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1. Introduction

Ultrametric spaces are a special type of metric spaces in which the triangle
inequality is strengthened to a stronger triangular inequality. It happens
that the theory of ultrametric spaces is closely related to a various directions
of studies in mathematics, physics and computer sciences. This theory
emerged in the last fifty years as a major field of studies in different branches
of theoretical and applied mathematics [4, 5, 12, 13]. For example it appears
naturally in the study of pseudo-differential equations, more details are
given in the recent book on ultrametric pseudo-differential equations and
its applications [7].

The Banach contraction Principle [1], is the most fundamental result in
fixed point theory. This result was extended and generalized in different
ways, see [2, 3, 9] and references therein for more details.

The study of fixed point theorems in ultrametric spaces find its root
in the work of Petalas and Vidalis [11]. This theorem asserts that every
nonexpansive mapping in spherically complete ultrametric space has a fixed
point or a minimal T -invariant ball. Recently, Kirk and Shahzad in [8] have
extended this result by noticing that any ball of the form B(x, d(x, Tx))
contains either a fixed point or a minimal T -invariant ball. Note that the
proof of Petalas and Vidalis is based on Zorn’s lemma, while Kirk and
Shahzad gave a constructive proof without invoking Zorn’s lemma.

Priess-Crampe and Ribenboim in [14] recently established the Banach
Contraction principle in generalized ultrametric spaces and were able to
come up with applications in Logic programming (for more in the subject
we refer the reader to [4, 13, 12]).

In this paper, we introduce a new class of mappings called sequentially
bounded mappings which is properly larger than the class of nonexpansive
mappings, and generalizes many other known classes of mappings. Sup-
ported by an example we establish an extension of Petalas and Vidalis
theorem. Finally, we conclude by an open question about a fixed point
theorem for sequentially bounded mappings in spherically complete ultra-
metric spaces which may leads to further investigations in the subject.
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2. Preliminaries and basic results

A metric space (M,d) is said to be ultrametric if and only if the strong
triangle inequality

d(x, z) ≤ max{d(x, y); d(y, z)},

holds for every x, y, z ∈M . For each x ∈M and r > 0, the closed ball inM
with center x and radius r is defined by B(x, r) = {y ∈ M ; d(x, y) ≤ r}.
Some fundamental properties satisfied by ultrametric spaces are that all
triangles are isosceles, every ball is open and closed in the topological sense
and the distance between points of disjoint balls is constant. For the latter.
Let B1 and B2 be disjoint balls. Then, for x ∈ B1 and y ∈ B2, the
number d(x, y) is constant. Indeed, let x ∈ B1 and y, z ∈ B2; assume that
d(x, y) 6= d(x, z) by the isosceles triangle principle we get x ∈ B2, which is
in contradiction with the fact that B1 ∩B2 =.

Let K be a bounded subset of M , we denote by δ(K) the diameter of
K that is

δ(K) = sup{d(x, y) : x, y ∈ K}.

Definition 2.1. Let T : M → M be a mapping and K a bounded subset
of M . We say that K is T -diametral if:

• T (K) ⊂ K, i.e. T -invariant and;

• d(y, Ty) = δ(K) for any y ∈ K.

Note that this definition mimic the notion of minimal T -invariant set
in the classical case, except that in the non-archimedean case, the convex
structure is never normal. The interested reader can consult the book of
Khamsi and Kirk [6] for more on the subject.

Recall that for x ∈M , the orbit of x with respect to T is the set

Orb(x, T ) = {Tnx : n ∈ N}.

Definition 2.2. (i) A point x inM is said to be T -orbital if Orb(x, T ) ⊂
B(x, d(x, Tx)).

(ii) A subset K of M is T -orbital, if x is T -orbital for each x ∈ K.
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Remark 2.3. Note that if T : K → K is a nonexpansive mapping, that is

d(Tx, Ty) ≤ d(x, y) for any x, y ∈ K,

then the subset K is T -orbital. Indeed, Let x ∈ K and n ∈ N, then

d(x, Tnx) ≤ max{d(x, Tx), d(Tx, T 2x), . . . , d(Tn−1x, Tnx)}
≤ d(x, Tx).

ThusOrb(x, T ) ⊂ B(x, d(x, Tx)). This property is purely non-archimedean.

Definition 2.4. We will say that M satisfies the RC-property if any de-
creasing sequence {Fn}n of nonempty closed subsets ofM , has a nonempty
intersection in M .

Since a topological space is compact iff it has the finite intersection
property, we have the following result.

Proposition 2.5. Each compact ultrametric space has the RC-property.

Now, we define a new class of mappings which generalize many mapping
classes.

Definition 2.6. Amapping T :M →M is said to be sequentially bounded
if for each sequence {xn}n which converges to x with xn 6= x for all n ∈N,
there exists y ∈M such that :

Txn → y and d(x, Tx) ≤ d(x, y).

Remark 2.7. 1. Every continuous mapping is trivially sequentially bounded.

2. Every mapping with closed graph is sequentially bounded.

Next, we give an example of sequentially bounded mapping which is
not continuous.

Example 2.8. Let M = N and define a distance d on M as follows:

d(n,m) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 if n = m
1
m if m ≥ 1 and n = 0
1
n if n ≥ 1 and m = 0
max{ 1n ,

1
m} otherwise.

⎫⎪⎪⎪⎬⎪⎪⎪⎭
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(M,d) is an ultrametric space. Let T :M →M defined by

n 7→ Tn =

(
0 if n = 0
1 if n ≥ 1.

T is not a continuous map. Indeed, let {xn}n ⊂ N∗ such that xn → 0, and
since Txn = 1 for all n ∈ N we have Txn → 1 6= T0.

T is sequentially bounded mapping. Let {xn}n ⊂ M and x ∈ M such
that xn → x and xn 6= x for all n. We show that {Txn}n converge to y in
(M,d) and d(x, Tx) ≤ d(x, y). It suffices to suppose that x = 0, since if
x 6= 0 the sequence {xn}n will be eventually constant sequence. Let x = 0.
We have Txn = 1 for all n, then Txn → 1. Thus:

d(x, Tx) = d(0, 0) ≤ d(0, 1) = d(x, y).

3. Main result

In the remaining part of this paper M = (M,d) is an ultrametric space.
The following example is due to Kirk and Shahzad [8]:

Example 3.1. Let M = {a, b, c, d} with d(a, b) = d(c, d) = 1
2 ; d(a, c) =

d(a, d) = d(b, c) = d(b, d) = 1. Then (M,d) is an ultrametric space with
the RC-property. Define Ta = c; Tc = a; Tb = d; Td = b. Then T is
nonexpansive, T does not have any fixed points.

This simple example shows that although (M,d) is compact ultrametric
space and T is nonexpansive, there is no fixed point.

Before we go further we need some notations. Let x be in M , r ≥ 0
and T :M →M be a mapping. Set:

Cx
r =

T
i≥0B(T

ix, r);
Ax
r = {y ∈ Cx

r : d(y, Ty) ≤ r};
Fx = {r ≥ 0 : Ax

r 6=}.

The following technical lemmas will be used in the proof of the main
result (see Theorem 3.2 below).

Lemma 3.1. If M is T -orbital, then Fx 6=.
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Proof. Let x ∈ M , set rx = d(x, Tx). Since Orb(x, T ) ⊂ B(x, rx), we
have

x ∈ B(T ix, rx)⇒ x ∈ Cx
rx

hence we have also x ∈ Ax
rx and rx ∈ Fx, which implies that Fx 6=. 2

Lemma 3.2. Assume that M is T -orbital. Then, for all x ∈ M , inf Fx ∈
Fx.

Proof. Let r1 = inf Fx, it is enough to show that A
x
r1 6=. Since r1 =

inf Fx, there exists a sequence {rn} of Fx such that for each n ≥ 1 we have
:

r1 ≤ rn ≤ r1 +
1

n
.

Since rn ∈ Fx then Ax
rn 6=. Let zn ∈ Ax

rn for each n ≥ 1, thus

d(zn, Tzn) ≤ rn and d(zn, T
ix) ≤ rn (∀i ∈ N).

In particular we have

d(zn, x) ≤ rn and d(zn, Tx) ≤ rn

thus d(x, T x) ≤ rn for all n ≥ 1. So taking the limit with respect to n
yields

d(x, Tx) ≤ r1.

On the other hand, for each i, n ≥ 1

d(x, T ix) ≤ max{d(x, yn), d(yn, T ix)}
≤ rn

then d(x, T ix) ≤ r1 for all i ∈ N. Thus x ∈ Cx
r1 and therefore x ∈ Ax

r1 .
Hence Ax

r1 6= and r1 ∈ Fx. 2

Lemma 3.3. For each x ∈M and r ≥ 0, Ax
r is closed subset ofM provided

that T is sequentially bounded map.

Proof. Let {yn} ⊂ Ax
r such that yn → y, we may assume that yn 6= y

for each n ∈ N. Note that since yn ∈ Cx
r and Cx

r is closed (as intersection
of closed balls) we get y ∈ Cx

r . It suffices to show that d(y, Ty) ≤ r. Since
T is sequentially bounded we have

Tyn → z for some z ∈M.
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Then we get, d(y, Ty) ≤ d(y, z). Since {yn} and {Tyn} are convergent
sequences, there exists n0 ∈ N such that for each n ≥ n0 we have

d(yn, y) ≤ r and d(Tyn, z) ≤ r,

thus for each n ≥ n0

d(y, z) ≤ max{d(y, yn); d(yn, Tyn); d(Tyn, z)}
≤ r

and since d(y, Ty) ≤ d(y, z), we get y ∈ Ax
r . Consequently A

x
r is closed. 2

Now, we are able to state the main result of this paper.

Theorem 3.2. Let (M,d) be an ultrametric space and let T : M → M
be a sequentially bounded mapping. Then either T has a fixed point or M
contains a T -diametral set provided that M is T -orbital and satisfies the
RC-property.

Proof. Let r1 be as in the proof of Lemma 3.2 and set α1 = inf{d(y, Ty) :
y ∈ Ax

r1}. For each y ∈ Ax
r1 we have

α1 ≤ d(y, Ty) ≤ r1.

Here we have two cases, either α1 = r1 or α1 < r1.
[1] Assume that α1 = r1, then we get

d(y, Ty) = r1 ∀y ∈ Ax
r1 .(3.1)

[i] Ax
r1 is T -invariant. Let z ∈ Ax

r1 , we have z ∈ Cx
r1 and d(z, Tz) ≤ r1.

We prove that
Tz ∈ Cx

r1 and d(Tz, T 2z) ≤ r1.

Since z ∈ Cx
r1 , we get d(z, T

ix) ≤ r1 for each i ∈ N and hence we have

d(Tz, T ix) ≤ max{d(Tz, z), d(z, T ix)}
≤ r1

then Tz ∈ Cx
r1 .

On the other hand,

d(Tz, T 2z) ≤ max{d(Tz, z), d(z, T 2z)}

and since Orb(z, T ) ⊂ B(z, d(z, Tz), we get

d(z, T 2z) ≤ d(z, Tz).
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So d(Tz, T 2z) ≤ r1, thus Tz ∈ Ax
r1 .

[ii] Ax
r1 ⊂ B(z, r1) for each z ∈ Ax

r1 . Let z ∈ Ax
r1 . For all y ∈ Ax

r1 we
have

d(y, z) ≤ max{d(y, x), d(x, z)}
≤ r1

since y, z ∈ Cx
r1 that is d(y, x) ≤ r1 and d(z, x) ≤ r1. Thus

Ax
r1 ⊂ B(z, r1) (∀z ∈ Ax

r1).

Consequently δ(Ax
r1) ≤ r1 and as α1 = r1 and A

x
r1 is T -invariant, we obtain

that

δ(Ax
r1) = r1.

• If r1 = 0, then Ax
r1 = {x} and hence Tx = x;

• If r1 > 0. Then by equation (3.1), we have for all y ∈ Ax
r1

d(y, Ty) = r1 = δ(Ax
r1)

thus, Ax
r1 is T -diametral.

[2] Now, assume that r1 > 0 and α1 < r1. Since α1 is an infimum there
exists n2 > 1 and yn2 ∈ Ax

r1 such that

α1 ≤ d(yn2 , Tyn2) < α1 +
1

n2
≤ r1.

Set rn2 := d(yn2 , Tyn2). Since M is T -orbital, we have yn2 ∈ C
yn2
rn2

and

therefore yn2 ∈ A
yn2
rn2

and rn2 ∈ Fyn2 . Let

r0n2 = inf Fyn2
αn2 = inf{d(y, Ty) : y ∈ A

yn2
rn2
}

thus we have, αn2 ≤ d(y, Ty) ≤ rn2 for all y ∈ A
yn2
rn2
.

As before, if rn2 = αn2 either yn2 is a fixed point of T or A
yn2
rn2

is a
T -diametral set in M .

In both cases, if this process terminates with a finite number of op-
erations, the result follows. Otherwise, we assume that this process does
not end, then there exists a strictly increasing sequence {np}p in N and a
sequence {ynp} in M such that for all p ∈ N, we have :
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Fynp 6=
r0np = inf Fynp
αnp = inf{d(y, Ty) : y ∈ A

ynp
rnp }

αnp < rnp
αnp ≤ d(y, Ty) < rnp (∀y ∈ A

ynp
rnp )

αnp < αnp +
1

np+1
≤ rnp

rnp+1 ≤ rnp .

Now, since rnp+1 ≤ rnp for each p in N, we have

A
ynp+1
rnp+1

⊂ A
ynp
rnp

and then, {Aynp
rnp }p is a decreasing sequence of closed subsets of M (Lemma

3.3). Using the (RC)-property we get

A∞ :=
\
p

Anp 6= .

Since {rnp}p is a decreasing sequence and {αnp}p is an increasing and
bounded above by r1, r = limp rnp and α = limp αnp exist.
Let z ∈ A∞. Then for all p ≥ 1

z ∈ A
ynp
rnp ⇒ d(z, Tz) ≤ rnp

⇒ d(z, Tz) ≤ r.

On the other hand, for all p ≥ 1 we have

αnp ≤ d(z, Tz) ≤ r ≤ rnp < αnp +
1

np+1
.

Taking the limit with respect to p yields

d(z, Tz) = α = r.

• If r = 0, then A∞ = {z} and hence Tz = z;

• If r > 0. Since A
ynp
rnp is T -invariant for each p ≥ 1, then A∞ is T -

invariant, and we have for all z ∈ A∞

d(z, Tz) = r.
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Moreover, for all y, z ∈ A∞ and p ≥ 1 we have

d(y, z) ≤ max{d(y, ynp); d(z, ynp)}
≤ rnp

thus d(y, z) ≤ r. Hence δ(A∞) = r. Therefore, A∞ is T -diametral in
M .

2

Example 3.3. Let p be a prime number and let M = Zp be the ring of
the p-adic integers endowed with the p-adic valuation |.|p (see [15] for more
details). The p-adic valuation |.|p defines an ultrametric dp by

dp(x, y) := |x− y|p (x, y ∈ Zp).

It is known that (M,dp) is a compact ultrametric space (see [10, Theorem
1.2.8]). Thus, using Proposition 2.5, (M,d) has the RC-property.

Let r > 0 and set U = B(0, r) ⊂ Zp with 1 /∈ U . Since the space Zp is
totally disconnected, the characteristic function T defined by:

Tx = { 0 , if x ∈ U1, if x ∈ Zp \ U.

is continuous. Furthermore, Zp is T -orbital. Indeed,

• If x ∈ U then Tx = 0, hence

Orb(x, T ) = {x, 0, 0, . . .} ⊂ B(x, |x− Tx|p).

• If x ∈ Zp \ U then Tx = 1 and Tnx = 1 for any n ≥ 1, hence

Orb(x, T ) = {x, 1, 1, . . .} ⊂ B(x, |x− Tx|p).

All assumptions of Theorem 3.2 are satisfied, and T have a fixed point,
namely T0 = 0.

It is worth mentioning that T is not a nonexpansive map. Indeed, let
y ∈ Zp \ U such that |y|p < 1. Thus,

|T0− Ty|p = |Ty|p = 1 > |0− y|p.

The following result can be seen as an extension and strengthening of
the results of Kirk-Shahzad [8] and Petalas-Vidalis [11].

Corollary 3.4. Under the hypotheses of Theorem 3.2, with T is a non-
expansive mapping. T has either a fixed point or M has a T -diametral
set.
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4. Concluding remarks

Recall that an ultrametric space (M,d) is spherically complete, if every
shrinking sequence of balls in M has a nonempty intersection, i.e. for
any sequence {B(xn, rn)}n∈N of closed balls such that rn+1 < rn and
B(xn+1, rn+1) ⊂ B(xn, rn), for any n ∈N, we have

T
n∈N

B(xn, rn) 6=.

Proposition 4.1. Let (M,d) be an ultrametric space. If M has the RC-
property, then M is spherically complete.

Proof. Since the closed balls are closed sets, the result follows. 2

Example 4.2. Let M = N and consider the discrete ultrametric distance
on M ,

d(n,m) =

(
0 if n = m
1 if n 6= m.

It is known than a complete discrete ultrametric space is spherically
complete, thus (M,d) is a spherically complete ultrametric space. But M
does not satisfy the RC-property. Indeed, set for each n ∈ N

An = [n,∞).

In this context, every Cauchy sequence and furthermore every conver-
gent sequence is eventually constant sequence. Thus An is closed subset of
M . Moreover, we have for all n ∈ N

An+1 ⊂ An

but we have trivially
T

n∈N
An = ∅, thenM does not satisfy theRC-property.

Therefore, the following question arise naturally:

Question 4.3. It is possible to get Theorem 3.2 by assuming the spheri-
cally completeness of M instead of the RC-property ?

We conclude the paper by the following remark which may give a pos-
sible outcome for future researches.

Remark 4.4. We have used the sequential boundedness of the mapping T
to prove that the sets Ax

r are closed. So, in order to give a more generalized
version, it is enough to find a class of mappings which generalizes the class
of sequentially bounded ones, and which realizes the closedness of the sets
Ax
r .
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