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Abstract

The main purpose of this article is to introduce and study some
new spaces of I-convergence of triple sequences in intuitionistic fuzzy
normed space defined by compact operator i.e 38(1#71,) (T) and 355(#7V)(T)
and examine some fundamental properties, fuzzy topology and verify
inclusion relations lying under these spaces.
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Introduction

In 1986, Atanassov K.T.[13] introduced the idea of Intuitionistic fuzzy set
theory which is a generalization of fuzzy set. Fuzzy set theory is a powerful
tool for modelling uncertainty and vagueness by imputing the degree of
membership to the elements so that individuals can be distinguished in a
given set. Immense number of research papers recently surfaced in scientific
discipline showing that the fuzzy set theory strangely has turned into the
todays norm for young scientists or researchers. Many authors have made
the concept of fuzzy topology as a very significant tool towards their work.
The idea of intuitionistic fuzzy normed space[15] and intuitionistic fuzzy
2-normed space[20] are the most recent evolutions in fuzzy topology.

In the beginning, the idea of statistical convergence was presented inde-
pendently by Fast[11] and Schoenberg[12]. I-convergence is a generality of
statistical convergence which was introduced by Salat et al. [18]. Later on
the idea of statistical convergence for double sequences have been defined
by Edely and Mursaleen[16] and Tripathy [6] independently and for fuzzy
numbers by Mursaleen and Savag[10]. Related to this, there are infact two
quite different types of convergence i.e I and I*-convergence for double se-
quences [17].

In 2007 Gurdal, Sahiner and Duden[3] introduced the concept of con-
vergence of triple sequences. This concept has been further investigated by
many authors, see([1],[2],[4],[5]). Tripathy and Goswami used the idea of
I-convergence of triple sequences in probabilistic normed spaces. Tripathy
and Shiner[4] studied the properties associated with I-convergence in triple
sequence spaces and showed some useful results.

Preliminaries and definitions

Here, we recall some basic definitions and examples associated to this arti-
cle.

Definition 1.1:[3] A triple sequence x = (z,x;) is said to be convergent to
a number § in pringsheim’s sense if for every g9 > 0, 3 m,) € N such that

| Znkt — €| < €0 whenever n > my kE>meyy, 1>mey)-

€0)>»
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Example:[3] Let

kl, n=3,
I nl, k=25,
Y ok, 1=7,

8,  otherwise.

Then (z,k) — 8 in Pringsheim’s sense.

Definition 1.2:[3] A triple sequence & = (x,1) is said to be statistically
convergent to a number £ if for each ¢ > 0,

d03({(n,k, 1) e N X N XN : |zpp — & >e0}) =0

and to be symbolized as, st lim =¢&.
n,k,l—o0

Definition 1.3:[22] A family of sets I C 2% is said to be an ideal for a
non-empty set X, if it satisfies:

(i) pe1;
(ii) f A, Bel=AUBel;
(iii) f AcTand BC A= Bel.
An ideal I is called a non-trivial ideal if X ¢ I.

Definition 1.4:[22] A family of sets F C 2% is said to be a filter for a
non-empty set X, if it satisfies:

(i) ¢ ¢ F;
(ii) f A Be F= ANBeF,
(iii) if Ae Fand AC B= Be F.
For each ideal I there is a filter F(I) corresponding to I.
F(I)={ACN: A€}, where A= N — A.
Definition 1.5:[5] A triple sequence = = (z,x;) is said to be I convergent
to a number & if for every g9 > 0, such that

{(n,kz,l)eNxNxN: Tt — €] 250} =
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and to be symbolized as, Ilim x5 = £.

Definition 1.6:[23] A triangular norm (¢ — norm) is defined as a binary
operation
% :[0,1] x [0,1] — [0, 1]

if x satisfies :

(i) * is commutative and associative,
(ii) * is continuous,

(iii) axl=aVaec|0,1],

(iv) a1 * 81 < ag * B2 whenever oy < ag and 1 < P2 V oy, 5; € [0,1]
(i=1,2).

Examples: (i) ax = af (i) a* f = min{a, 5}.

Definition 1.7:[23] A triangular conorm (t—conorm) is defined as a binary
operation
©:[0,1] x [0,1] — [0, 1]

if o satisfies:

(i) ¢ is commutative and associative,
(ii) © is continuous,

(iii) ao0=aV ae€|0,1],

(iii) a1 ¢ 1 < ag ¢ By whenever a; < ag and 1 < B2 V oy, B € [0,1]
(i=1,2).

Examples: (i) a o = min{a + 5,1} (ii) a ¢ f = max{a, 8}.

Definition 1.8[23] Functions u,v : X x (0,00) — [0, 1] are said to be fuzzy
norms on a linear space X over a field R(C), if for every 1,22 € X and
t1,to > 0, they satisfy:
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(a) plzy,t1) +v(z,ty) <1,
(b) M(xhtl) > Oa

(c) p(zi,t1) =1 <= 21 =0,
(d) plazi, tr) = u(zl, ﬁ) YV a#0,

(e) p(xr,t1) * p(xe, t2) < p(z1 + z2,t1 + t2),
(f) p(z1,.):(0,00) — [0,1] is continuous,
(g) Jim p(w1,t1)=1and lim p(z1,6) =0,
(h) v(zy,t1) <1,

(i) v(z1,t1) =0 <= x1 =0,

(G) v(azxi, t1) = v(z, ﬁ) YV a#0,

(k) v(z1,t1) ov(xg,te) > v(zy + z2,t1 + t2),
(1) v(z1,.):(0,00) — [0,1] is continuous,

(m) lim v(z1,t1) =0 and lim v(zy,t;) = 1.
t1—0o0 t1—0
Then the 5-tuple (X, p, v, *,0) entirely is said to be an intuitionistic
fuzzy normed space (abbreviated as IFNS).

Definition 1.9[23] Let (X, u,v,*,0) be an intuitionistic fuzzy normed
space. Then a sequence x = (xj) is said to be convergent to a number
¢ with respect to the intuitionistic norm (p,v) if for every gy > 0 and
t1 >0, 3 k, € N such that pu(zy —&,t1) > 1 —¢eg and v(xgp — &, t1) < g9 V
k > k, and to be symbolized as, (i, v)limz = &.

Definition 1.10:[23] Let (z,p,v,*,0) be an intuitionistic fuzzy normed
space. Then a sequence x = (zy) is said to be statistically convergent to a
number £ with respect to the intuitionistic norm (u,v) if for every g9 > 0
and t; > 0, we have

§({k e N :p(wy — & t1) <1 —eg or vz, — & t1) >eg0}) =0
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and to be symbolized as, st(, ) — limz, = &.

Definition 1.11:[23] Let (X, u,v, *,©¢) be an intuitionistic fuzzy normed
space. Then a sequence x = (xy) is said to be I-convergent to a number &
with respect to the intuitionistic norm (u,v) if for every €g > 0 and ¢; > 0,
we have

{]{ EN:,LL(xk—g,tl) <1—¢g or V(.’I}k—f,tl) 260} el

and to be symbolized as, I, ) limzy = ¢.

The idea of statistical convergence and statistical Cauchy for double
sequences in intuitionistic fuzzy normed spaces have been studied by Mur-
saleen and Mohiuddine. Recently, Khan and Yasmeen|25] introduced intu-
itionistic Zweier I-convergent double sequence spaces defined by modulus
function:

220, ) (F) = {(@ak) € 2w : {(n, k) € N x N : f(pu(ams — €,81)) < 19
or f(v(zy, — & t1) > eo} € I}
22y () = L(wup) € 2 {(n k) € N x N : f(ulwgt)) < 1— o

or f(U(an,t1) > o} € I}

Is-convergence of triple sequences in IFNS

Definition 2.1: Let (X, u, v, *,0) be an intuitionistic fuzzy normed space.
Then a triple sequence z = (x,1;) is said to be statistically convergent to a
number & with respect to the intuitionistic norm (u,v) if for every ¢, > 0
and t; > 0, we have

d({(n,k,1) € NxNXN : p(xpp—E&,t1) < 1—gg or v(zpm—E,t1) >¢e0}) =0

or equivalently,

1
lim —Nn <p,k<ql <r:p(zpu—E&t1) < 1—eg or v(Tpm—E,t1) >0} =0
Par pqr

and to be symbolized as, St?M,V) limz,, = E&.
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Definition 2.2: Let (X, u, v, *,¢) be an intuitionistic fuzzy normed space.
Then a triple sequence x = (x,x;) is said to be statistically Cauchy with
respect to the intuitionistic norm (p,v) if for each g9 > 0 and ¢; > 0 3
P =D(e)s 4 = Q(eo)s T = T(eo) Such that, we have

(5({(7”&, k, l) € NxNxN: N(ajnkl_aqurytl) <1l-—gg or V<$nkl_$pqryt1) > 50}) = 0.

Definition 2.3: Let (X, u, v, *,¢) be an intuitionistic fuzzy normed space.
Then a triple sequence = = (x,x;) is said to be I3-convergent to a number &
with respect to the intuitionistic norm (u,v) if for every eg > 0 and ¢t; > 0,
we have

{(n,k, 1) e N XN XN : pu(pm —§,t1) <1 -9 or v(znpm —§,t1) >} € I3.

and to be symbolized as, Ié“’y) limxy, = €.

where, I3 is a non trivial ideal of N x N x N.

A Compact Linear Operator is a function 7' : V' — W which satisfies
two properties:

(i) T is linear;

(ii) T'(xy) has a convergent subsequence in W, for every bounded sequence
(zr) € V.

where V and W are normed linear spaces. The set of all bounded linear
operators B(V, W) is normed linear space normed by

7= sup [Tz
zeV,||z]|=1

Remark: The set of all compact linear operators C(V,W) is a closed sub-
space of B(V, W) and if W is a Banach space then C(V, W) is also a Banach
space.

In this article, we study on I-convergence of triple sequences defined by
compact operator in IFNS. We also define an open ball centered at triple
sequence with a non-zero radius and study the topology on the defined
spaces.
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Main results

In this section we introduce the following classes of sequence

spaces:

380,y (1) = {(2ar1) € 3w : {(n, k,1) € NXNXN : p(T(2np1)—E,t1) < 1—e0

or V(T (zpr) —&,t1) > €0} € I3}

38({(M7V)(T) ={(znk1) € 3w : {(n,k, 1) e NxNXN : u(T(xpnx), t1

or v(T(znk),t1) > co} € I3}
We also define;

3B (0,t1)(T) = {(Ynk1) € sw: {(n,k,1) : NxNxN: u(T(z)-T(y),t1) > 1-9

and v(T(z) —T(y),t1) <0} € I3}

which is an open ball with centre at = (x,1;) and radius 0 with respect

to tl.

Theorem 3.1: If a triple sequence x = () € 38([ )(T ) is I3-convergent

to a number & with respect to the intuitionistic norm (u,
£ is unique.

Proof: Let z = (z,5) € 3S(Iuyy) (T') such that

I?()uw) limz,, = & and Ié;w) lim @y = &

for a given €, we have 6 > 0 s.t

(1-9)*x(1—6)>1—¢gp and o <¢ep

then we define for ¢; > 0,

Ky = {(n,k,1) € NxNxN : u(T(zpp1)— 51, ) <1-6 or v(T(xpp)— 51»

Ky ={(n,k,l) € NxNXN : u(T(xnr)— 52, ) < 1-0 or v(T(zpk1)— 52,

since
Ié“’”) lim 5 = §1 and I:EMV) lm zpp = &2

v), then the limit

)>5}

)>5},
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:>K1613 andK2613Vt1>0
Let K = K1 U K>, = K € I3 and KCGF(Ig).
If, (p,q,r) € K€, then
t1 1
(& — o, t1) = (T xpgr — &1, 5) * (T xpgr — o, 5)
>(1—=0)*(1—-09)
>1—¢g

gg > 0 being arbitrary,

=>pu& —&,t1) =1V t1>0=& =&.

Similarly it can be proved that,
v(§1 — &2 t1) <eo ¥V t1>0=§ =&
Thereby one can conclude that,

Ié“’y) lim x5 = € is unique.

Theorem 3.2: Let © = (z,x) be a triple sequence in 3S(IM ») (T'), then
following assertions are equivalent:

(a) Tf I lim mpp = €,

(b) {(n,k, 1) e NXxN XN : p(T(xnr) — & t1) < 1—¢¢ or v(T(xpp) —
f,tl) > 80} €3

() {(n,k,l) e Nx N xN: u(T(xpr) — & t1) > 1 —¢eg or v(T(xpr) —
f,tl) < 80} S F(Ig)

(d) Llimp(T(zpm) — & t1) = 1 and I3lim (T (znp) — & 1) = 0.

Theorem 3.3: The spaces 3S(Iu ») (T') and 385( ) (T') are linear spaces.

Proof: We prove the linearity of the space 38(IM V) (T'). For other space it
directly follows.
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Let 2 = (zpk1),y = (Ynki) € 38(1%1/) (T') and «, 8 be non-zero scalars and
€, > 0 be given, then

Al:{(nakJ)eNXNXN:/L( (xnkl) §172’ ‘>§1_50

or 1/( (Tnkt) — 51,2‘ ‘> >eo} € I,
AQ—{(n,k,l)ENXNXN:,U,< (Ynkt) — 52,2|B|> 1—¢9
or V( (Ynkt) — 62’2%!) > eo} € I,
Ag—{(n,k,Z)eNxNxN:M< (@ntt) — 51,2’ |> 1- e

) <eo} € F(I3).

or V( (:I:nkl) 6172‘ ’

AS_{(n,k,l)ENXNXNI,U,< (ynkl) 5272|B|> —€o

or 1/( (Ynkt) — &2, ) <ep}t € F(I3).

2|p]

Define A3 = Aj U Ag, so that Az € Is = A§ € F(I3) is non-empty. Now
we show that for each (z,k1), (Ynki) € 3S(IM ») (T).

Ag C {(TL, /C,l) eNxNxN: u((aT(xnkl) + 6T(ynkl)) — (0451 + Bfg),tl) >1—¢g

or v((aT (ki) + BT (Ynit)) — (a1 + BE2), 1) < eo}-
Let (p,q,r) € AS. In this case

N(T(quT) 5172‘ ‘> l—eo OTV< (Tpgr) — &1, 2 ‘> <é&o

and

M(T(yqu) &2, 2|,3’> — &g Oor V( (ypqr) 52, ‘5|> < gg.
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We have

p((@T (xpgr) + BT (Ypgr)) — (€1 + BE2), 1)

1) * (BT (Tpgr) — B2, t_l)

t
> (T (xpgr) — by, D)

= (T (Tpgr) — 5172’ ‘) (T (zpgr) — 5272’/3‘)

>(1—€0)*(1—60):1—80.

and
v((aT (zpgr) + BT (ypgr)) — (a1 + BE2), 1)
< (0T () — €, %) o V(BT (2par) — B2, )
= W ayer) = &1, 50) o T a0r) — 2. 7E0)
< EQOEY = €.
Hence,

A3 C{(n,k,1) e N x N x N : p((aT(znr1) + BT (ynkt)) — (a1 + B2),t1) > 1 — g

or v((aT (xnkt) + BT (Ynr1)) — (a1 + BE2), 1) < €0}

Hence 38([# ») (T) is a linear space.

Theorem 3.4: Let x = (z,x) be a triple sequence in 3S(IM V) (T") such
that (u,v)slimz,, = &, then Ié“’y) lim . = €.

Proof: Let (p,v)slimz, = & and g9 > 0 be given then V ¢; > 0, 3
(p,q,7) € N x N x N s.t.
(T (xpp) — &) > 1 —€, and v(T(zpr) — &) < €0

v (n, k1) = (p,gq,7).
Therefore, we get

B ={(n,k,1) e Nx NXN: pu((T(zpu) =& t1) <1 =20 or v((T'(xnm) — & t1) > €0}
C{(p.qg.7)eENXxNxN:p <p-—1q <qg-1,7 <r—1}
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But, I3 being admissible = B € I3

Hence,

1) i gy = €.

Theorem 3.5: Let x = (x,1) be a triple sequence in  sw. If ¥y = (ynr1)
in 3w is a Ié“ ’V)convergent sequence S.t.
{(n, k,l) eEN XN x N : Tkl 7'é ynkl} c [3,

Ié“ﬂl/)

then z is also convergent.

Proof: Consider the set, {(n,k,1) € N x N X N : 21 # Ynki} € I3
and Ié“"/) lim ¢y = &€ then 0 < eg <1V t; >0, we get

{(na k’l) ENXNXN: M((T(ynkl) o f,tl) <l-6

or V((T<ynkl) - §7t1) > 60} c Ig.
0<egg<1Vit >0,

{(n,k, 1) € N x N x N: pu((T(zn) — & 1) <1 —e0

or v((T(zak) = & t1) = o}

C{(n,k,1) €N XN X N : Zppt # Yokt }

U{(n, k,1) € N X N X N pu((T(ynwr) — &, t1) <10

or v((T'(ynki) — & t1) = €0} (1)

Right hand side of (1) is an element of I3, therefore we get
{(n7k7l) ENXNXN: :U’((T<xnkl) - gatl) <1- €0
or v((L(wnp) —&:11) = eo} € Is.

Theorem 3.6: If v = (1) € 3S(IM ») (T') is a Cauchy sequence with

respect to intuitionistic norm (u,v) then it is Ié“ ’V)—Cauchy with respect to
same norm.
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Proof: The proof is straight forward thus omitted.

Theorem 3.7: If x = (x,p) € 3S(Iu U)(T) is a Cauchy sequence with

respect to intuitionistic norm (u, ) then the sequence x = (x,x;) has a sub-
sequence which is an ordinary Cauchy sequence with respect to the same
norm.

Proof: The proof is straight forward, thus omitted.
Theorem 3.8: Every open ball 38,(d,¢1)(T) is an open set in 3S(Iu (D).

Proof: Let 38,(0,t1)(T") be an open ball with radius 0, centered at = with
respect to ¢7.
ie

3Ba;(5,t1)(T) = {y = (ynkl) € 3Ww: {(n, k,l) ENXNXxN: M(T(xnkl)

~T(Ynk1),t1) > 1 =0 and v(T(znr) — T(Ynrt), t1) < 6} € I3}
Let y € 3B5(5,t1)(T).

Then, pw(T(znkt) —T(Ynki),t1) > 1 =6 and v(T(@pkr) — T (Ynkt), t1) < 0.
Since, (T (znkr) — T(Ynki),t1) >1—0, 3 0<t, <ty
s.t.,
(T (@nkt) = T (Ynkt), to) > 1 =6 and v(T(@nw) — T(Ynki); to) < 6.
Now, Consider
b0 = (T (xnkt) = T(Ynki); o), we have 6o >1—0
there exists,
ta € (0,1) such that §p>1—te >1—9§

For §, > 1 — to, we have d1,02 € (0,1) such that J, « J3 > 1 — t2 and
(1 — (50) <o (1 — 52) < to.

let 03 = max{d1,d2}.

Here we consider the open ball 38;(1 — d3,t1 —t,)(T) and we show that

385(1 — (53,t1 — to)(T) - 3[)’;(5, tl)(T).
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Let,
2= (2Znk) € 36?3(1 — 03,11 — to)(T)
then
(T (Ynkt) — T (2nkt), t1 — to) > 03
and V(T(ynkl) - T(anl)a ty — to) <1l- 53-
Therefore,
M(T(:Enkl) - T(anl)a tl)
> (T (@np) = T(Ynkt)s to) * (T (Ynrt) — T(2nk1), t1 — to)
> (0o %03) > (dpx01) > (1 —t2) > (1 —0)
and
V(T (xnkt) — T(2nk1), t1)
< VU(T(znkt) — T(Ynki), to) © V(T (Ynit) — T(2nkt), t1 — to)
< (1—50)0(1—53) < (1—50)0(1—52) <o 25
Thus
z € 3B3(0,t1)(T)
hence

385(1 — (53,t1 — to)(T) C 3[)’;(5, tl)(T).
Remark: 38(1“ ) (T) is an IFNS.
Consider the set
376 (T) = {A C 38,/ (T):Va € ATt >0

and 0 < 0 < 1s.t.38,(0,81)(T) C A}.

= 37(1#’11) (T) is clearly a topology on 35(1%14 (7).

Theorem 3.9: The topology 37'(IM V) (T') on 3Sé(u ») (T') is first countable.
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Theorem 3.10: 3S(IM V)(T) and 3Sé(u V)(T) are Hausdorff spaces.

Proof: We establish the result for the space 3S(IM ») (7).

The result follows directly for 355( ) (T).
Let,

T = (ajnk:l)a Y= (ynk:l) S 3S{u,u)(T) s.t. (xnkl) 7é (ynlcl)‘
Then

0 < w(T(xnkt) — T (Ynkt),t1) < 1 and 0 < v(T(zpii) — T (Ynki), t1) < 1.

consider, 01 = u(T(zpk1) — T (Ynkt), t1), 02 = V(T (xnrr) — T (Ynki), t1) and
0= max{él, 1-— 52}
YV 6o € (0,1) 3 93 and 04 s.t. d3 * I3 > J,
and
(1 =04)0(1—04) <(1—0y).

Again for, 05 = max{ds,ds} and we consider 38,(1 — Js, %) and 3B,(1 —
65a %)
Clearly,

c bt c bty
3BS(1 — J5, E) N 3By(1 — 05, 5) =.

For, if there exists

t t
2= (zam) € 3BS(1 — 85, 51) N 3B5(1 — 35, 51)

then
01 = (T (znrr) — T(Ynki), t1)
t t
> (T (i) = T (i), ) % (T (enta) = Tyra). )
> 05 % 05 > 03 * 03 > 0, > 01
and

02 = v(T(xnr1) — T(Ynkt), t1)
< V(T (@) — T (2nkt), %) o V(T (2nkt) — T (Ynki), %)

§(1—55)<>(1—55)
<(1—64)0(1—684) < (1—10,) < &
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which is not possible.
Therefore, 38(1“7U)(T) is Hausdorff.

Theorem 3.11: 3S(Iu7u)(T) is an IFNS and 37(1#’V)(T) is a topology on
3S(IM,V) (7).

Then 3 a sequence (z,x;) € 3S(IM ») (T'), such that x,p — = iff u((T(zpk) —
T(z),t1) — 1 and v(T(xnp) — T(x),t1) — 0 as n, k, I — oo.

Proof: Let t; >0, let 0y —x and 0<d < 1,3 (p,q,7) E N XN x N
s.t.,
(mnkl) € 381(57t1)(T) for all n > pak > C_I,l > r,

3BI(5,t1)(T) = {(n,k;,l) ENXNXxN: M(T(xnkl) — T(x),tl)} >1-96
and v(T(zpr) —T(x),t1) < 0} € Is.

such that,
3BS(0,t1)(T) € F(I3).

Then,

1= (T (xprr) — T(z),t1) < and v(T(xpp) — T(x),t1) < 0.
Hence,
w(T(zpr) —T(z),t1) — 1 and v(T(xpr) — T(x),t1) — 0, as n,k,l — oco.
Conversely,
(T (i) — T(z),t1) — 1 and v(T(zpm) — T(x),t1) — 0 as n, k, 1 — oo,

then for,
0<d<1,3(pgr) e NxNxN

s.t.,
1=pw(T(zprt)—T(x),t1) <0 and v(T(xpg)—T(x),t1) <9, ¥ n>pk>q,l>r.
It follows that,

(T (xpp)) =T (x),t1) > 1-6 and v(T(xpr)—T(x),t1) <6 ¥V n>pk>ql>r.
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Thus,
(Tnk1) € 385(5,231)(7") forall n>p,k>ql>7r
hence,

Tnkl — L.

Theorem.3.12: A triple sequence = = (zp5) € 35'(]“ ») (T) is I-convergent

iff for every g9 > 0, t; > 0 there exists numbers p = p(z,e0,t1), ¢ =
q(z,e0,t1) and r = r(z, g9, t1) such that,

{(p,q,7) e N X N X N : (T (wpqr) — §, ) 1—¢g

or V(T (xpgr) — f, ) <eo}t € F(I3).

Proof: Let Ié“’y) limx = € and let g > 0 and ¢t; > 0.For g9 > 0 to be
given, choose to > 0
s.t.,

(1—e9)*x(1—eg)>1—ty and gpoeg < to.

we get,
WS 3S(NV)( )

t
P:{(n7kal) ENXNXN:IU’(T<:Enkl)_£7El)Sl_EO

or v(T(xpp) — &, h

21)280}61'3,

This implies

t
PO ={(n.k,1) €N x N x Nz ufT(na) — €, 5) > 1~

or v(T(xpr) — &, %1) <eo} € F(I3).

Conversely, let p,q,r € P.
Then

(T (2 pgr) — f, )>1_50 or v(T'(xpgr) — f, )<50-

Now, we show that 3 p = p(:r, eo,t1) and q = q(x, £0,11) and r =r(z,e0,t1)
such that,

{(n, k, l) . ,u(T(a:nkl) — T(qur),tl) S 1-— t2 or V(T(mnkl) - T({L'pqr),tl) 2 tg} S Ig.
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Thus, for each = € 3S(IM V)(T) we consider

Q={(n, k1) : p(T(xnm) — T(xpgr),t1) <1 —1to
or v(T(xpk1) — T(Tpgr),t1) > ta} € I3.

Now we show that QQ C P.
Let @ ¢ P then 3 (n',k',1') € Q and (n',k',l') ¢ P
Therefore we get,

ty
'u(T<$n’,k',l') - T(a:pqr),tl) <1—tyor M<T(xn',k’,l’) - ¢, E) >1—eg.

particularly,
(T (wpqr) — 57 ) > 1—eo.

moreover we get,

L—to 2 wl(T(z,y ) = T(pgr), t1)

> (T g0 ) = 62 5 (T ) — € 2)
>(1—eo)*(1—€)>1—to,
which is not possible.
On the other hand,
V(T (z,y 3 ) — T(@pgr), t1) =t or v(T(2, 4 ) — & %) < gp
particularly,
V(T (zpqr) — 3= ) < &o.

Therefore we get,

to < U(T(.’En/ k',l') — T(.’L'pqr),tl)

ty
< V(T@n’,k’,z) f’ ) V(T (zpqr) — 575)
<gpoeg < ta,

which is not possible.
Hence,
QCP

and we have,
Pel=Qel
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