@wqm»@rmﬂﬂw@

max |z(t)| < (b— “2nq§( ) e+ (b—a)” Amax |z (t)|

n n! n n! 2"

Hence, we obtain max |z(t)] max ’x(”)( )‘ Thus we have

max |z(t)] < T(Lbn,a% { max
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n—1
where A = " max|a;(t)] + max |(ao(t) — p(t))|. Now, let us choose § =

(b B a)n =1

on A. Hence we arrive that,
n n!

(b—a)"

< N7
max |z(t)] < nn! 2" (1-9)

(1) €,
(b—a)"
nn! 27 (1—9)
ously, we have yo(t) = 0 is a solution of

choose K as . Hence we have max |z(t)| < K ¢(t) e. Obvi-

20 (t)+an—1(8) 20D (). Haz(t) 2" (D) +ar(b) 2/ (8) +(ao(t) — p(t)) z(t) =
with boundary conditions z(a) = z(b) = 0, such that

lz(t) —yo(t)] < K ¢(t) e.

Hence, by the virtue of Definition 2.4, the differential equation (1.1) has
the Hyers-Ulam-Rassias stability with boundary conditions (1.3).

5. Conclusion

The definition has studied in this work has applicable significance since it
means that if we studying the Hyers-Ulam stability of a system, then we
does not have to reach the exact solution (which usually is quite difficult
or time consuming), all what is required is to get a function, that is a close
exact solution. Therefore Hyers-Ulam stability guarantees that there is a
closed exact solution of the system under study. That is, we proved the
Hyers-Ulam stability and Hyers-Ulam-Rassias stability of the homogeneous
linear differential equation of nth order with initial and boundary condi-
tions by using Taylor’s Series formula. It is very useful to readers to get the
approximate solution of these kind of differential equations. Researchers are
still on going on the Hyers-Ulam stability of first, second order and higher
order homogeneous and non-homogeneous differential equations, in partial
differential equations and integral equations.
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