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Abstract

We will focus on the existence of nontrivial solutions to the fol-
lowing nonlinear elliptic equation

~Au+V(z)u = f(u), z€R?

where V' is a monnegative function which can vanish at infinity or be
unbounded from above, and f have exponential growth range. The
proof involves a truncation argument combined with Mountain Pass
Theorem and a Trudinger-Moser type inequality.
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1. Introduction

The main purpose of this work is to study the existence of solutions for the
following nonlinear elliptic equation:

(1.1) —Au+V(@x)u= f(r,u), x€Q,

where Q C R?, V is a continuous potential and the nonlinearity f possesses
maximal growth range. It is interesting to compare the equation (1.1) with
the case where Q is a subset of RY , N > 3. In this case, the classi-
cal Sobolev theorem asserts that the following embedding is continuous:
H}(Q) C L4(Q) for all 1 < ¢ < 2* = 2N/(N — 2). Thus, using variational
methods, the maximal growth of the function f is of type: f(s) ~ |s|?"~L.

In dimension N = 2 one has HZ(Q) C L) for all ¢ > 1 and H}(Q) ¢
L*>°(Q). In this situation another kind of maximal growth were established
independently by Trudinger [20] and Pohozaev [16]. The authors proved
that the maximal growth allow us to consider is of type:

f(s) ~ elsI”. Motivated by this result, it was obtained the following
characterization of growth: we say that a function f possesses critical ex-
ponential growth, if there exists cg > 0 such that

(12) f(s) { 0, a > ag,

|s]—o0 eols? +0o0, «a < «.

The equation (1.1) where f possesses critical exponential growth had
been studying in many works (see [5, 4, 10, 11, 9, 12, 3, 8, 7]).

Adimurthi and Yadava [2], Adimurthi et al. [1] and de Figueiredo et al.
[5] studied the problem (1.1), where  is a bounded smooth domain and
the potential V is identically zero.

In [9], do O and Ruf studied the equation

(1.3) —Au+V(z)u = f(u), z€R?

where V belongs to C(R?,R) and is a 1-periodic function in z1 and z2, and
0 is in a spectral gap of the operator —A + V.
In [6], it was found a nontrivial solution of the problem

(1.4) —Au+V(z)u = f(z,u), zcR2
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where V : R2 — R is a continuous function satisfying
V(z) > Vo >0, forall zcR?

and the potential V' is asymptotically periodic at infinity, that is there exists
a continuous 1-periodic function V; : R? — R such that

(i) Vi(z) > V(z) >0, for all x € R2.
(i7) V(z) — Vi(z), as |z] — oo.
In [10], it was considered the equation
(1.5) —Au+V(z)u = f(u)+h(z), zcR2
where the potential V' satisfy
() The function V(x) > Vp > 0, for all x € R?
(i7) V(z) — 400, as |z| — oo.

Some extensions of (1.5) can be found in [13, 11, 8].
In [12], the authors studied the existence of nontrivial solutions for the
following class of equations

(1.6) —EAu+V(zu = f(u), z€R2%

where € is a small positive parameter and the potential V : R? — R satisfies
the following conditions:

(i) V is locally Hélder continuous in R? and there exists a positive con-
stant V{ such that

V(z) >Vy, forall zeR2Z

(ii) There exists a bounded domain Q2 C R? such that

%f V(z) < min V(z).

Motivated by the above mentioned results, we are interested in studying
the equation
(1.7) —Au+V(z)u = f(u), z€R?

where the nonlinearity f possesses critical exponential growth and the po-
tential V' can be vanish at infinity. More specifically V satisfies the following
assumptions:
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(V1) V € C(R? R) is a radially symmetric nonnegative function.

(Va) There exist constants a, b, Ry, L, and Ly, with 0 < a <2, b < a,
Ro>1, Ly > RY and L RS~ < Ly such that

L, L
e <V(z) < —bb, for all |z| > Ryp.
|z ]

Before starting the assumptions on the nonlinearity f, we define the
energy space which will be use to set the variational structure. Following

[18], H‘l/ymd(RQ) denote the subspace of the radially symmetric functions
in the closure of C5°(R?) with respect to the norm

1/2
Jul = Nl += [, 190 + Viap? dz)

For 1 < p < 400, we consider
L{’/mad(RQ) = {u € M(R%R) : u is radial and /RZV($)|u|p dxr < +oo},

endowed with the norm

1/p
Julg, = ([, V@l dz)

H‘l/,rad(R2) = {u S L%/,rad(R?) : ‘vu| S L2<R2)}

Thus,

We note that H&md(RQ) is a Hilbert space endowed with inner product
(u,v) = /R2 (Vqu + V(w)uv) dx, wu,v€ H&md(RQ).

Throughout this paper, we denote by E the space H‘l/ﬂ,ad(Rz) and by E~!
the dual space of E/ with the usual norm.
Now, we state a basic embedding result (see [18, 19], for a proof).

Lemma 1.1. Suppose V satisfies (V1) — (V2). Taking Ry, a and b given by
(Va), consider a* = (44 2a)/(2 — a) and b* = 2(2 —2b+a)/(2 — a). Then,

(i) The embedding H‘l/-,md(RQ) < LP(R?) is continuous for a* < p < 400
and compact for a* < p < +o0.
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(ii) The embedding H‘l/’md(R2) — Lf‘g/jmd(RQ) is continuous for b* < p <
400 and compact for b* < p < +oo.

(iii) The embedding H‘l,’md(BR) < HY(BR) is continuous for R > Ry.

Remark 1.2. 1. As a consequence of (iit) and Sobolev embedding the-
orem, the space H‘l/’md(RQ) is compactly immersed in LP(Bp) for all
1<p< 4.

We assume the following assumptions on the nonlinearity f:

(H1) feC(R) and f(s) =0 for all s <0.

Taking b* € R as in Lemma 1.1, consider

(H2) There exists a constant p > b* such that

0 < uF(s) <sf(s), forall s>0,
where F(s) = [y f(t) dt.

(Hs3) There exist constants s; > 0 and M > 0 such that

0< F(s) <Mf(s), forall s> sj.

Setting p given by (Hz) and a given by (V2), we suppose:

(H4) There exists @ > 4a/(2 — a) such that f(s) = O(s*~ 1) as s — 0F.

(Hs) There exists ap > 0 such that

I & { 0, a > ag,

s—+o0 eals? +00, a < ap.

(Hg) The following limit hold:

sf(s 4e
lim inf N 2) > —.
S—>+OO eOéOS ao

The main result of this paper is stated as follows.
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Theorem 1.3. Suppose that V satisfies (V1) — (V) and f satisfies (Hy) —
(Hg). Then, there exists L* = L*(f, u,a0,0,a,b) > 0 such that equation
(1.7) possesses a nontrivial weak solution u € E provided that L, > L*,
namely u € E satisfies

/R2 (VquZ) + V(m)uqﬁ) dx = /R2 fu)pdx, forall ¢€E.

In [9], under the hypotheses considered in that work, the potential V'
can not vanish at infinity. Indeed, combining the fact that V is a periodic
function with V(z) — 0, as |x| — oo, we obtain that V' = 0. Thus, 0 is not
in the spectral gap of the operator —A = -A+ V.

We notice that in the equations (1.4), (1.5) and (1.6), it was assumed
that the potential is bounded below for a positive constant. Thus, in [5,
10, 13, 11, 8, 12], the authors did not treat the case where V' can tend to
zero at infinity or be zero somewhere.

In our work, the main difference with the above-mentioned results is
that, by assumption (V2), the potential can vanish at infinity, and V' can
be zero in |z| < Ry.

In order to find solutions of the equation (1.7), we combine a trunca-
tion argument with a finite-dimensional approximation and Mountain Pass
Theorem.

The paper is organized as follows: Section 2 contains some preliminaries
results. In section 3, we set up an auxiliary functional and show that its
energy functional associated has the mountain pass geometry. In section 4,
we estimate the Palais-Smale sequences and minimax levels of the auxiliary
functional. In section 5, we find a nontrivial critical point of the auxiliary
functional. Finally, in sections 6, we present the proof of our main result.

2. Preliminaries

In the first result of this section, we state the following lemma which proof
can be found in [17, Lemma 2.1].

Lemma 2.1. Suppose that (V1) and (V2) hold. Then,
54 forall |z|> R,
4

for every w € E.
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Let 2 is a bounded domain in R%. A famous result obtained indepen-
dently by Pohozaev [16] and Trudinger [20] states that e®** € L1(€) for all
u € H}(2) and a > 0. Furthermore, Moser [15] showed that there exists
C = C(«) > 0 such that

(2.1) sup / (e"‘“z — 1) dz < CQ|.
w€HE(Q),||Vull2<1 7/

Moreover, inequality (2.1) is sharp, in the sense that for any o > 47 the
corresponding supremum becomes infinity.

In what follows, we will use the following version of the Trudinger-Moser
inequality which is defined on the space FE.

Proposition 2.2. (See [17]) Assume V satisfies (V1) and (Va). Then,
Ja  odly|2
(2.2)/ eolul* _ Z M dr < +oo, forall wé€ FE anda >0,
R2 = J!

where j, = [|4/(2 — a)|]. Furthermore, if 0 < oo < 4, there exists a positive
constant C' = C(«, a, Ry) such that

o Jo o |u|%
(2.3) sup /R2 <e — Z |]" ) dx < C.

u€ B, ||ul|<1 §=0

Lemma 2.3. Let a > 0 and m > 1. Then, for each n > m there exists a
positive constant C' = C(n) such that

Ja 14125\ m Ja_ i ad|t]|20
<€a|t2 B %) < c<enaltl2 -3 M) for all té€R.

1
=0 7 =0

Proof. Since

) J|$)27\ ™ ) J|$|25\ ™
caltl? _ xia & t] ol _ e & t]
=041 0= I =041

e N kel L ltl=00 (a2 _ S n’ o |t~
J=0 4! J=0 4!

the conclusion follows. O
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3. The auxiliary functional

Given R > Ry, we define a function f : R2 x [0, +00) — [0, +00) by

Iy _ f(t)’ ’$| < R7
f,t) = { min{ £(£), V(@) 1}, |z > R,

where p > b* is given by (Hz). Moreover, we set f(x,t) =0 for t <0.

Lemma 3.1. (See [17]) Suppose that f satisfies (Hy) and (Hz). Then,
0 < pF(z,t) <tf(z,t), forall t>0,

where 11 > b* is given by (Hy) and F(z,t) = I f(z,s) ds.

_ Using the function f, we consider the following auxiliary functional
J : E — R defined by

J(u) = /R2 (]Vu|2 + V(x)u2> dx — /R2 F(z,u)dz, forall ueE.

Fix 1 < p < +00. We consider the subspace =P = H‘lfymd(R2) N LY (R?)
endowed with the norm

[ullze = llullmy, g2y + lull e, r2)-

Lemma 3.2. (See [17]) If u,, — u in EP, then there exist a subsequence
(wy,) of (uyn) and g in LY, (R?) such that, almost everywhere in R?, wy,(z) —
u(z) and

|u(2)], |wn(z)] < g().

Lemma 3.3. The functional J is well defined. Moreover, J belongs to
C!(E,R) and

(3.1) J(u)p = /R2 (VUV¢ + V(x)ud)) dx — /R2 fz,u)¢ dz,

for all u,¢ € E.
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Proof. Consider J;: E — R given by
7 _ 2 2
Ji(u) = /R2 (|Vu| + V(z)u ) dx.

By definition of the space E, we have that the functional Jy is well
defined. Moreover, let B : £ x E — R given by

B(u,v) = /R2 (Vqu + V(w)uv) dz, forall (u,v)€ E xE.

Then, B is a bilinear function. From Holder’s inequality, we have
1/2 1/2
Bl < (e (VuPdo) " (fne Vol do)

+ ( Jre V(z)u? dx) 2 ( Jr2 V(2)v? dw)
< 2{ull[[v]l.

1/2

Thus, B is a continuous bilinear function and B € C*(E x E,R).
Moreover, since Ji(u) = B(u,u), we conclude that J; € C*°(E,R) and

(3.2)  Ji(w)¢ = B(u,¢) = /R2 (VuVé + V(z)uo) dz, forall u,¢ € E.

On the other hand, setting Jr, : H'(Bg) — R and Jp, : 2 — R
defined by

Jr, (u) :/RQF(x, w)XBg(z)dz and Jp,(u) :/RzF({IZ, u) (1 - XBR(@’)) dx.
We recall the existence of an extension operator P : H*(Bgr) — H(R?)

such that Pu g, = u. Using the Trudinger-Moser’s inequality in the whole
space (see [4, Lemma 2.1]), for all u € H(Bg) and a > 0, we have

/ (eo‘lul2 —1)dx = / (e°‘|P“|2 —1)dx < / (e°‘|P“|2 — 1) dz < 400,
Br Br R?
which implies
(3.3) / e dp < 400, forall we HY(Bg), a>0.
Br

We observe that

Jr (1) = i F(z,u)dz, forall ue H'(Bg).
R



334 Yony Radl Santaria Leuyacc

From (H;) and (Hs), for o > ag there exists ¢ > 0 such that
(3.4) f(s) < ce®” forall seR.

Thus, for |z| < R, we have

rﬁmm=y[ﬂagmhg[ﬂ$wScﬂiM*@sg@wﬂ+m%

(3.5)

Using (3.3), (3.5) and the embedding of H'(Bg) in L?(Bg), we obtain

F(z,u)dz < 400, forall ue H'(Bg).
Br

Thus, jpl is well defined. Now, set u,v € H'(Bg) and 0 < |t| < 1. By
the mean value theorem, there exists 6(z,t) € (0,1) such that

F(z,u+tv) — F(z,u) +

(3.6) " = f(z,u+ 0(z,t)tv)v.

Since the function f(z,t) is continuous in the second variable, it follows
that

PH(% F(z,u+ t1;) — F(z,u) — Pl u.

Moreover, using (3.4) in (3.6) and the fact that f(x,t) < f(t), we get

F(z,u+tv) — F(z,u)
t

< ceollulHvD? || < g(e2a(\UI+|v|)2+|v’2) ¢ LY(Bp).

From Dominated convergence theorem, we find

jﬁl (U)U ~ lim Jr (u + t?}) —Jr (u)

t—0 t _

F tv) — F
gy o) Flo
_ / i F(z,u+tv) — F(u) I

Br t—0 t
= f(z, u)v dx
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In order to prove the continuity of Jz,, let (uy) be a sequence in H'(Bg)
such that w, — wu in H'(Bg). Arguing similarly as Proposition 2.7 in
[10], we can assume that u, — u almost everywhere in Br and there
exists v € H'(BR) such that |u,(z)| < v(z) almost everywhere in Bg.
Consequently,

(@ un) — flz,u)|? < 2e(e21F + €227 € LY(Bg),

by the continuity of f almost everywhere in Bg, we get

|f(z,un) — f(z,u)|> — 0, almost everywhere in Bp.

By Lebesgue’s dominated convergence theorem, we obtain

15 (un) = T ()| = supyy 1, <1 (T (n) = T (), )]
= S|y <1 I (f(x,un) - f(x,u))v dx
<SP <1 1 (2 un) = F(@ W) 2285 (V1] 22 (B
= op(1).

Thus, <ZF1 € CY(H'(Bg),R). Since E — H'(Bg) continuously, it fol-
lows that Jp, € C1(E,R) and

(3.7) j}rl(um = /B fl@,u)pdx, forall u,¢eE.

Notice that F(x,s)(1 — xp,()) is a Carathéodory function in (z,s) €
R? x R and

|F(z,5)(1 = xBp(@))| < V(@)|s|*!, forall (z,5) € R? xR,

_ Using Lemma 3.2 and arguing similarly as Lemma 17.1 in [14], we have
Jr, €~C1(E“, R), by Lemma 1.1, the embedding E < Z* is continuous, we
have Jr, € C1(E,R) and

(3.8) T, (w) = f(z,u)pde, forall wu,ekE.
R2\Bp

Finally, note that J=J—J = J, r,- Thus, J is well defined and using
(3.2), (3.7) and (3.8), we obtain (3.1). O
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3.1. The geometry of Mountain Pass

This section is devoted to set the geometry of the Mountain Pass Theorem
of the auxiliary functional.

Lemma 3.4. Suppose (V1),(Va), (Hi1), (H4) and (Hs) hold. Then, there
exist 0 > 0 and p > 0 such that

Jw) >0, forall uekE, |ul=np.

Proof. From (Hj), we have f(s) = o(s* ~!). Thus, there exists 6y > 0
such that
a*—1

[f() < s

By (Hs), we can find constants ¢ > 0, 01 > dp and ¢ > a* such that

, forall [s]| < dp.

Ja_ oj J1e|2)
1£(s)] < c|s|aT (620«)82 _ Z M

.l ), for all |s| > d;.
— 7!
7=0

Note also that for all g9 < |s| < 471, we have

‘3“171 (62O‘0|8|2 _ ;a_o w)
~0 T
[f(s)] < -/ ax | f(s)].
J 2
!50|q—1(e2ao|602 _yie 2l J) Fo<|s|<dn
j=0 4!

From these estimates, we get a constant ¢ > 0 such that

Ja_ 9j I |27
- - 2 27 ag|s|?

), for all s € R.
j=0

Then,

~ . J 99 of)|s[%
Bz, 5)| < |F(s)] < |s]* +c|s|q<62a052—§:a+||8|), forall se€R
= T

By Lemma 2.3 and Proposition 2.2, we obtain

. PYAMPY
/ |u|q(e2ao|u|2 _ ZJ“ ; M) dx
R? j=

5!
Ja_ 9 A J 10,1279\ 2 1/2
93 J
<ty f, (e - 30 2B )
R2 =0 7:
Ja_ g 01,127 1/2
67 J
< el ([, (o - 3 2 4r)
< cllullg,,
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provided that |u|| < p; for some p; > 0 such that 6agp? < 4.
Thus,

S o) da < cllull +clul,

By Lemma 1.1, we obtain
J(w) > Ju® - /R2 F(z,u) do > ||ul]? — cflu]|* - clul|.

Therefore, we can find p > 0 and ¢ > 0 with p sufficiently small such

that J(u) > o, for all u € E with ||u|| = p. O

Lemma 3.5. Suppose that (V1) — (Va) and (Hy) — (Hz) hold. Then, there
exists e € I/ such that

J(e) <p and el > p.

where p > 0 is given by Lemma 3.4.

Proof. It follows from Lemma 3.1 the existence of ¢ > 0 and 4 > 2 such
that N
F(x,s) > ¢|s|” — 52, for all (z,s) € B1(0) x [0, +00).

Let 0 # ey, € E fixed. Then,
j(teko) = tQHekoHQ - fR2 F‘($,t€k0) dz
< 2llexs 12 + [, (Itens|? = cltex,|”) da
< tlexo 1 + 2 leno I3 — ct”[lexs 1)

Since, ¥ > 2. Then, J(teg,) — —oo. Thus, we can take e = toex, with
to > 0 sufficiently large such that J(e) < 0 and ||e|| > p.

|

By Lemmas 3.4 and 3.5 in Mountain Pass Theorem (see [21, Theorem
1.15]) and Ekeland’s variational principle (see [21, Theorem 2.4]), there
exists a Palais-Smale sequence at level d > o, where ¢ is given by Lemma

3.4, that is, there exists a sequence (u,) C E such that

(3.9) J(up) —d and ||J (up)||p- — O,

and d > 0 can be characterized as

(3.10) d = inf max J(v(¢)),
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where

I'={yeC(0,1], E) : 7(0) = 0,7(1) = e}.
Lemma 3.6. Let (u,) C E be a Palais-Smale sequence satisfying (3.9).

Then, ||Juy|| < ¢, for every n € N and for some positive constant c.

Proof. From Lemma 3.1, we obtain

T = 2P = (5= Yl =5 [ (nF ) = Fla ) da

1
>(=—Z= 2,
> (5= )l
Using (3.9), for n sufficiently large, we have
Fun) <d+1 and [ (wn)lp- < g,

Thus, for n sufficiently large, we get

1 ~
J(un) — ;J’(un)un <d+1+ [|ug.-

Then, for n sufficiently large, we obtain

1 1
(5= )l < 41+

which implies that the sequence (u,) is bounded. O

Lemma 3.7. (See [5, Lemma 2.1]) Let Q2 be a bounded subset in RV,
f:Q xR — R a continuous function and (u,) be a sequence of functions
in LY(Q) converging to v in L*()). Assume that f(x,u(z)) and f(x,u,(z))
are also L'(Q) functions. If

| 17w ds < C.
Q
then, f(x,uy) converges in L*(Q) to f(x,u).

Lemma 3.8. Let (uy,) be a Palais-Smale sequence satisfying (3.9) and sup-
pose that u,, — u in E£. Then, there exists a subsequence still denoted by
(up) such that

flz,up) — f(z,u) in LY(Bg,),
where R > Ry and

F(z,up) — F(z,u) in L'(R?).
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Proof. According to Remark 1.2, we can assume that w, — wu in
LY (B R, )- Moreover, by the exponential growth of f and Proposition 2.2,
we have that f(x,u,) € L'(Bg,). By Lemma 3.6, the sequence (||uy||) is

bounded and since ||J'(uy)|| - — 0, we obtain
’j/(un)un| < ”j/(un)HE*HUnH — 0.

Thus,

T )tn = |[un]? — /RZ i, un)un da — 0.

Then, there exists ¢ > 0 such that

/ f(x,un)un dx < c.
R2

Using Lemma 3.7, we conclude that f(z,u,) — f(z,u) in L*(Bg,).
On the other hand, by the first part, given R; > R, where R is given
by the definition of f, we obtain

Faun)de — [ Fwu) da.
Bg, Br,

Thus, there exists p € L!(Bg,) such that
(3.11) f(un) < p(x), almost everywhere in Bp,.
From (H;) and (Hs), we obtain

(3.12) F(t) < Il’[lélx] F(t)+ Mf(t), forall teR.
t€|0,s0

Using (3.11) and (3.12), we have

F(z,un) < F(u,) < n[loax} F(t) + Mp(z), almost everywhere in Bpg,.
t€|0,s0

By Lebesgue’s dominated convergence theorem, we obtain

F(z,uy) de — F(z,u) de.
Bg, Bg,

Consequently, to prove that

/R2 F(z,uy) dx — /R2 F(z,u) dz,
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it is sufficient to show that given § > 0, there exists R; > 0 such that

/ F(z,uy)dz <& and F(z,u)dx <.
R?\Bpg, R2\Bg,

Using definition of the function f, we have
fla,t) <V(z)t"t, forall z e R\ Bg,.

Then, for all z € R?\Bpg, and ¢t > 0, we have

F(z,t) = /Ot fl(w,s)de < /OtV(:B)s“_1 ds = iV(:ﬁ)t“.

Thus,
~ 1
F(z,u,) < ;V(m)\un\“, for all z € R*\Bg,.

Hence,

- 1
/ F(x,up) dx < —/ V(z)|up " dx
RQ\BRl /‘L R2\BR1

pn—1
<2 (/ V() [y — ult dac—i—/ V(@)[ult da:).
M RZ\BRl R2\BR1

Using the compactness of the embedding F — LY, . (R?) and the weak
convergence u, — w in E, we can choose R; > 0 sufficiently large such that

/ F(z,uy) dz < 6.
R?\Bg,
Since F(-,u) € L*(R2), we may assume that

/ F(z,u) dz < 6.
R2\Bg,

Combining all the above estimates, since § > 0 is arbitrary, we have

- F(z,uy) dx — - F(z,u) dx.
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4. Estimates

In this section, we establish the estimates for the auxiliary functional that
are used to prove Proposition 5.1. We start with the definition of Moser
type functions. Consider k € N. Let 6 > 0 be a sequence which will be
fixed such that 6 — 0, as kK — +o00. The Moser type functions are defined

C[EEa-an s
1/2
ekIE ln<%) _(1\/%_/ , %< lz] <1,
0, |z| > 1.
Therefore,
IVerll3 =1 — d,
and

Ink 1
2 _ mrk L
/ZV(ZL‘)Bkdl‘<(1 6k)<k2 +41 k:)

Then, we may choose d;, depending on k such that
lexl]] =1, forall k>1.

Furthermore, we can see that

Ink 1 Ink 1
O < <1—5k><?+m) = (?er)

Thus,
1
(4.1) OpInk < 3 for k sufficiently large .

Proposition 4.1. Suppose that (Hy) — (Hg) hold. Then, there exists kg €
N such that

max {J(teg,) 1 t > 0} < —.

Proof. Suppose, by contradiction, that for all kK € N
max {J(tey) : t > 0} > —.

Thus, for all fixed k > 1, there exists t; > 0 such that

- - p
J(trer) = max {J(teg) : t > 0} > a—ﬂ.
0
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Then,
2
27
J(ter, Hek” F (z,teg) doe > —
ap’
and
iJ(te )=0, in t=t
dt k ; = lk-
That is,
tellenl® = [ Flastien)er dz = 0.
R?2
Using last equations and the fact that ||ex|| = 1, we have
dr
4.2 2> =
42) 2>
and

- _
ty = /R2 f(z, trer)trey dx.
Set [ > 0 such that

4
(4.3) lim inf tf(tg >1> =
t—-oo ool g

Thus, given € > 0, there exists R, > 0 such that
(4.4) tft) > (1—e)e®”, forall t> R..

Using the fact that (¢) is bounded below, there exists kg > 0 such that

(1 5k)1/2tk\/1?r_k > R., forall k> k.
Since,
_ 12 |Ink
ex(x) = (1 — ) o forall x € Bl/k’
we get
ti = f(ﬂf, trex)trer dx

Joo
> f f(x,tkek)tkek dx
By,

[V
—~
o~
|
[}
S—
S
6
~
ol
(T)
3
>
Of:
ol
£
E
k‘
o~
N
QL
%2
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4
for every k > kq. Define sy, := t3 — il Then,
g

4 Ink  4m s
=z s z(l—e)/ 20100 T (g ton) gy
Qo Bk

Ink (4m [eY T
= (I — €)% axter) ,—ap (35 +sk)ok Ink | de
1/k
= (I — ¢)e2Ink po0 s, — 38 (G5 Fsk)dknk T
k2
= (I — €)me® ko™ 22 (50 +s1)0k Ink
for every k > ko. Using (4.1), we obtain
4 4m
_ﬂ- + Sk > (l — E)ﬂ'eao 27r Ske 47'r(o¢0+ k)
Qo
Thus,
4 @ns
(4.5) s> (1 - e)me gt (nk=1/2) -1,
o]

343

Inequality (4.5) implies that (s) is bounded for each k > kg. Therefore,
there exists s € R such that limsup sy = s. By (4.2), s > 0. Using the last

k—o0

limit in (4.5) and taking k¥ — +o00, we see that necessarily s = 0. Then,

lim s = 0. Using this in (4.5), yields

k—o0

4ar
— > (- -1
o 2 (I —e)me

This contradicts (4.3) because € > 0 is arbitrary. O

Remark 4.2. Taking ey, given by Proposition 4.1 in Lemma 3.5. Thus,

e = toeg,. Define yo(t) = ttoeg,. Then, vo € I' = { € C([0,1], E):

0,7(1) = e}. By Proposition 4.1 and (3.10), we obtain

d = inf max J(y(t)) < max J(y0(t)) < Inax J(ttoek0)< max J(ter,) <

ver 1€[0,1] t€[0.1] 1€[0.1]

5. Existence of critical point of the auxiliary functional

7(0) =

Proposition 5.1. Suppose that V satisfies (V1) — (V2) and f satisfies

(Hy) — (Hg). Then, J possesses a nontrivial critical point.
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Proof. Let (u,) C E be a sequence satisfying (3.9). Then,

~ B B - B
(5.1) J'(un)p = /R2 (VunVo + V(2)ung) da /R2 Fl@,un)e dz = 0n(1),
for all ¢ € C(C)’ﬁ,(RQ).

By Lemma 3.6, the sequence (u,,) is bounded in E. Thus, we can assume

that there exists v € E such that uw, — w in E, using this together with
Lemma 5.2 in (5.1), we obtain passing to limit

/R2 (VuVo + V(e)us) dr - /Rz Flo,wéde =0, forall ¢eC(R?).

Using the fact that gffmd(RQ) is dense in F, yields
/ (VquZ) + V(J:)ucb) dx = / flz,w)pdr, forall ¢cE.
R2 R2

Thus, u € E is a critical point of J. To conclude the proof, it only
remains to prove that w is nontrivial. Suppose, by contradiction, that
u = 0. From Lemma 1.1, we can assume that

(5.2) up, — 0 in L’{émd(RZ), for all r > b*.
Using the fact that J(u,) — d, we have

(5.3) T(un) = ”“#” - /RZ F(a,un) do = d + on(1).

Since, we suppose that u, — 0, by Lemma 3.8, we obtain

/R2 F(z,uy) dx — /R2 F(z,0)dz = 0.

Replacing in (5.3), we have
[

(5.4) ;

=d+ on(1).
By Remark 4.2, we get

47
[un||* = 2d + 0,(1) < wt on(1).
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Thus, we can assume that there exists § > 0 sufficiently small such that

4
l|un|? < 04_7(: — ¢, for all n sufficiently large.

Taking p > 1 sufficiently close to 1 and ¢ > 0 sufficiently small such
that

(5.5) p(ao + ¢€) (1—7; - 5) < 4.

From the continuity and the critical growth of f there exists a positive
constant C' such that

. ja ] 2j
|f(S)’ < |S|a ! + C<€(a0+e)|8|2 - Z %)7 for all se<R.
j=0 ‘

(5.6)

By Hélder’s inequality and (5.6), we have

(5.7) [z, up)uy, de = f(up)uy, dz
Br Br
Ja j 2
< ”unngj_%(j}/ (ehm+eﬂunp __j{:ﬁf@;fj%_ﬂﬁlt_)|un|dx
a* 046l Ja a0+€ju 25\ Pp 1/p
< fun 12 +C||un||p/(fBR <e< ofmlt _ 30 %) dg;) .

From (5.5), we can find for some pg > p such that
4
(5.8) po(ao + €) (a_ - 5) < 4.
0

Using Lemma 2.3 in the last integral of (5.7) there exists Cp > 0 such
that

. N
/ (e<ao+€>wl2_zﬂ_a M)p da
Br =0

J!
Ja j . 2
< C()/ (epo(a0+e)|un|2 B Zpé(ao +_6)J|un| ]) .
o =0 J!

e gl da dn sV 12
- Co/ (epo(ao—&—e)(no It _ - (po(ozo+e?'(a0 ) Jun| 2‘> .
Bgr j=0 J: ||Un|| J
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Using (5.8) and Theorem 2.1 in the last inequality, we can find some
C > 0 such that

Ja e, |29\ P
(5.9) / eleoto)lunl?> _ Z M) dx < C.
Br
Replacing (5.9) in (5.7), we obtain

[ Fw )i do <l + Cllun

R
By (5.2), we get

(5.10) f(z, up)u, dz — 0.
Br

On the other hand,

/ F (@, un)uy do < / V(z)ub de < V(z)ub dx
R2\Bp R2\ By R2

Using Lemma 1.1 and the fact that w, — 0 in £, we can suppose up to
a subsequence that

[, V@t do = el sy =

Thus,
5.11 / F(, up ) upn dz — 0.
G.11) [, T
Combining (5.10) with (5.11), we get
(5.12) /R2 f (@, un)un dz — 0.
Using the fact that (||u,]||) is bounded and ||.J' (u,)|| g — 0, we obtain
(5.13) [T (wn)n| < 119" () | - | — 0.
Since,

5, B - _
T s = lual® = [ F@wn)u o
By (5.12) and (5.13), we have
lunll* = j/(un)un + /R2 f(xaun)un dz — 0.

From (5.4), we have ||uy,|* — 2d. Then, d = 0 which is a contradiction.
Thus, v is a nontrivial critical point of J . O
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Lemma 5.2. Let u be the critical point of J given by Proposition 5.1.
Then,

47

Jul] <4/ —.

@

Proof.  Since J(uy) — d, we have

5 ||un||2

J(up) =

/ F(z,uy) dz = d+ op(1).

Using the fact that F‘(:p, s) > 0 for all (x,s) € R? and Remark 4.2, we
obtain

4T
lun]* < 2d + on(1) < — +on(1).
0
Since, u, — u in E, we get

4
l[a))? < liminf [jun|? < —,
n—oo

this complete the proof. O

6. Proof of Theorem 1.3

Let 0 # u € E given by Proposition 5.1. We start showing that
(6.1) fla,u(z)) = f(u(z)), forall zeR>

Notice that, by definition flz,u(z)) = f(u(z)) for all |z| < Ry. More-
over, if u(z) < 0 then, f(z,u(z)) = 0 = f(u(x)). Thus, we can as-
sume that u(z) > 0 for all |x| > Rp. From (Hy), there exist constants
Cy = Cy(f,1,0) > 0 and s; > 0 such that

(6.2) sﬂ( C1s” < Cpslel@otDsl forall 0< s < s

From (Hjs), we have

f(s)

— 0.
s——+oo gh—1g0eg(an+1)

|s[?

Thus, there exist constants Cy = Ca(f, p, 2p,0) > 0 and s2 > 0 such
that

(6.3) f: 3 < Coslel@otDIsP - for all s> so.
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From the continuity of f, there exists a constant C3 = Cs(f, u, g, 0) > 0
such that £(s)
s

(64) sh—1g0e(a0+1)

Combining the estimates (6.2), (6.3) with (6.4), there exists a positive
constant C' = C(f, u, g, 0) such that

e < (s, forall s <s<so.

fu(fz < 0596(a0+1)|3|2, for all s> 0.
S

Since, we suppose that u(z) > 0 for all |z| > Ry, we have

f(u) 0 (co+1)|ul?
< o lu for all .
a1 S Cu(z)’e , forall |z|> Ro

By Lemma 2.1 and the fact that L, > 1, we have

) (O¢0+1)—r”u‘|,2a
le| 2
u(i()i)l < ol |6|(2_a)9 , forall |z|> Ro.
x|\74

Using Lemma 5.2 and the fact that Ry > 1, we get

C(47)0/2 ST
f(U),l < ( 797/)2 62%0 , for all ‘$| > Ry.
u(z)H o % || (70
Set (ag+1)a
(agt+1)ar
. C4m)f/%e a0
Qg
Since 6 > 4_a, we get
2—a
f(u) L L

for all |z| > Ry.

< < —
w(@)t TG0 T [z
Moreover, for L, > L*, we obtain

f(u) < Lq

u(z)rt T ]

for all |z| > Ryp.

From (V3), we obtain

<V(z), forall |z|> Ry.
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Thus,
flz,u(z)) = min{ f(u(z)), V(z)u(z)" '} = f(u(z)), forall |z|> Ro.

Hence, (6.1) follows. N
Since w is a nontrivial critical point of J, we have

/R2 (VUV¢ + V(m)uqﬁ) dr = /R2 flz,u)pde, forall ¢eE.
Using (6.1), we obtain

/R2 (VuV¢ + V(m)uqﬁ) dr = /R2 fu)pdz, forall ¢€E.

That is, equation (1.7) possesses a nontrivial weak solution.
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