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1. Introduction and Motivation

Let Ap be the class of functions f(z) of the form:

(1.1) f(z) =ap+ a1z + ianz”,

n=2
which are analytic in the open unit disk

U={z2z€C and |z| <1}.

If f(z) € Ap is given by (1.1), together with following normalization:
ap =0 and a; = 1, then we say that f(z) € A. Let S be the subclass of all
functions in A, which are univalent in U.

For f € A, k € Ny := N U {0}, Ruscheweyh [3] defined the operator
DF: A — Aby

Df(2) = f(2)

D'f(z) = zf'(2),

(12)  (k+ 1D f(z) = 2(D*f(2)) + k(D"f(2)) (z € U).
Thus, if f(2) € A, f(z) =2+ > 029 anz", then (see [5])
(k+n-D1!
(1.3) Z+ Z H(n —1)! ———ay,2" (2 € U).
The Ruscheweyh operator has gained much aclaim as a unifying factor

in the study of many classes of functions in geometric function theory.

Let M(a) denote the subclass of A consisting of all f(z) which satisfy
the inequality

(1.4) E}E{w}>a (z € U).

z

For complex parameters (1, 82 and some real A > 0, Uyanik et al.[6]
introduced the class A(f1, 82; A), a subclass of A as

(1.5) 'ﬁlz <@>/+52z2 <@>u

<X (ze€),
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and discussed some of its properties. Later on in 2011, Uyanik and Owa, [7]
introduced the third complex parameter 83 and redefined the above class
as

9 s (12 s (12) s (1)

and denoted the class by A(51, B2, 83; A).
Motivated by the aforementioned work (also; see [1, 2]), we define the
subclass of A as follows.

<A (z€U),

Definition 1.1. A function f(z) € A is said to be in the class A(S1, B2, 53, fa; \)
if it satisfies the inequality

2 2£(y 2y " 20,0\
e (P49) 4 (P19t (P12) it (22
(L.7)
for some complex parameters 31, B2, 53, B4 and for some real number \ > 0.

Example 1.2. Let us consider a function f,(z) defined by
fy(2) =2z(1+2)" (y€R)

:z+i<nzl>z"

n=2

where

n—1 (n—1)! (n2

( ¥ )ZW(W—l)(V—Z)---(’Y—n‘F?)

Then we have

(1.8) D2f(2) +Z n“ <n_1>z".

Therefore, it follows from (1.8) that
22 ()\/ 20 N\ 25 N\ 25 N\
‘/312 (%v()) 1 By2? (D J;w( )) + B33 (D f;( )) + Bzt (D f;( ))
(1.9)

nnl) Y
(L)
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(Bi+(n—=2)B2+ (n—2)(n—3)Bs+ (n—2)(n—3)(n — 4)B4) 2" .
If v =1, then from (1.9) we have

‘B 5 (D fi(z ) 1 Boz (D2];1(z)>//+53z3 (D2£1(Z)>,,/+ﬁ4z4 (Dzj;l(z))////

= [3f12] < 3[A1].

This implies that fi(z) € A(B1, B2, B3, Ba; A) for A > 3|B1| > 0.
If v = 2, then (1. 9) yields

‘/812 (D ElE ) + Baz (szZ(z ) 1 Bz (D2f2(2)>// + Byt (D2f2( )>////
= 16812 + 12(B1 + B2)=%| < 18|61 + 12182 = 6(311 +-215a)),

which shows that fa(z) € A(S51, B2, B3, Ba, A) for X > 6(3|51] + 2|F2|) >0

Further, if v = 3, then from (1.9) we obtain
" "
‘/8 . D2f3 ) 1 Bz (D2f3(2 ) + B3z (D2f3(2)) 4 Byt (D2J;3(2)>

|9[312’ + 36(51 + ﬁg)z + 30([31 + Qﬁg + 233 Z3|
< 75[B1| + 96| B2| + 60|B3| = 3[25|B81] + 32|82 + 20| Bs]].

Thus f3(z) € A(B1, B2, B3, Ba; A) for A > 3[25(61| + 32| 52| + 20|53]].

Similarly, for v = 4, we have

prz (L) 4 g2 (2L | g8 (DL 4 5,0 (DAY

z

= |12812 + 72(B1 + B2)22 + 120(B1 + 262 + 2B33)23 + 60(B1 + 362 + 685 + 634)2*|
< 264W1’ + 492‘52‘ + 600’ﬁ3’ + 360‘,34‘ = 12[22’ﬁ1’ + 41’ﬁ2’ + 50‘53‘ + 30’,34’].

Thus, fi(z) € A(B1, B2, 3, Ba; A) for X > 122251 |+41| 2] +50| 53] +30|B4]]-

2. Properties of the class A(S1, 52, 03, 04; )

Our first result provides a sufficient condition for a function f € A to be

in the class A(f51, B2, B3, Ba; A).

Theorem 2.1. If f(z) € A satisfies

> 22D o 1)[181] + (n - 2180

n=2 2

21+ =2)(n=3)Bs]+ (n—-2)(n-3)n- 4)\54\} lan] <A,
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for some complex numbers (1, B2, 83, 84 and for some real A\ > 0, then

f(Z) € A(/glaﬁ%ﬁ&ﬁ‘l; )‘)

Proof.  Suppose that (2.1) holds true for some real A > 0. Then

us (L2 4 27 (DL2) 4 g3 (D) 4 gyt (£2202) "
= oo, Mt 1)[51+<n— 2)82 + (n —2)(n — 3)8;

+(n = 2)(n = 3)(n — 4)Ba] ap=""1|

< 32 M5 (n — 1) |81 + (n - 2) |8y

+(n - >< = 3)|s] + (n— 2)(n = 3)(n — 4)| 1] | |an| 2"
< 0, M (0 — 1) [|B1] + (n — 2)|Bsl

Ho- 2)(n = 3)|8s] + (n — 2)(n — 3)(n — 4) ] |a
<A,

by virtue of (2.1). This shows that

f(Z) c A(ﬁb 627 /837 ﬁ47 )\)

Thus, the proof of Theorem 2.1 is completed.
The next theorem gives the necessary condition for the function f € A
to be in the class A(B1, B2, B3, Ba; A).

Theorem 2.2. If f(z) € A(f51, B2, B3, Ba; A) with arg 1 = arg fo = arg 53 =
arg B4 = ¢ and a, = |a,|e(*B=Y) (n=2,3,4,--.), then

f: n(n2+ 1) (n—1)

n=2

([!255)! +(n = 2)[Ba + (n = 2)(n = 3)[Bs] + (n = 2)(n = 3)(n — 4)|Ba]] |an| < A.

Proof. If f(2) € A(ﬁl,ﬁz,ﬁg,@;;)\) with arg 81 = arg B, = argfl3 =
arg By = ¢ and a, = |ay,|e(»B=¥) then we have

Blz(sz( ) + Bz (%)"%-5323 (%)W—F&z“ (%)/m

:‘ ?2%( —D[B1+ (n—2)B2+(n—2)(n—3)83
+(n = 2)(n — 3)(n — 4)Balanz"""|
= |02 M5 (0 = 1)[|81] + (n = 2)|Ba] + (n — 2)(n — 3) |33

(23)  +n—2)(n—3)(n—4)|Bafllanle’ "IV <,
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for all z € U. Let us consider a point z € U such that z = |z|e™. Then
it follows from (2. 3) that

Brz (ZLR) 1 py22 (ZLE)" 4 gy (ZL@)" 4 g0 (2242)™

= 000, 2t (0 — 1) [|B1] + (n — 2)| ]
+(n—2)( 3)|Bs] + (n — 2)(n — 3)(n — 4)| B4l |an||z|" 7 < A

Letting |z| — 17, we obtain

320, 20 ) (0 — 1)[|B1] + (n — 2)|Ba] + (n — 2)(n — 3)|33]
+(0-2)(n-3) (n-4) [Bal]|an| < A

Thus, the proof of Theorem 2.2 is completed.

Corollary 2.3. If f(z) € A(pB1, B2, B3, Ba, A) with arg 1 = arg 2 = arg f3 =
arg B4 = ¢ and a, = ’anyei((nfl)ﬁfw) (’I’L =2,3,-- ) then

’an| < — — _2>\ — — - -
n(n+1)(n—1)[|1[+(n—2)|B2[+(n—2)(n—3)[B3|+(n—2)(n—3)(n—4)|B4]]
(n=2,3,4,..).

A distortion property for the function f in the class A(Sy, B2, 53, Ba; \)
is considered in the following corollary.

Corollary 2.4. If f(z) € A(pB1, B2, B3, Ba; A) with arg 1 = arg B2 = arg f3 =
arg 84 = v and a, = |an|ei((”_1)ﬂ_¢) (n=2,3,4,---), then we have

S o)
2] = D lanllz[* = CjlzP*t < [f ()] < [z + Y lanl|2]" + Cjl2lH,
— n=2

(2.4)

with

= A2 200 (0 1)[|81 |4 (n—2) [ B2 |+ (n—2) (n—3) B3| +(n—2) (n—3) (n—4) | Ba] |an |
I M 118114+ —1)| B2l +(i—1) (G—2)IB5+(i—1) (—2) (—3)| Bal]

(2.5)
and
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1= 520 g nlan|[z["7 = Qjlz < |f/(2)] < 1+ X _pnlanll2[" " + @12l (2 € U)

(2.6)
with

Q= 2[a-32 , 2D (1) |4 (n—2)| B |+(n—2) (n—3)| B3|+ (n—2) (n—3) (n—4) | Ba| }an||
(2 ;)* JEH)[B1+(G =) B2+ —1)(1—2)[83]+([—1)(1—2) (1 —3)[Bal] ’

Proof.  Since f(z) € A(B1, B2, B3, Ba; ), hence it follows from Theorem
2.2 that

oo

> —”(”; 1)(n—l)HBl!+<n—2)\52\+(n—2>(n—3)|53|+(n—2)<n—3)(n—4)|ﬁ4l]\an\

jnn
<=3 M o 1) (180 02) ol (n-2) (1) B+ n2) (n-8) (n—) Bl

Further, we note that
JGENERD) (16, 4 (j — 1)|Ba] + (5 — 1)(j — 2)|Bs]
(G =1~ 2)( — 3)1B8a 22041 lanl
< YR 2 ED (18] + 4 (n — 2)[B] + (n — 2)(n — 3)| s

(2.9) +(n = 2)(n = 3)(n — 4)|Baf|an].
It follows from (2.8) and (2.9) that
e}
nej i1 |an]

< A2 MR 1B+ (n=2)| Bl +(n—2) (n—8)| B3| +(n—2) (n—3) (n—4)|Bal|an]
- LD (18, |4-(j—1) | Ba|+(i~1)(1—~2)|B3|+(~1) (1—2) (i —3) Bal]

where C; is given in (2.5).

Since f(z) = z + Y peg anz", which implies

J 00
F< |2l + D lanllzl" + Y7 laall2]
n=2

n=j+1
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J
(2.10) < el + Y lanll2|™ + Cylz*,
n=2

and

o0
2)| > |z] = ZlanllzI” > lanllzl"

n=j+1

i
(2.11) > |2] = ) lanll2]" = Cjl2l*.

Thus, the assertion (2.4) follows from (2.10) and (2.11). Further, we
note that

G 51181 |+ (G — 1)[Bel + (G — 1)(G — 2)[8s] + (G — 1)(G — 2)(j — 3)|Bal] 25241 nlan|
<3y M (n — 1)[|B1] + (1 — 2)|B2] + (0 — 2)(n — 3)|85]
+(n —2)(n — 3)(n — 4)[Ba]]|an]
<A =Y, 2t (0 — D)[|B1] + (1 — 2)|Ba] + (n — 2)(n — 3)| B3
+(n —2)(n — 3)(n — 4)|Bal]|anl,

which yields

]—|—1n’an’
< B 2 11|53 (1D B+ (1-2) (1)l 1D (n=3) =) Pl ]
0 G5BT+ G- DIBFG-D G- 2B+ G- G-Il
— Wy

where @); is given by (2.7). Now

J 00 J
1F' () < 1+D_nlanllz" '+ D0 nlanllz["" < 14+> ) nlanll2" 7 +Qj2V,

n=2 n=j-+1 n=2
(2.12)
and
J 00
1f'(2) = 1= nlanllz["" = > nlag|lz[*
n=2 n=j+1
j .
(2.13) >1- Z nlan||z[" "t — Q2.
n=2

Combining (2.12) and (2.13) we obtain the inequality (2.6). This com-
pletes the proof of Corollary 2.4.
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3. Radius Problem for the class M (5, «)

Let Ag denote the subclass of A consisting of all functions f(z) with
an = |ap|e(P=DB+™) (=23 ...). If § = 0, then a function f(z) € Ag
becomes an analytic function with negative coefficients in U considered by
Silverman [4].

For f(z) € Ag, define the class M(f, a) by

M(B,a) =AgNM(a) (0<a<]l).

To obtain the radius problem for the class M(f, «), we need the fol-
lowing lemma.

Lemma 3.1. If f(z) € M(8,«) then

(3.1) i@m,ﬂg—a (0<a<1)
n=2

Proof. Let f(z) € M(B,a). Then we have

2
1+32, %Mn‘ei((nfl)[%ﬁr)zn,l}

7%0:2 n(n2+1) ‘an‘ei(nfl)ﬁznfl} > a,

| =R [1+ 2oz, Mo, 2n ]

R D2f(z)
R
§R _

1

for all z € U. Let us consider a point z € U such that z = |z|e™®. Then
we have

n(n+1 _

1- Z %]anl\z\" 1> a.

n=2

Therefore, letting |2| — 17!, we obtain

i n(n+1)

5 lan| <1 —a.

n=2

Corollary 3.2. If f(z) € M(S, ), then

lan] < % (n =23 ).
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Remark 3.3. By Lemma 3.1, we observe that if f(z) € M(f3, ), then

(3.2) Zwmﬂ < Z@W <l-a
n=2 n=2

Now, we derive the following:

Theorem 3.4. If f(z) € M(B,a) and 6 € C (0 < |§] < 1). Then the
function 3 f(6z) € A(B1, B2, B3, Ba, A) for 0 < |8] < [8o(A)| where [5o(N)| is
the smallest positive root of the equation

LSBT T =) + 220 3 5T 2

1—a— 3|agf?

%%—\/30 T 405[0]% + 675]0]% + 150;5|6\/1 — o — 3ag|? — 4|az)?

+(i2‘f;'2'5' /75 + 1695[3]2 + 805]0]% + 4425[6]6 + 1000[3[F

3 1
(3.3) \/1—04—5]@2\2—4](13]2—?\@4]2:)\

Proof. For f(z) € M(5, ), we see that

1 . n— n
gf(éz):sznZQ(S Yoz (0 < [0] < 1).

To show %f(éz) € A(B1, P2, 03, P4; A). In view of Theorem 2.1, it is
sufficient to prove

S PO 18+ (=216

2
n=2
(3.4) + (n—2)(n—3)[B3] + (n — 2)(n — 3)(n — 4)[Ba]]|6]"an| <.
We note that

o0
1
Z H—)]a,ﬁ <1-a.

Applying Cauchy-Schwarz inequality to the left hand side of (3.4), we
observe that

322, 2 (n — 1)[|B1] + (n — 2)|Be
+(n —2)(n — 3)|Bs] + (n — 2)(n — 3)(n — 4)|Ba])|6]" |yl
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< Il (g, ey san) ¥ (g, st )3
Hlal (v (et 1)(n—1)(n=2) |5|2n)1 (o, ety )é
) ;
—i—%t( oo B n?(n+1)(n— )2(n 2)?(n—3)? |5’2n) ( ?:4gn_+1§u’an’2>§
T+l (e 2 (n n- 102203 (0= 5|2n)% (3o g 2)
< B (s, Hsletyp)E yT=5
Hlal (T n2(n+1)(n2*1)(n*2)2|5|2n)% \/m
S (s OO0 0 2 1 Bl P
,
1o (o0 | PR o)
(3.5) \/1 Ca- g|a2|2 g2 — 1—25|a4|2.

Making use of

00 2
Sat=" (<),
n=2
we have
[e’e) 2 4 5
of X 22" —x
3 S o) —a (1_96) e
Thus
L2 (& "
—nz:%n n+1)(n—1) 5 (;_:2711‘"“)
62°(1 + z)
3.6 .
(3.6) TEDE
Since
— )" =
;(TL )‘T (1 B ZE)Q,
we have

SIS
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Therefore
X nPn+1)(n-1)n-2)2 , 23 [(S 1 "
;::3 5 " = 5 nz::gn(n —2)z
3623 + 228z* + 962°
(3.7) _ obz + T~ + Y6x
(1 —2)7
Again, we have
"
> > 274
(n—2)(n—3)z" =zt ( x"2> = ,
> > i—ap
which implies
/
> > 8x® — 246
n(n —2)(n — 3)z"! = 22 n—2)(n-3)z"| = ——.
;::4 ( )( ) (;( ) ) ) L

Therefore , i ]
o, n (n+1)(n71)2(n72) (n—3) " = 93_24 (Z%O:Ll n(n —2)(n — 3)1.71-1-1)/”"

_480z* + 64802 + 108002° + 240027

(3.8) A=)
Furthermore, we have
i n(n —2)(n —3)(n — 4)z" ™ = 2 (i(n —2)(n—3)(n— 4)x”> .

But

0o oo m 5
Z(n—2)(n—3)(n—4):z:” =z <Z 3:”_2) = (16_30)4.

n=>5 n=>5

Thus, we have

0 n 625 ' 3025 — 627
St 29—t (2 ) T

This gives us
Y n2(n+1)(n—1)(n—22)2(n_3)2(n_4)2 -

=Sl - 2)(n— B — )
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10800:1:5 + 24408025 + 83592027 + 6372002 + 144000x

(3.9) oo

By using (3.6)- (3.9) with |6|> = x in (3.5), we obtain

oy M (n — 1) (18] + (n.— 2)|Bs] + (n = 2) (n = 3)[ B4
+(n —2)(n — 3)(n — 4)84]|0]"an|
< P BT PV~ a) + 2A5alPE | /5 TFTS]Z + 24]52

1-]52)2 (1-15]2)2
V1—a— 3as?

4 ABslISP 5 1/30 + 405]5]2 + 675[5]% + 150!5|6\/1 —a — 3|asf? — 4as|?

e

+(12‘f;|'2'f' /75 + 1695]6]% + 305]0]* + 4925]3]6 + 1000]0[3
1

V1 — a—3laaf2 — 4lag]2 — Lasf2.

Let us consider the complex number 6 (0 < |0] < 1) such that

L O o)V (T = a) + 22U /5 5T+ 20T

1 —a— 3|agf?
ﬁ'ﬁis'f&i— /30 + 405[0]2 + 675]0]* + 150;5|6\/1 — a — 3ag|? — 4|ag]?

+(i2‘f4|”f' /75 + 1695[3]2 + 805]0]% + 4925[6]6 + 1000[3[°
V1= o= Blaaf? — dlaal? — Blaf? = 1

If we define the function h(|d|) by

h([3]) = 1B1]18](1 = |8]2)3 /BT + T3P V/(T — o) + 2/ Ba]l6[(1 — |6]%)2
V9 +57[0]2 + 24|54

V1= — 3az| +4|B5]/6]3(1 — |6]2)/30 + 405]3[2 + 675[6]* + 150[3]°
\/1 — o — 3az|? — 4|ag|?

+12|B4||8|*/75 + 1695]5]% + 805]8[* + 4425]8]6 + 1000[4[®

V1= a—3aaf2 — 4ag|2 — Llagf2 — A1 - [3]2)F

then we have h(0) = —\ < 0 and
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1
h(1) = 60\/5\64\\/1 ca- g\aw ~ dagl? - 75\@4\2 > 0.

This means that there exists some g such that
h(|do]) = 0 (0 < |0g| < 1). This completes the proof of the Theorem 3.1.

Remark 3.5. If we take § = £¢'° in (3.3), then

A= 5V10|Bi VI —a+ ?’g—\‘/fﬁﬁﬂ 1 —a— 5las|?

+8092 5] /1 — o — Flaa? — djasf? + SEE |5,

V1 — a—3laaf2 — 4lag[2 — L2aal2.

If we consider A =1 in (3.3) then we obtain

B1]18](1 = [6%)%/6(T + 0P VI — a + 2[Ba[8]*(1 — [6]*)?
V9 +57[612 + 24[6[%/1 — o — 3az?

+4|B3][513(1 — |6]?)/30 + 405[6]2 + 675[5]% + 150]5[C

\/1 — o — 3az|? — 4|ag|?

+12|B4][6]*+/T5 + 1695[5[2 + 805[5]* + 4425]5[6 + 1000[4[3
V1= a = Flas = dlasl? = Flaaf? - (1~ 52)% =0,

4. Open Problem

For the proof of Theorem 3.1 we used Cauchy- Schwarz inequality given by

S lanllbal < (3 lanl?)* (3 6af2)?

We know that Holder inequality i.e

S lanlinl < (S lanl?)” (Sal) (p>0, 0500 242 21)

is the generalization of Cauchy-Schwarz inequality. Therefore, if we find
some application of Hélder inequality for the proof of Theorem 3.4 instead
of Cauchy-Schwarz inequality, then we derive new result which is the gen-
eralization of Theorem 3.4.
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