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542 S. K. Mohapatra and T. Panigrahi

1. Introduction and Motivation

Let A0 be the class of functions f(z) of the form:

f(z) = a0 + a1z +
∞X
n=2

anz
n,(1.1)

which are analytic in the open unit disk
U:= {z: z ∈ C and |z| < 1}.
If f(z) ∈ A0 is given by (1.1), together with following normalization:

a0 = 0 and a1 = 1, then we say that f(z) ∈ A. Let S be the subclass of all
functions in A, which are univalent in U.

For f ∈ A, k ∈ N0 := N ∪ {0}, Ruscheweyh [3] defined the operator
Dk : A −→ A by

D0f(z) = f(z)

D1f(z) = zf 0(z),

............

............

(k + 1)Dk+1f(z) = z(Dkf(z))0 + k(Dkf(z)) (z ∈ U).(1.2)

Thus, if f(z) ∈ A, f(z) = z +
P∞

n=2 anz
n, then (see [5])

Dkf(z) = z +
∞X
n=2

(k + n− 1)!
k!(n− 1)! anz

n (z ∈ U).(1.3)

The Ruscheweyh operator has gained much aclaim as a unifying factor
in the study of many classes of functions in geometric function theory.

LetM(α) denote the subclass of A consisting of all f(z) which satisfy
the inequality

<
(
D2f(z)

z

)
> α (z ∈ U).(1.4)

For complex parameters β1, β2 and some real λ > 0, Uyanìk et al.[6]
introduced the class A(β1, β2;λ), a subclass of A as¯̄̄̄

¯β1z
µ
f(z)

z

¶0
+ β2z

2
µ
f(z)

z

¶00 ¯̄̄̄¯ ≤ λ (z ∈ U),(1.5)
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Radius problem for the class of analytic functions based on ... 543

and discussed some of its properties. Later on in 2011, Uyanìk and Owa [7]
introduced the third complex parameter β3 and redefined the above class
as

¯̄̄̄
¯β1z

µ
f(z)

z

¶0
+ β2z

2
µ
f(z)

z

¶00
+ β3z

3
µ
f(z)

z

¶000 ¯̄̄̄¯ ≤ λ (z ∈ U),(1.6)

and denoted the class by A(β1, β2, β3;λ).
Motivated by the aforementioned work (also; see [1, 2]), we define the

subclass of A as follows.

Definition 1.1. A function f(z) ∈ A is said to be in the classA(β1, β2, β3, β4;λ)
if it satisfies the inequality

¯̄̄̄
β1z

³
D2f(z)

z

´0
+ β2z

2
³
D2f(z)

z

´00
+ β3z

3
³
D2f(z)

z

´000
+ β4z

4
³
D2f(z)

z

´0000 ¯̄̄̄
≤ λ,

(1.7)
for some complex parameters β1, β2, β3, β4 and for some real number λ > 0.

Example 1.2. Let us consider a function fγ(z) defined by

fγ(z) = z(1 + z)γ (γ ∈ R)

= z +
∞X
n=2

Ã
γ

n− 1

!
zn

where Ã
γ

n− 1

!
=

γ (γ − 1) (γ − 2) ... (γ − n+ 2)

(n− 1)! (n ≥ 2) .

Then we have

D2fγ(z) = z +
∞X
n=2

n(n+ 1)

2

Ã
γ
n− 1

!
zn.(1.8)

Therefore, it follows from (1.8) that¯̄̄̄
β1z

³
D2fγ(z)

z

´0
+ β2z

2
³
D2fγ(z)

z

´00
+ β3z

3
³
D2fγ(z)

z

´000
+ β4z

4
³
D2fγ(z)

z

´0000 ¯̄̄̄
(1.9)

=

¯̄̄̄
¯P∞

n=2
n(n+1)
2

Ã
γ

n− 1

!
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544 S. K. Mohapatra and T. Panigrahi

£
β1 + (n− 2)β2 + (n− 2)(n− 3)β3 + (n− 2)(n− 3)(n− 4)β4] zn−1

¯̄
.

If γ = 1, then from (1.9) we have¯̄̄̄
β1z

³
D2f1(z)

z

´0
+ β2z

2
³
D2f1(z)

z

´00
+ β3z

3
³
D2f1(z)

z

´000
+ β4z

4
³
D2f1(z)

z

´0000 ¯̄̄̄
= |3β1z| ≤ 3|β1|.

This implies that f1(z) ∈ A(β1, β2, β3, β4;λ) for λ ≥ 3|β1| > 0.
If γ = 2, then (1.9) yields¯̄̄̄

β1z
³
D2f2(z)

z

´0
+ β2z

2
³
D2f2(z)

z

´00
+ β3z

3
³
D2f2(z)

z

´000
+ β4z

4
³
D2f2(z)

z

´0000 ¯̄̄̄
= |6β1z + 12(β1 + β2)z

2| ≤ 18|β1|+ 12|β2| = 6(3|β1|+ 2|β2|),

which shows that f2(z) ∈ A(β1, β2, β3, β4, λ) for λ ≥ 6(3|β1|+ 2|β2|) > 0.

Further, if γ = 3, then from (1.9) we obtain¯̄̄̄
β1z

³
D2f3(z)

z

´0
+ β2z

2
³
D2f3(z)

z

´00
+ β3z

3
³
D2f3(z)

z

´000
+ β4z

4
³
D2f3(z)

z

´0000 ¯̄̄̄
=
¯̄
9β1z + 36(β1 + β2)z

2 + 30(β1 + 2β2 + 2β3)z
3
¯̄

≤ 75|β1|+ 96|β2|+ 60|β3| = 3[25|β1|+ 32|β2|+ 20|β3|].

Thus f3(z) ∈ A(β1, β2, β3, β4;λ) for λ ≥ 3[25|β1|+ 32|β2|+ 20|β3|].

Similarly, for γ = 4, we have¯̄̄̄
β1z

³
D2f4(z)

z

´0
+ β2z

2
³
D2f4(z)

z

´00
+ β3z

3
³
D2f4(z)

z

´000
+ β4z

4
³
D2f4(z)

z

´0000 ¯̄̄̄
=
¯̄
12β1z + 72(β1 + β2)z

2 + 120(β1 + 2β2 + 2β3)z
3 + 60(β1 + 3β2 + 6β3 + 6β4)z

4
¯̄

≤ 264|β1|+ 492|β2|+ 600|β3|+ 360|β4| = 12[22|β1|+ 41|β2|+ 50|β3|+ 30|β4|].

Thus, f4(z) ∈ A(β1, β2, β3, β4;λ) for λ ≥ 12[22|β1|+41|β2|+50|β3|+30|β4|].

2. Properties of the class A(β1, β2, β3, β4;λ)

Our first result provides a sufficient condition for a function f ∈ A to be
in the class A(β1, β2, β3, β4;λ).

Theorem 2.1. If f(z) ∈ A satisfies
∞X
n=2

n(n+ 1)

2
(n− 1)

h
|β1|+ (n− 2)|β2|

+ (n− 2)(n− 3)|β3|+ (n− 2)(n− 3)(n− 4)|β4|
i
|an| ≤ λ,(2.1)
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Radius problem for the class of analytic functions based on ... 545

for some complex numbers β1, β2, β3, β4 and for some real λ > 0, then
f(z) ∈ A(β1, β2, β3, β4;λ).

Proof. Suppose that (2.1) holds true for some real λ > 0. Then¯̄̄̄
β1z

³
D2f(z)

z

´0
+ β2z

2
³
D2f(z)

z

´00
+ β3z

3
³
D2f(z)

z

´000
+ β4z

4
³
D2f(z)

z

´0000 ¯̄̄̄
=
¯̄̄P∞

n=2
n(n+1)
2 (n− 1)

h
β1 + (n− 2)β2 + (n− 2)(n− 3)β3

+(n− 2)(n− 3)(n− 4)β4
i
anz

n−1
¯̄̄

≤P∞
n=2

n(n+1)
2 (n− 1)

h
|β1|+ (n− 2) |β2|

+(n− 2)(n− 3)|β3|+ (n− 2)(n− 3)(n− 4)|β4|
i
|an||z|n−1

<
P∞

n=2
n(n+1)
2 (n− 1) [|β1|+ (n− 2)|β2|

+(n− 2)(n− 3)|β3|+ (n− 2)(n− 3)(n− 4) |β4|] |an
≤ λ,

by virtue of (2.1). This shows that

f(z) ∈ A(β1, β2, β3, β4;λ).

Thus, the proof of Theorem 2.1 is completed. 2
The next theorem gives the necessary condition for the function f ∈ A

to be in the class A(β1, β2, β3, β4;λ).

Theorem 2.2. If f(z) ∈ A(β1, β2, β3, β4;λ) with arg β1 = arg β2 = arg β3 =
arg β4 = ψ and an = |an|ei((n−1)β−ψ) (n = 2, 3, 4, · · ·), then

∞X
n=2

n(n+ 1)

2
(n− 1)

[|β1|+ (n− 2)|β2|+ (n− 2)(n− 3)|β3|+ (n− 2)(n− 3)(n− 4)|β4|] |an| ≤ λ.
(2.2)

Proof. If f(z) ∈ A(β1, β2, β3, β4;λ) with arg β1 = arg β2 = arg β3 =
arg β4 = ψ and an = |an|ei((n−1)β−ψ), then we have¯̄̄̄

β1z
³
D2f(z)

z

´0
+ β2z

2
³
D2f(z)

z

´00
+ β3z

3
³
D2f(z)

z

´000
+ β4z

4
³
D2f(z)

z

´0000 ¯̄̄̄
=
¯̄̄P∞

n=2
n(n+1)
2 (n− 1)[β1 + (n− 2)β2 + (n− 2)(n− 3)β3

+(n− 2)(n− 3)(n− 4)β4]anzn−1
¯̄

=
¯̄̄P∞

n=2
n(n+1)
2 (n− 1)[|β1|+ (n− 2)|β2|+ (n− 2)(n− 3)|β3|

+(n− 2)(n− 3)(n− 4)|β4|]|an|ei(n−1)β−ψ)zn−1
¯̄̄
≤ λ,(2.3)
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546 S. K. Mohapatra and T. Panigrahi

for all z ∈ U. Let us consider a point z ∈ U such that z = |z|e−iβ. Then
it follows from (2.3) that¯̄̄̄

β1z
³
D2f(z)

z

´0
+ β2z

2
³
D2f(z)

z

´00
+ β3z

3
³
D2f(z)

z

´000
+ β4z

4
³
D2f(z)

z

´0000 ¯̄̄̄
=
P∞

n=2
n(n+1)
2 (n− 1) [|β1|+ (n− 2)|β2|

+(n− 2)(n− 3)|β3|+ (n− 2)(n− 3)(n− 4)|β4||an||z|n−1 ≤ λ.

Letting |z| −→ 1−, we obtain

P∞
n=2

n(n+1)
2 (n− 1)[|β1|+ (n− 2)|β2|+ (n− 2)(n− 3)|β3|

+(n-2)(n-3)(n-4) |β4|]|an| ≤ λ.

Thus, the proof of Theorem 2.2 is completed. 2

Corollary 2.3. If f(z) ∈ A(β1, β2, β3, β4, λ) with arg β1 = arg β2 = arg β3 =
arg β4 = ψ and an = |an|ei((n−1)β−ψ) (n = 2, 3, · · ·) then

|an| ≤ 2λ
n(n+1)(n−1)[|β1|+(n−2)|β2|+(n−2)(n−3)|β3|+(n−2)(n−3)(n−4)|β4|]

(n = 2, 3, 4, ...).

A distortion property for the function f in the class A(β1, β2, β3, β4;λ)
is considered in the following corollary.

Corollary 2.4. If f(z) ∈ A(β1, β2, β3, β4;λ) with arg β1 = arg β2 = arg β3 =
arg β4 = ψ and an = |an|ei((n−1)β−ψ) (n = 2, 3, 4, · · ·), then we have

|z|−
∞X
n=2

|an||z|n − Cj |z|j+1 ≤ |f(z)| ≤ |z|+
∞X
n=2

|an||z|n +Cj |z|j+1,

(2.4)

with

Cj =
λ−
P∞

n=2

n(n+1)
2

(n−1)[|β1|+(n−2)|β2|+(n−2)(n−3)|β3|+(n−2)(n−3)(n−4)|β4|]|an|
(j+1)(j+2)

2
j[|β1|+(j−1)|β2|+(j−1)(j−2)|β3|+(j−1)(j−2)(j−3)|β4|]

(2.5)
and
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Radius problem for the class of analytic functions based on ... 547

1−Pj
n=2 n|an||z|n−1 −Qj |z|j ≤ |f 0(z)| ≤ 1 +

Pj
n=2 n|an||z|n−1 +Qj |z|j (z ∈ U)

(2.6)

with

Qj =
2
£
λ−
P∞

n=2

n(n+1)(n−1)
2

{|β1|+(n−2)|β2|+(n−2)(n−3)|β3|+(n−2)(n−3)(n−4)|β4|}|an|
¤

j(j+2)[|β1|+(j−1)|β2|+(j−1)(j−2)|β3|+(j−1)(j−2)(j−3)|β4|] .

(2.7)

Proof. Since f(z) ∈ A(β1, β2, β3, β4;λ), hence it follows from Theorem
2.2 that

∞X
n=j+1

n(n+ 1)

2
(n−1)[|β1|+(n−2)|β2|+(n−2)(n−3)|β3|+(n−2)(n−3)(n−4)|β4|]|an|

≤ λ−
jX

n=2

n(n+ 1)

2
(n−1)[|β1|+(n−2)|β2|+(n−2)(n−3)|β3|+(n−2)(n−3)(n−4)|β4|]|an|.

(2.8)

Further, we note that
j(j+1)(j+2)

2 [|β1|+ (j − 1)|β2|+ (j − 1)(j − 2)|β3|
+(j − 1)(j − 2)(j − 3)|β4|

P∞
n=j+1 |an|

≤P∞
n=j+1

n(n+1)(n−1)
2 [|β1|++(n− 2)|β2|+ (n− 2)(n− 3)|β3|

+ (n− 2)(n− 3)(n− 4)|β4||an|.(2.9)

It follows from (2.8) and (2.9) thatP∞
n=j+1 |an|
≤ λ−

Pj

n=2

n(n+1)(n−1)
2

[|β1|+(n−2)|β2|+(n−2)(n−3)|β3|+(n−2)(n−3)(n−4)|β4|]|an|
j(j+1)(j+2)

2
[|β1|+(j−1)|β2|+(j−1)(j−2)|β3|+(j−1)(j−2)(j−3)|β4|]

= Cj ,

where Cj is given in (2.5).

Since f(z) = z +
P∞

n=2 anz
n, which implies

|f(z)| ≤ |z|+
jX

n=2

|an||z|n +
∞X

n=j+1

|an||z|n
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548 S. K. Mohapatra and T. Panigrahi

≤ |z|+
jX

n=2

|an||z|n + Cj |z|j+1,(2.10)

and

|f(z)| ≥ |z|−
jX

n=2

|an||z|n −
∞X

n=j+1

|an||z|n

≥ |z|−
jX

n=2

|an||z|n − Cj |z|j+1.(2.11)

Thus, the assertion (2.4) follows from (2.10) and (2.11). Further, we
note that

(j+2)
2 j[|β1|+ (j − 1)|β2|+ (j − 1)(j − 2)|β3|+ (j − 1)(j − 2)(j − 3)|β4|]

P∞
n=j+1 n|an|

≤P∞
n=j+1

n(n+1)
2 (n− 1)[|β1|+ (n− 2)|β2|+ (n− 2)(n− 3)|β3|

+(n− 2)(n− 3)(n− 4)|β4|]|an|
≤ λ−Pj

n=2
n(n+1)
2 (n− 1)[|β1|+ (n− 2)|β2|+ (n− 2)(n− 3)|β3|

+(n− 2)(n− 3)(n− 4)|β4|]|an|,

which yieldsP∞
n=j+1 n|an|
≤ 2[λ−

P∞
n=2

n(n+1)
2

(n−1){|β1|+(n−2)|β2|+(n−2)(n−3)|β3|+(n−2)(n−3)(n−4)|β4|}|an|]
(j+2)j[|β1|+(j−1)|β2|+(j−1)(j−2)|β3|+(j−1)(j−2)(j−3)|β4|]

= Qj

where Qj is given by (2.7). Now

|f 0(z)| ≤ 1+
jX

n=2

n|an||z|n−1+
∞X

n=j+1

n|an||z|n−1 ≤ 1+
jX

n=2

n|an||z|n−1+Qj |z|j ,

(2.12)

and

|f 0(z)| ≥ 1−
jX

n=2

n|an||z|n−1 −
∞X

n=j+1

n|an||z|n−1

≥ 1−
jX

n=2

n|an||z|n−1 −Qj |z|j .(2.13)

Combining (2.12) and (2.13) we obtain the inequality (2.6). This com-
pletes the proof of Corollary 2.4. 2
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Radius problem for the class of analytic functions based on ... 549

3. Radius Problem for the class M(β, α)

Let Aβ denote the subclass of A consisting of all functions f(z) with
an = |an|ei((n−1)β+π) (n = 2, 3, · · ·). If β = 0, then a function f(z) ∈ Aβ

becomes an analytic function with negative coefficients in U considered by
Silverman [4].

For f(z) ∈ Aβ, define the classM(β, α) by

M(β, α) = Aβ ∩M(α) (0 ≤ α < 1).

To obtain the radius problem for the class M(β, α), we need the fol-
lowing lemma.

Lemma 3.1. If f(z) ∈M(β, α) then

∞X
n=2

n(n+ 1)

2
|an| ≤ 1− α (0 ≤ α < 1).(3.1)

Proof. Let f(z) ∈M(β, α). Then we have

<
h
D2f(z)

z

i
= <

h
1 +

P∞
n=2

n(n+1)
2 anz

n−1
i

= <
h
1 +

P∞
n=2

n(n+1)
2 |an|ei((n−1)β+π)zn−1

i
= <

h
1−P∞

n=2
n(n+1)
2 |an|ei(n−1)βzn−1

i
> α,

for all z ∈ U. Let us consider a point z ∈ U such that z = |z|e−iβ. Then
we have

1−
∞X
n=2

n(n+ 1)

2
|an||z|n−1 > α.

Therefore, letting |z| −→ 1−1, we obtain

∞X
n=2

n(n+ 1)

2
|an| ≤ 1− α.

2

Corollary 3.2. If f(z) ∈M(β, α), then

|an| ≤
2(1− α)

n(n+ 1)
(n = 2, 3, · · ·).
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550 S. K. Mohapatra and T. Panigrahi

Remark 3.3. By Lemma 3.1, we observe that if f(z) ∈M(β, α), then

∞X
n=2

(n− 1)(n+ 1)
2

|an| ≤
∞X
n=2

n(n+ 1)

2
|an| ≤ 1− α.(3.2)

Now, we derive the following:

Theorem 3.4. If f(z) ∈ M(β, α) and δ ∈ C (0 < |δ| < 1). Then the
function 1

δf(δz) ∈ A(β1, β2, β3, β4, λ) for 0 < |δ| ≤ |δ0(λ)| where |δ0(λ)| is
the smallest positive root of the equation

|β1||δ|
(1−|δ|2)

5
2

p
6(1 + |δ|2)

p
(1− α) + 2|β2||δ|2

(1−|δ|2)
7
2

p
9 + 57|δ|2 + 24|δ|4q

1− α− 3
2 |a2|2

+ 4|β3||δ|3

(1−|δ|2)
9
2

p
30 + 405|δ|2 + 675|δ|4 + 150|δ|6

q
1− α− 3

2 |a2|2 − 4|a3|2

+ 12|β4||δ|4

(1−|δ|2)
11
2

p
75 + 1695|δ|2 + 805|δ|4 + 4425|δ|6 + 1000|δ|8r
1− α− 3

2
|a2|2 − 4|a3|2 −

15

2
|a4|2 = λ.(3.3)

Proof. For f(z) ∈M(β, α), we see that

1

δ
f(δz) = z +

∞X
n=2

δn−1anz
n (0 < |δ| < 1).

To show 1
δf(δz) ∈ A(β1, β2, β3, β4;λ). In view of Theorem 2.1, it is

sufficient to prove

∞X
n=2

n(n+ 1)

2
(n− 1)[|β1|+ (n− 2)|β2|

+ (n− 2)(n− 3)|β3|+ (n− 2)(n− 3)(n− 4)|β4|]|δ|n−1|an| ≤ λ.(3.4)

We note that

∞X
n=2

(n+ 1)(n− 1)
2

|an|2 ≤ 1− α.

Applying Cauchy-Schwarz inequality to the left hand side of (3.4), we
observe thatP∞

n=2
n(n+1)
2 (n− 1)[|β1|+ (n− 2)|β2|

+(n− 2)(n− 3)|β3|+ (n− 2)(n− 3)(n− 4)|β4|]|δ|n−1|an|
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Radius problem for the class of analytic functions based on ... 551

≤ |β1|
|δ|

³P∞
n=2

n2(n+1)(n−1)
2 |δ|2n

´ 1
2
³P∞

n=2
(n+1)(n−1)

2 |an|2
´ 1
2

+ |β2|
|δ|

³P∞
n=3

n2(n+1)(n−1)(n−2)2
2 |δ|2n

´ 1
2
³P∞

n=3
(n+1)(n−1)

2 |an|2
´ 1
2

+ |β3|
|δ|

³P∞
n=4

n2(n+1)(n−1)(n−2)2(n−3)2
2 |δ|2n

´ 1
2
³P∞

n=4
(n+1)(n−1)

2 |an|2
´ 1
2

+ |β4|
|δ|

³P∞
n=5

n2(n+1)(n−1)(n−2)2(n−3)2(n−4)2
2 |δ|2n

´ 1
2
³P∞

n=5
(n+1)(n−1)

2 |an|2
´ 1
2

≤ |β1|
|δ|

³P∞
n=2

n2(n+1)(n−1)
2 |δ|2n

´ 1
2 √
1− α

+ |β2|
|δ|

³P∞
n=3

n2(n+1)(n−1)(n−2)2
2 |δ|2n

´ 1
2
q
1− α− 3

2 |a2|2

+ |β3|
|δ|

³P∞
n=4

n2(n+1)(n−1)(n−2)2(n−3)2
2 |δ|2n

´ 1
2
q
1− α− 3

2 |a2|2 − 4|a3|2

+ |β4|
|δ|

³P∞
n=5

n2(n+1)(n−1)(n−2)2(n−3)2(n−4)2
2 |δ|2n

´ 1
2

r
1− α− 3

2
|a2|2 − 4|a3|2 −

15

2
|a4|2.(3.5)

Making use of

∞X
n=2

xn =
x2

1− x
(|x| < 1),

we have

∞X
n=2

nxn+1 = x2(
∞X
n=2

xn)0 = x2
Ã

x2

1− x

!
=
2x4 − x5

(1− x)2
.

Thus

1

2

∞X
n=2

n2(n+ 1)(n− 1)xn = x2

2

Ã ∞X
n=2

nxn+1
!000

=
6x2(1 + x)

(1− x)5
.(3.6)

Since ∞X
n=3

(n− 2)xn = x3

(1− x)2
,

we have

∞X
n=3

n(n− 2)xn+1 = x2
Ã ∞X
n=3

(n− 2)xn
!0
=
3x4 − x5

(1− x)3
.
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Therefore

∞X
n=3

n2(n+ 1)(n− 1)(n− 2)2
2

xn =
x3

2

Ã ∞X
n=3

n(n− 2)xn+1
!0000

=
36x3 + 228x4 + 96x5

(1− x)7
.(3.7)

Again, we have

∞X
n=4

(n− 2)(n− 3)xn = x4
Ã ∞X
n=4

xn−2
!00
=

2x4

(1− x)3
,

which implies

∞X
n=4

n(n− 2)(n− 3)xn+1 = x2
Ã ∞X
n=4

(n− 2)(n− 3)xn
!0
=
8x5 − 2x6
(1− x)4

.

ThereforeP∞
n=4

n2(n+1)(n−1)(n−2)2(n−3)2
2 xn = x4

2

¡P∞
n=4 n(n− 2)(n− 3)xn+1

¢00000
=
480x4 + 6480x5 + 10800x6 + 2400x7

(1− x)9
.(3.8)

Furthermore, we have

∞X
n=5

n(n− 2)(n− 3)(n− 4)xn+1 = x2
Ã ∞X
n=5

(n− 2)(n− 3)(n− 4)xn
!0

.

But

∞X
n=5

(n− 2)(n− 3)(n− 4)xn = x5
Ã ∞X
n=5

xn−2
!000

=
6x5

(1− x)4
.

Thus, we have

∞X
n=5

n(n− 2)(n− 3)(n− 4)xn+1 = x2
Ã

6x5

(1− x)4

!0
=
30x6 − 6x7
(1− x)5

.

This gives usP∞
n=5

n2(n+1)(n−1)(n−2)2(n−3)2(n−4)2
2 xn

= x5

2

¡P∞
n=5 n(n− 2)(n− 3)(n− 4)xn+1

¢000000
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=
10800x5 + 244080x6 + 835920x7 + 637200x8 + 144000x9

(1− x)11
.(3.9)

By using (3.6)- (3.9) with |δ|2 = x in (3.5), we obtainP∞
n=2

n(n+1)
2 (n− 1) [|β1|+ (n− 2)|β2|+ (n− 2)(n− 3)|β3|

+(n− 2)(n− 3)(n− 4)|β4||δ|n−1|an|
≤ |β1||δ|

(1−|δ|2)
5
2

p
6(1 + |δ|2)

p
(1− α) + 2|β2||δ|2

(1−|δ|2)
7
2

p
9 + 57|δ|2 + 24|δ|4q

1− α− 3
2 |a2|2

+ 4|β3||δ|3

(1−|δ|2)
9
2

p
30 + 405|δ|2 + 675|δ|4 + 150|δ|6

q
1− α− 3

2 |a2|2 − 4|a3|2

+ 12|β4||δ|4

(1−|δ|2)
11
2

p
75 + 1695|δ|2 + 805|δ|4 + 4925|δ|6 + 1000|δ|8q

1− α− 3
2 |a2|2 − 4|a3|2 −

15
2 |a4|2.

Let us consider the complex number δ (0 < |δ| < 1) such that

|β1||δ|
(1−|δ|2)

5
2

p
6(1 + |δ|2)

p
(1− α) + 2|β2||δ|2

(1−|δ|2)
7
2

p
9 + 57|δ|2 + 24|δ|4q

1− α− 3
2 |a2|2

+ 4|β3||δ|3

(1−|δ|2)
9
2

p
30 + 405|δ|2 + 675|δ|4 + 150|δ|6

q
1− α− 3

2 |a2|2 − 4|a3|2

+ 12|β4||δ|4

(1−|δ|2)
11
2

p
75 + 1695|δ|2 + 805|δ|4 + 4925|δ|6 + 1000|δ|8q

1− α− 3
2 |a2|2 − 4|a3|2 −

15
2 |a4|2 = λ.

If we define the function h(|δ|) by

h(|δ|) = |β1||δ|(1− |δ|2)3
p
6(1 + |δ|2)

p
(1− α) + 2|β2||δ|2(1− |δ|2)2p

9 + 57|δ|2 + 24|δ|4q
1− α− 3

2 |a2|2 + 4|β3||δ|3(1− |δ|2)
p
30 + 405|δ|2 + 675|δ|4 + 150|δ|6q

1− α− 3
2 |a2|2 − 4|a3|2

+12|β4||δ|4
p
75 + 1695|δ|2 + 805|δ|4 + 4425|δ|6 + 1000|δ|8q

1− α− 3
2 |a2|2 − 4|a3|2 −

15
2 |a4|2 − λ(1− |δ|2) 112 ,

then we have h(0) = −λ < 0 and
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h(1) = 60
√
3|β4|

r
1− α− 3

2
|a2|2 − 4|a3|2 −

15

2
|a4|2 ≥ 0.

This means that there exists some δ0 such that
h(|δ0|) = 0 (0 < |δ0| < 1). This completes the proof of the Theorem 3.1.
2

Remark 3.5. If we take δ = 1
2e

iβ in (3.3), then

λ = 8
9

√
10|β1|

√
1− α+ 32

√
11

9
√
3
|β2|

q
1− α− 3

2 |a2|2

+800
√
2

27
√
3
|β3|

q
1− α− 3

2 |a2|2 − 4|a3|2 +
64
√
39815

81
√
3
|β4|q

1− α− 3
2 |a2|2 − 4|a3|2 −

15
2 |a4|2.

If we consider λ = 1 in (3.3) then we obtain

|β1||δ|(1− |δ|2)3
p
6(1 + |δ|2)

√
1− α+ 2|β2||δ|2(1− |δ|2)2p

9 + 57|δ|2 + 24|δ|4
q
1− α− 3

2 |a2|2

+4|β3||δ|3(1− |δ|2)
p
30 + 405|δ|2 + 675|δ|4 + 150|δ|6q

1− α− 3
2 |a2|2 − 4|a3|2

+12|β4||δ|4
p
75 + 1695|δ|2 + 805|δ|4 + 4425|δ|6 + 1000|δ|8q

1− α− 3
2 |a2|2 − 4|a3|2 −

15
2 |a4|2 − (1− |δ|2)

11
2 = 0.

4. Open Problem

For the proof of Theorem 3.1 we used Cauchy- Schwarz inequality given by

X
|an||bn| ≤

³X
|an|2

´ 1
2
³X

|bn|2
´ 1
2 .

We know that Hölder inequality i.e

X
|an||bn| ≤

³X
|an|p

´ 1
p
³X

|bn|q
´ 1
q

µ
p > 0, q > 0;

1

p
+
1

q
≥ 1

¶
is the generalization of Cauchy-Schwarz inequality. Therefore, if we find
some application of Hölder inequality for the proof of Theorem 3.4 instead
of Cauchy-Schwarz inequality, then we derive new result which is the gen-
eralization of Theorem 3.4.
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