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Abstract

The aim of this paper is to introduce a new class of functions called
strongly exponentially generalized (m,vy,va,91,92). Some new inte-
gral inequalities of trapezium-type for strongly exponentially general-
ized (m,v1,v9, g1, g2) functions with modulus ¢ via Riemann-Liouville
fractional integral are established. Also, some new estimates with re-
spect to trapezium-type integral inequalities for strongly exponentially
generalized (m, vy, v, g1, g2) functions with modulus c via general frac-
tional integrals are obtained. We show that the strongly exponentially
generalized (m,v1,v2,¢1,¢g2) functions with modulus ¢ includes sev-
eral other classes of functions. At the end, some new error estimates
for trapezoidal quadrature formula are provided as well. This results
may stimulate further research in different areas of pure and applied
sciences.
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1. Introduction

The class of convex functions is well known in the literature and is usually
defined in the following way:

Definition 1.1. Let I be an interval in R. A function ¢ : I — R, is said
to be convex on I if the inequality

(1.1) G(te + (1 —t)a) <ts(e1) + (1 —t)s(e2)

holds for all 11,19 € I and t € [0,1]. Also, we say that ¢ is concave, if the
inequality in (1.1) holds in the reverse direction.

The following inequality, named Hermite-Hadamard inequality, is one of
the most famous inequalities in the literature for convex functions.

Theorem 1.2. Let ¢ : I C R — R be a convex function and 11,10 € [
with 11 < 19. Then the following inequality holds:

(1.2) S <Z1 i Z2> < ! /12 S(z)dr < M

2 2 — 1 Jyy 2

This inequality (1.2) is also known as trapezium inequality.

The trapezium inequality has remained an area of great interest due to its
wide applications in the field of mathematical analysis. Authors of recent
decades have studied (1.2) in the premises of newly invented definitions
due to motivation of convex function. Interested readers see the references
[4]-[12],[15]-[21],]29, 30, 36, 38, 39].

Now, let us recall the following definitions.

Definition 1.3. [16] A function ¢ : I C R — R is called strongly convex
with modulus ¢ € R™, if

s(tz 4+ (1 —t)y) < ts(z) + (1 —t)s(y) — ct(l —t)(z —y)?
holds for every xz,y € I and t € [0, 1].

Strongly convex functions have been introduced by Polyak, see [16] and
references therein. Since strong convexity is a strengthening of the notion
of convexity, some properties of strongly convex functions are just stronger
versions of known properties of convex functions. Strongly convex functions
have been used for proving the convergence of a gradient type algorithm for
minimizing a function. They play an important role in optimization theory
and mathematical economics.
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Definition 1.4. [16, 17] A function ¢ : I C R — R is called strongly
m-convex with m € [0,1] and modulus ¢ € R*, if

S(tz+m(L —t)y) < ts(@) +m(l = t)s(y) — emt(1 = t)(y — x)°
holds for every x,y € I and t € [0,1].

Definition 1.5. [29] A function: ¢ : I C R — R is said to be m-MT-
convex, if ¢ is positive and Vz,y € I, and t € (0,1), among m € (0,1],
satisfies the following inequality

Vi my1—t
7 1_t§(x)+2—\/zg(y).

(1.3) g(tx +m(1l— t)y) <

Definition 1.6. [3] A set O C R" is said to be invex respecting the map-
ping7:0 x O — R" ifx +tr(y,x) € O for every z,y € O and t € [0, 1].

Definition 1.7. [20] Let g : [0,1] — R be a nonnegative function and
g # 0. The function ¢ on the invex set O is said to be g-preinvex with
respect to T, if

(1.4) S(z+tr(y,2)) < g(1 = t)s(@) + g()s(y)
for each x,y € O and t € [0,1] where ¢(-) > 0.

Definition 1.8. [11] A set O C R" is named as m-invex with respect to the
mapping 7 : O x O — R" for some fixed m € (0,1}, if mz + t7(y, mz) € O
holds for each z,y € O and any t € [0, 1].

Remark 1.9. Taking m = 1 in definition 1.8, the mapping 7(y, mz) reduce
to 7(y,x), and then we get definition 1.6.

Definition 1.10. [32] Let O C R be m-invex set respecting the mapping
7:0x0 — R and g1,92 : [0,1] — [0,400). A function ¢ : O — R is said
to be generalized (m, g1, g2)-preinvex, if

(1.5) $(ma + tr(y,ma)) < mgi(t)s(@) + g2()s(y)

is valid for all x,y € O and t € [0, 1], for some fixed m € (0, 1].
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Definition 1.11. [18] Let ¢ € L[u1,12]. The Riemann-Liouville integrals
Iy 1S and S of order o« > 0 with 11 > 0 are defined by

JEo(x) = ﬁ / Y- @)dt, >

11

and 1 .
« - - o a—1
J12,§($) - F(Oé) /x (t $) C(t)dt, 2 > T,

+oo

where T'(a) = / e “u*"du. Here JO  ¢(z) = J2_q¢(z) = s(z).

0
Note that o = 1, the fractional integral reduces to the classical integral.

In [33], Raina R. K. introduced a class of functions defined formally by

(1.6) Foa(@) = FTOoW () = iojo _olk)

. PA — Y A - P F(pk ¥+ )\) )
where p, A > 0, |z| < R and 0 = (¢(0),...,0(k),...) is a bounded sequence
of positive real numbers. Note that, if we take in (1.6) p = 1,\ = 0 and
o(k) = % for k=0,1,2,..., where o, 8 and v are parameters which
can take arbitrary real or complex values (provided that v # 0, —1,—-2,...),
and the symbol (a); denote the quantity

I'(a+ k)

(a)k = ') =ala+1)...(a+k—-1), k=0,1,2,...,

and restrict its domain to |z| < 1 (with z € C), then we have the classical
hypergeometric function, that is
= (@k(B)
Fo(@) =F(o, Biyso) = AR ok
PA s My )
k=0 <7)kk'
Also, if 0 = (1,1,...) with p = a, (Re(a) > 0),A = 1 and restricting its
domain to z € C in (1.6) then we have the classical Mittag-Leffler function

—+00 1
E.(2) = Z — 7~

= Tlak+1)
Also, Noor in [23], introduced a generalized convex function concept as
follows:
Let O be a non empty closed set in a normed space H. We denote by (-, -)
and || - || the inner product and norm respectively. Let ¢ : O — R be a
continuous function.
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Definition 1.12. Let u; € O. The set O is said to be ¢-convex set, if there
exists a function ¢ such that uy + te'®(u; —ug) € O, for all uy,us € O and
t e [0,1].

With this definition also is introduced the following.

Definition 1.13. A function ¢ defined on O is said to be ¢-convex if and
only if there exists a function ¢ such that

¢(uy + tew(ul —ug)) < ts(uy) + (1 —t)s(ug),
for all uj,up € O and t € |0, 1].

Furthermore, let us define a function ¢ : [0,00) — [0,00) satisfying the
following conditions:

(1.7) /01 @dt < o,

(1) %s%su LELY

(1.9) %f) < B% for s <r

(1.10) ¢:§)_¢S(2) <cClr—s22 () %<§g2

where A, B, C > 0 are independent of r,s > 0. If ¢(r)r® is increasing for
some « > 0 and % is decreasing for some 5 > 0, then ¢ satisfies (1.7)-
(1.10), see reference [37]. Therefore, Sarikaya and Ertugral [36] defined the
following left-sided and right-sided generalized fractional integral operators,
respectively, as follows:

—t)
(1.11) +I¢§ .\ ¢;x_t t, x>1,
12 t—
(1.12) Z27l¢§(ac) :/ %c(t)dt, x < 19.

This fractional integral operators are a new generalization of fractional
integrals such as the Riemann-Liouville fractional integral, the k-Riemann-
Liouville fractional integral, Katugampola fractional integrals, the con-
formable fractional integral, Hadamard fractional integrals, etc. To read
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more about fractional analysis, see references [13, 14, 22, 35].

An important class of convex functions, which is called exponential con-
vex functions, was introduced and studied by Antczak [2], Dragomir et al
[9] and Noor et al [28]. Alirezai and Mathar [1] have investigated their
basic properties along with their potential applications in statistics and
information theory. Awan et al. [5] and Pecari¢ and Jakseti¢ [31] defined
another kind of exponential convex functions and have shown that the class
of exponential convex functions unifies various unrelated concepts.

Definition 1.14. [2, 9, 27] A function ¢ : O C R — R is said to be
exponentially convex function, if

(1.13) es((A=tnttz) < (1 _ 1)es() 4 gesC2)
holds for all 11,15 € O, t € [0,1], where ¢ is positive.

For the applications of exponentially convex functions and strongly expo-
nentially convex functions in different field of statistics, information theory
and mathematical sciences, see [1, 2, 5],[24]-[28] and the references therein.

Definition 1.15. [34] A function ¢ : O C R — R is said to be exponen-
tially m-convex function, where m € (0, 1], if

(1.14) es((=thutmta) < (1 _ )es(m) 4 pppesC2)
holds for all 11,13 € O, t € [0,1], where ¢ is positive.

Motivated by the above literatures, the main objective of this article is to
establish in Section 2 fractional integral inequalities using a new class of
functions called strongly exponentially generalized (m,v1,vs,g1,g2) with
modulus ¢. Also, using a new identity pertaining differentiable functions
defined on m-invex set as auxiliary result, some new Hermite-Hadamard
inequalities for strongly exponentially generalized (m,vq,1v9,91,g2) func-
tions with modulus ¢ via Riemann-Liouville fractional integral will obtain.
Also, some new estimates with respect to trapezium-type integral inequal-
ities for strongly exponentially generalized (m,v1, 12, g1, g2) functions with
modulus ¢ via general fractional integrals will given. Various special cases
will be discussed. In Section 3, some new error estimates for trapezoidal
quadrature formula will be given. At the end, a briefly conclusion is given.
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2. Main results

Now, we are in a position to introduce a new class of functions so-called
strongly exponentially generalized (m,v1, v, g1, g2) with modulus ¢ as fol-
lows:

Definition 2.1. Let O = [muy,me + .7:;)’7)\(22 — mu1)] € R be m-invex
set for some fixed m € (0,1], where F7,(-) is defined from (1.6) and
91,92 : [0,1] — [0,400). A function ¢ : O — (0,400) is called strongly
exponentially generalized (m, vy, 14, g1,92) with modulus ¢ > 0, if

e<(m%1+tf;’,x(l2—m“)) < mag (t)eulg(zl) + g (t)eV2§(12) B Cm(lg _ l1)291 (t)gg (t)

(2.1)

holds for all 11,12 € O, t € [0,1] and v1, 2 € R.

Remark 2.2. In definition 2.1, taking ¢ — 0% and choose v1 = 15 =
1, g1(t) = 1—t, g2(t) = t, where F7 (12 — mu1) = 12 — maq, this definition
reduce to the definition 1.15.

Remark 2.3. Under the conditions of remark 2.2, taking m = 1, we get
definition 1.14.

Remark 2.4. Let us discuss some special cases in definition 2.1 as follows:

(I) Taking ¢g1(t) = g(1 —t), g2(t) = g(t), then we get strongly exponen-
tially generalized (m, vy, s, g) functions with modulus c.

(II) Taking ¢1(t) = g¢2(t) = t(1 —t), then we get strongly exponentially
generalized (m, v1,v9,tgs) functions with modulus c.

(ITT) Taking g;(t) = ~ - t, 92(t) vt

Vi BN
nentially generalized (m,v1,v2)-MT functions with modulus c.

, then we get strongly expo-

In this section, we obtain Hermite-Hadamard type inequalities for strongly
exponentially generalized (m,v1, 19,91, 92) function with modulus ¢ via
Riemann-Liouville fractional integral.
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Theorem 2.5. Let O = [mug, mey + fg)\(’LQ —ma1)] € R be m-invex set
for some fixed m € (0, 1], where 11 < 12 and F (12 — ma1) > 0. Suppose
91,92 : [0,1] — [0,+00) be continuous functions. Let ¢,¥ : O — (0, +00) be
strongly exponentially generalized (m, v1, V2, g1, g2) functions with modulus
c¢>0.Ifg,9 € L(O), then for vi, v, € R and a > 0, the following inequality
holds:

fa | -
a Ji o (s . - es(mzl) +J7 o . —e (mll)}
(F,i)\ (Z2 . m22)) (ml1+prA(22*mz1)) (m11+pr>\(127m12))

(2.2) <m (6V1§(Zl) + 61/119(%1)) Hy, (o) + (6V2<(%2) + eVzﬂ(Zz)) Hy, ()

—2em(1g — 21)2\1191 ,92 (@),

where

1 1
Uy, () = /0 19N gy (8)ga(6)dt,  H,, () == /0 oL (D)dt, Vi—1,2.

Proof. From strongly exponentially generalized (m,v1, 12, g1, g2) with
modulus ¢ of ¢ and ¢ for all ¢ € [0, 1], we have

S muHtFL L\ tammn)) < ()" () 1 go(8)e202) — emi(ag — 11)%g1 () ga(t)

and

V(177 (2 —man)) < mg (t)e"lﬁ(“) —i—gg(t)e”zﬁ(”) —cemfig — 11)291 (t)ga(t).
Adding both sides of the above inequalities, we get

(24) eg(mathf;)\(zgfmzl)) + 619(m11+t]-'g’>\(227m11)) <m (eulg(zl) + 61/119(11)) a (t)

+ (er2502) - 72702} g (1) — 2em(es — 1)1 (£) g (8)-
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Multiplying both sides of inequality (2.4) with t*~! and integrating over
[0, 1], we obtain

/1 ta_l [eg(mzlth]:;)’,/\(zgmzl)) + el?(m11+t]:g’/\(zgmzl)):| dt
0

1 1
<m (el/1§(11) + 61/119(21)) / toa—lgl (t)dt—|— (el/2§(12) + 61/219(22)) / toa—lgz(t)dt
0 0

1
—2em(1g — 11)2/ t* g1 (1) ga(t)dt.
0
Using definition 1.11, we get the required result. O

Corollary 2.6. In Theorem 2.5, taking c — 0T, we get
I'(o)

( ;A(ZQ — m

)) i {J&%1+]:§A(’2_mzl)) eg(mZ1)+J&%z1 +F7 | (12—mar))~ e’y }

(25) <m (emc(ll) + el/119(l1)) H,, () + (evx(lz) + 6V219(12)> H,, ().

Corollary 2.7. In Theorem 2.5, if we choose m = 1 and Fy (12 — mu) =
19 — My, we have

I (a) a ¢(u1) « 19(11)}
(2 =)0 {JZZ_e + Jzz_e

< (eylg(zl) + eylﬁ(“)) Hgl (a)+(ey2<(zg) + €V219(%2)> ng (O‘)_2C(22_21)2qj!}1,92 (O‘)
(2.6)

Corollary 2.8. In Theorem 2.5, if we choose a = 1, we obtain

1 /mlﬁf;)(wm”) [ec(t) +€ﬁ(t)}dt

otz = mar) Jm

<m (e’“(“) + e”“?(“)> Hg, + (e"“(”) + 6”219(”)) Hg, —2cm(1—11)*Fy, g5,
(2.7)
where

1 1
(2.8)  Fy g = /0 a1(t)ge(t)dt, Hy = /0 gi(t)dt, Vi=1,2.
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Theorem 2.9. Let O = [muy,mey + fg)\(’LQ —ma1)] € R be m-invex set
for some fixed m € (0, 1], where 11 < 12 and F (12 — ma1) > 0. Suppose
91,92 : [0,1] — [0,+00) be continuous functions. Let ¢,¥ : O — (0, +00) be
strongly exponentially generalized (m, v1, V2, g1, g2) functions with modulus
c¢>0.Ifg,9 € L(O), then for vi, v, € R and a > 0, the following inequality
holds:

I'(a)

(fg)\(lg — miy

a mu1+F7, (12—ma « F(ma
7 { Ty €TNETD gy n}

(2.9) < m (¢1500Cy, (@) + 7D Hy, (a)) + €200y, (0) + €270 Hy, (a)

_Cm(712 - 11)2D91,92 (a)7

where

(2.10) Dy, g5 (@) := /01 [t“ +(1- t)“*l}gl(t)gxt)dt,
1

(2.11) Cy, () ::/0 (1—t)*tg;(t)dt, Vi=1,2

and Hg, (o), Hy, () are defined as in Theorem 2.5.

Proof. From strongly exponentially generalized (m,v1,v2, g1, g2) with
modulus ¢ of ¢ and ¥ for all ¢ € [0, 1], we have

e (M HFIA ) g (81500 4 ga (82502 — em(1g — 11)2 g1 (t) g2(t)
and

eﬁ(muﬂ]—'{‘;/\(zgfmzl)) < maq (t)eulﬂ(zl) +92(t)ey219(12) _ Cm(ZQ _ 21)291 (t)gg(t).

Multiplying first above inequality with (1 —¢)®~!, the second with t*~!
and adding both sides, we get
(1 . t)a—leg(m11+t.7-'g7)\(zgfmzl)) + tafleﬂ(mzlthf;)\(zgfmzl))

(2.12) <(1- t)a—l [mgl(t)eylg(“) + gZ(t)evx(zz)]

1
o1 m91(t)e”“(’l(“)+gg(t)e”219(12)} —cm(12—21)2/0 [t“+(1—t)a*1}gl(t)gg(t)dt.

Integrating over [0, 1] both sides of inequality (2.12) and using definition
1.11, we get the required result. O
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Corollary 2.10. In Theorem 2.9, taking ¢ — 0T, we get
I'(o)

( /‘)’7/\(@2 — ma

mu1+F , (1o—mn
))a {J(O;ml)+6<( HTate 1))+Jgnz1+fg,x(zz—mz1))eﬂ(mzl)}

(2.13K m (e”lg(“)C’gl(a) + e”“%“)Hg1 (a)) + e”zg(”)cgg () + €V219(Z2)ng(a)-

Corollary 2.11. In Theorem 2.9, if we choose m = 1 and F7 \ (12 —mu) =
19 — maq, we have

I' (o)

{J‘i &) ¢ g eﬂw}
(12 _ ll)a 2 2y

(2.14K et Cy, () + e Hy, () + €702 Oy, () + 72702 Hy, ()
—c(12 — 11)2Dg1,gz ().

Corollary 2.12. In Theorem 2.9, if we choose o = 1, we obtain Corollary
2.8.

Remark 2.13. Under the conditions of Theorems 2.5 and 2.9, using re-
mark 2.4, we can get several new integral inequalities. The details are left
to the interested reader.

For establishing some new results regarding generalizations of Hermite-
Hadamard type integral inequalities associated with strongly exponentially
generalized (m, v1, 2, g1, g2) with modulus ¢ via general fractional integrals,
we need the following lemma.

Lemma 2.14. Let O = [ma1, may +.7:ZA(22 —ma1)] € R be m-invex set for
some fixed m € (0, 1], where 1 <12 and F7 \(12 —may) > 0. If ¢ : O — R
is a differentiable function on O° such that ¢’ € L(O), then the following
identity for generalized fractional integrals holds:

esmn) e<(m11+f,‘,’,x(zz—m%1)) 1

2 2L,,(1) 7 \(12 —may)

s(mu+7F7 \ (12—mu)) +

. { (m7,1)+I¢ ¢ (mar+F7 \ (r2—mar))~ I¢ eslmn) }
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. ;A(ZQ —ma)

(2.15) )

! tFe
X /0 {Hm(t) — I, (1 — t)} e FtFL\ (2 =mu)) Ly 4 tFy \(12 —mar))dt,

where
t ¢ (F7, (12 —mag)u
(2.16) 1., (t :/ (7 . )du<oo.
0
We denote
7 (10 — ma
(2.17) Ee,, (1, 12) = Fralt — mu)

21L,,,(1)

! tFo
x / [nm(t) — I, (1 —t)}é(mlﬁ oA 27 (g 4 FT (22 — man) .
0 b

Proof. From (2.17), we have
oAtz —ma)

E§7H77L(Z177’2) = 2H (1)
m

1 o
% /0 Hm(t)ec(anrt]:p,,\(lzfmzl))g/(mzl + t]:;)\(w _ mzl))dt

1 - B
_A Hm(l _t)e‘?(m11+t.7-'p’/\(22 m“))§/(m21 —i—tfg»\(w —mzl))dt

JA(Z2 — muy) —(1 =(2
(2.18) = pf X [:E,nm (u1,02) — :E,ﬂm (11,22)},
where
1 o
(219) Eg,ll)Tm (11’12) = A Hm(t)eg(m“+t‘7:l’v>‘(12_m“))§,(mzl + tfg,)\(lg o mll))dt
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’:‘(2) L 1H 1—¢ §(m21+t.7“g>\(12—m11))/ LEO dt
“q,Hm(“J?) o m(l—t)e ’ §'(mag + p7,\(22—m11)) .

2.20)
Now, integrating by parts (2.19), changing the variable v = ma; +
tFy (12 —ma1) and using definition 1.11, we get

—~

S0) 1y o DT
I_‘§,Hm 1,02) - 'g’)\(z2 — m’Ll) 0
. 1 /1 d) (fp’)\(ZQ - mll)t> eg(mll+tfg7’\(127mll))dt
g;)\(ZQ —may) Jo t
mu1+F2  (12—ma
— Hm(l)eg( 1P\ (2 —ma)) _ 1 o I, estmu)
oAz —may) f;’f(m —may) (man+77 \ (2 —1man))
(2.21)
Similarly, using (2.20), we obtain
=(2) Hm(l)eg(m“) 1 s(ma1+F° , (12—may))
= 11,12) = — + Iye PA .
iy (11:72) Foalig —ma) ]’;’f(w —may) ()7
(2.22)
Substituting (2.21) and (2.22) in (2.18), we get (2.15). The proof of Lemma
2.14 is completed. O
(67
Remark 2.15. In Lemma 2.14, if we choose ¢(t) = (o) for a > 0, we
have
es(ma) +6§(mll+.7:;’,)\(127m11))
2
F(a + 1) o s(mu+F°, (12—ma1)) o (may)
_2.75’;(22 — mzl) X{J(m’1)+e P —i_‘](mu-"-.7-';7’»\(zz—mzl))*eg ! }

B F9 5\ (12 —may)

1 o
. 2 /0 [to‘—(l—t)a}eg(m““f e A 27N (g 1 F 19—y ) )it

(2.23)

Using Lemma 2.14, we now state the following theorem.
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Theorem 2.16. Let O = [muy,mur + F7 (12 — ma1)] € R be m-invex set
for some fixed m € (0, 1], where 11 < 12 and Foa(12 —mar) > 0. Suppose
91,92 : [0,1] — [0, 400) be continuous funct1ons Let ¢ : O — (0,+00) be a
differentiable strongly exponentially generalized (m,v1,v2, g1, g2) function
with modulus ¢ > 0 on O° such that ¢’ € L(O) and vq,v2 € R. If [¢'|? is
generalized (m, g1, g2)-preinvex function, then for ¢ > 1 and % +% =1, the
following inequality holds:

F7,\ (12 —may)

(2.24) Zan, (0 12)| < G/ B, )
2 qris(e1) | 1 q . quas(12)| 1 .
X |m-e S (ll)) Gy, +mAc(%VlaVZJlJZ)Fngz +e S (12)‘ Gy,
1
q q q
—cm(12 — 11)2 (m‘g/(zl)) Mg, g, + ‘gl(m)‘ Ngl,gz)] )
where
1
(2.25) B, / 10, (0) ~ (1= )"dt, G, ::/ g:(O)2dt, Yi=1,2,
0

226) My = [ 0Pt Npui= [ r(0laato)et,

(2.27) Ac(g;v1,v2,11,12) i= ev15(11) (1)

§'(22))q + ev2s(2)

‘ q

and Fy, 4, is defined from (2.8).

Proof. From Lemma 2.14, strongly exponentially generalized (m, v, 12, g1, 92)
with modulus ¢ of ¢, generalized (m, g1, g2)-preinvexity of |¢'|4, Holder in-
equality and properties of the modulus, we have

D5
210, (1)

Fo (19 —mn
‘E§7Hm (Zl?lQ)) S M

/ [ (8) = T (1= 1) fef

Fe (22 — mzl) 1 - B
< pA / gs(ma+tFy | (12—maz))
=, (0 ()« ”

s(may +Fy (12—r1))

¢'(may + tFy (12 — mzl))‘dt

1

'(may + tfg)\(m — mzl))‘th) !
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Foaliz —ma)

< T(l) B, (p)

1
x{/ mgs (B0 - go ()62 — ez — 1)1 (1))
0

Q=

thwkmw+mmk@WP%

F, (12 — may)
_ T pA
g/(ZQ) Gyz

st

q
g/(ll)’ Gg1 + mAf(q, Vi, V2,11, ZQ)Fgl,gz 4 eqllzg(zz)

’q
—cm(1g — 11)2 (m‘d(ll))qul,gz + ‘gl(w)‘qNgl’gZ) ] %

The proof of Theorem 2.16 is completed. |
We point out some special cases of Theorem 2.16.

Corollary 2.17. In Theorem 2.16, taking ¢ — 0T, we get

Foaliz —mu)

. = S =7
(2.28) pat, (1,2 | < =25 ¢/ B, ()

q

> </m2equ1<(zl) §,(Z2)’ Gg2'

q
g,(ll)’ Ggl + mAc(q; vi,12,1, ZQ)Fgl,g2 + equ';(lz)

Corollary 2.18. In Theorem 2.16, if we choose ¢(t) = t, we have

eSOt

es(ma) + eg(mu-f—}-;)\(lz—mll)) 1 /m11+]-'g7>\(12m11)

2 o\(2 —ma1) S

F7, (12 — may)
2.29 <ZeME
(2.29) ST

<(12)|" G

X [erq’“g(”)

q
C'(ll)‘ Gy +mA(q;v1,v0,11,12) Fyy g, + €7725012)

1

ﬂmw—ufw¢wm%@m+kw$%w9r-
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a

t
Corollary 2.19. In Theorem 2.16, if we choose ¢(t) = o) for a« > 0 and

;)’7)\(@2 —may) = 19 — muy, we obtain

)oa

- (may

s(22) a ,c(ma)
2 2(12 — may )*+€ + Jzz_e }

< (22 — mzl)

(2.30) <2

B(p, )

q

- [m%qmm < (12)] G

q
§’(7Jl)’ Gy, + mA(q;v1,v2,11,12) Fy, g0 + 125 (12)

1
q

—em(1g —11)? (m‘d(u))quhm + ‘c'(zg)‘qNgl,gz)] ,
where
1 P
B(p,a) == /0 )to‘ —(1— t)o“ dt.

Theorem 2.20. Let O = [may, meg + .7:;/\(@2 —may1)] € R be m-invex set
for some fixed m € (0,1], where 11 < 12 and FJ (12 — ma1) > 0. Suppose
91,92 : [0,1] — [0, +00) be continuous functions. Let ¢ : O — (0,400) be a
differentiable strongly exponentially generalized (m, vy, v, g1, g2) function
with modulus ¢ > 0 on O° such that ¢ € L(O) and vy, € R. If ||
is generalized (m, g1, g2)-preinvex function, then for ¢ > 1, the following
inequality holds:

]:‘7,)\(22 —may)

Eg,Hm(ll,’Lg)} S [)QHT [Bnm(l)} -

1
q

(2.31)

X {erq”“(“)

q
/
S (Zl)‘ PHm,g1 +mAC(Q7 v, V2,11, 22)81'[%91 ’92_{_qu2§(22)

q
S (12)] Pit g

1
q

—m@—mdddmhmmm+kmﬁﬁwmﬂ,

where

(2.32) Sty gr.g0 = /0 1 ML (8) = T (1 = £)] g1 (D) ga(t)dt,
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289 P [ [T - a1 =0l vi=1,2
Q3 Uty = [ [Tn(®) = 1 = 0] o1 Pga(0)

08) Tt = [ [Tn®) ~ (1~ D)on(Oloa(0)at

and Ac(q;vi,v1,01,12), B, (1) are defined as in Theorem 2.16.

Proof. From Lemma 2.14, strongly exponentially generalized (m, v1, 12, g1, g2)
with modulus ¢ of ¢, generalized (m, g1, g2)-preinvexity of |¢'|?, the well-
known power mean inequality and properties of the modulus, we have

F7 (12 —may)

E§7Hm (21712)} S = 2

x /01 1L, (8) — 1, (1 — 1)

.7-"")\(22 —muy) 1

(B, ]

< o1L,,,(1)

1
q

1 s(mu+tF?, (1a—mar)) | 1 d
X (/0 ‘Hm(t)_ﬂm(l_t)‘eq 1 p,A\02 1 g(mZ:[—’—tfg’)\(’LQ_le))‘ dt)

f;A(ZQ —maq)

= ol

1
q

B, ]

x{ [ 0T (10 (06 g 01659 —mtiz—n P ()]

<m0 )"+ ()| )] dt}

1

_ Fople —mu) [Bnm(l)}liq

21T (1)

q q
§/(21)’ Pu1,, g +mA(g; v1, 12,21, 22) S, g1 g0 +€772(12) Cl(h)} P, g

X {m%q”lg(“)
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1
q

—em(ia = 1) (< (1) "Utty 1.0 + [/ 02)[ Ti1,000.00) ]

The proof of Theorem 2.20 is completed. ad
We point out some special cases of Theorem 2.20.

Corollary 2.21. In Theorem 2.20, taking ¢ — 0T, we get

.7:")\(12 —muy) 1

(2.36) ‘Eg,nm(h,lz)) < £ 21L,,,(1) [Bnm(l)}l_

X {/mQGQVIC(Zl)

q
€’(11)’ Pi1,, g0+ mA(q; V1, 2,01, 12)811,,,91,g2 + €972502)

q
S/ (12)] P10

Corollary 2.22. In Theorem 2.20, if we choose ¢(t) = t, we have

eSOt

eg(mzl) + eq(m11+T;A(zz—m%1)) 1 /m11+]-'g7/\(12m11)

(2.37) <270 Fpa(2 —mar)

¢'(12)| Q

X {m2eq”lg(“) 9o

q
§'(21)‘ Qqy + MA(G; v1, V2,11, 19)O, gy + 172502)

‘q
—cm(12 — 21)2 (m)g/(ll)’qu,gz + ‘C/(ZQ)’(IR%W) }%’

where

1 1
(2.38) ©,,.4, ::/0 2t — 1]g1 (Da(t)dt. - 9, ::/0 2t — 1][gi(0)dt, Vi=12,

(2.39) Qo192 = /01 ‘Qt - 1“91(75)]292@)‘#7 Ry, g5 = /01 ‘Qt - 1}91@)[92@)]2&'
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(6%

t
Corollary 2.23. In Theorem 2.20, taking ¢ — 0%, where ¢(t) = (o) for

a >0 and .7-";)’/\(12 —may) = 12 — muy, we obtain

esmn) 4 es(t2) MNa+1) " {
2 2(19 — map)®

J )+€§(12) + Jzaeg(m“)}
2

(mar

Q=

(2.40) < (2 —mn)

< 5 {Bnm(l)]l_

q
% </m2equ1<(ll) gl(ZQ)’ anyz'

q
€'(Zl)’ Pr,,.g0 + mA(g; v1,v2,11,12) 511, 91,90 + €972502)

Remark 2.24. Under the conditions of Theorems 2.16 and 2.20, using
tx

remark 2.4, for the appropriate choices of function ¢(t) = t, M‘—(); o(t)
k(o

= éexp (—lea) t| where a € (0,1), etc., we can get several new integral

inequalities. Also, under assumptions of Theorems 2.16 and 2.20, taking
K = ||¢'|oc := sup,co |s'(x)], we can deduce many other inequalities.

3. Applications

In this section, we provide some new error estimates for trapezoidal quadra-
ture formula. Let P be the partition of the points 11 = xp < 21 < ... <
xp, = 12 of the interval [11, 22]. Let consider the following quadrature formula:

/ " @ dg = T(s, P) + E(s, P),

1

where
k=11 c(ws) s(@it1)
€ +e
T(c,P)=Y_ f] (Tit1 — i)
=0

is the trapezoidal version and E(s, P) is denote the associated approxima-
tion error.

Proposition 3.1. Let ¢ : [11,22] — (0,+00) be a differentiable strongly
exponentially generalized (v1,va, g1, g2)-convex function with modulus ¢ >
0 on (21,12), where 11 < 13 and v1,v5 € R. Suppose ¢1,¢2 : [0,1] — [0, +00)
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be continuous functions. If |¢'|? is generalized (g1, g2)-convex on [u1,12] for
q>1and:[—1]+%:1, then

|
—_

1 k
(31) ‘E(§,P)‘ S m X (xi—l-l —g;z-)2

@
I
o

q

q .
Gg+Ac(q;v1,v2, 4, Tiv1) Fygy go +e2s(@it) §/($i+1)) Gy,

€D

% |:qu1§ (z4)

—c(@i1 — 3;)° (‘d(l‘z) qu1yg2 + ‘gl(xi“)‘qNglm) } %’

where

(32) Aclqivn, v, i, wigy) = 1@ !

q )
</(96z‘+1)‘ + e2s(@in1)

o' (i)
and Fy, g,, Gg,, Ggyy Mg, g,5 Ng, g, are defined as in Theorem 2.16.

Proof. Applying Theorem 2.16 for m = 1, fg’)\(lg —muy) = 12 — may
and ¢(t) = t on the subintervals [z;,z;+1] (1 = 0,...,k— 1) of the partition
P, we have

es(@i) + es(it1) 1 Tit1 (.T 1 — .’I})
3.3 _ $(@) g | < 2L )
(3:3) 2 Titl — T4 /z ‘ 7= 2yp+1

q

q .
(@) Gy +Ac (g3 11, v2, Ti, Ti1) Fyy g 6725 (@i1) </($i+1)’ Gy,

e

1
q q q
gl(xi) Mg, g, + ’gl(%ﬂrl)’ Nghgz” .

—c(@ip1 — 3;)° (

Hence from (3.3), we get

b
‘E(QP)‘ - / eg(w)dx_T(QP)
a
k—1 Tit1 €§(-77i) + eg(IiJrl)
< @), =~ T T
< 2{/ @ dg 5 (Ti41 — i)
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k-1 Tit1 s(xi) 4 pS(wiy1)
< / @ dy — %(%H — ;)
=0 Zi
1 k—1
< — X Tir1 — x;)?
>~ 2W ;( i+1 ’L)
. q _ q
% |:qu1§(1“2) ¢ (z)| Gy +Ac(g; 1/1,V27wz’,%‘i+1)Fg1,g2+€qV2§(x’“) G/(ib‘iﬂ)) Gy,
q q q
_C(xi+1 - xi)2 (‘gl(xl) M91,92 + ’g/(xiJrl)’ N91’92):| .
The proof of Proposition 3.1 is completed. a

Proposition 3.2. Let ¢ : [11,22] — (0,+00) be a differentiable strongly
exponentially generalized (v1,v2, g1, g2)-convex function with modulus ¢ >
0 on (11,12), where 11 < 12 and v1,v5 € R. Suppose ¢1,¢2 : [0,1] — [0, +00)
be continuous functions. If |¢'|? is generalized (g1, g2)-convex on [i1,12] for
q > 1, then

(3.4) ‘E( )

Z Ti+1 — xz
=0

q . , q
le +A§ (q’ V1, V2, T4, xi-‘rl)@gl,gZ +qu2§(mz+1) v ($i+1)‘ 992

¢ (i)

« {eqvm(wi)

1
q

) qQ91,92 + ‘gl(wiJrl)‘ngl,w)} )

where A(q; v1, Vo, xi, Ti41) is defined from (3.2), Og, g0, Qg1 Lgos Qg1.925 Ragr,go
are defined respectively from (2.38) and (2.39).

—c(@iy1 — xi)? (‘§/(l‘i

Proof. The proof is analogous as to that of Proposition 3.1, taking
=1, F7\(12 — mu) =12 — mu and ¢(t) =t in Theorem 2.20. O

Remark 3.3. Under the conditions of Theorems 2.16 and 2 20 using re-

mark 2.4, for the appropriate choices of function ¢(t) = ; o(t)

kF()

= %exp (—%) t| where o € (0,1), etc., we can deduce several new
bounds for the trapezoidal quadrature formula using above ideas and tech-
niques. Also, under assumptions of Theorems 2.16 and 2.20, taking K =
s |oo := sup,eo s’ ()|, we can obtain many other new bounds.
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4. Conclusion

The so-called strongly exponentially generalized (m, vy, v, g1, g2) functions
can be applied to obtain several results in convex analysis, related opti-
mization theory and may stimulate further research in different areas of
pure and applied sciences.
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