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δ-preopen set is called fuzzy δ-preclosed. The set of all fuzzy δ-preopen sets
in X will be denoted by δ − PO(X).

3. Fuzzy δ∗-almost continuous functions

In this section, we introduce the following definitions in mixed fuzzy topo-
logical spaces.

Definition 3.1. Let (X, τ1(τ2)) be a mixed fuzzy topological space. A
fuzzy set A ∈ X is said to be preopen set if A ≤ τ1 − int(τ2 − cl(A)).

Definition 3.2. A fuzzy setA in a mixed fuzzy topological space (X, τ1(τ2))
is said to be δ-preopen set if A ≤ τ1− int((τ2− δ− cl(A). The complement
of δ-preopen set is said to be δ-preclosed. The set of all fuzzy δ-preopen
sets in X is denoted by δ − PO(X).

Definition 3.3. A fuzzy setA in a mixed fuzzy topological space (X, τ1(τ2))
is called a fuzzy δ−pre−q-neighbourhood of a fuzzy point xλ in X if there
exists a fuzzy δ-preopen set V in X such that xλqV and V ≤ A.

Definition 3.4. A fuzzy setA in a mixed fuzzy topological space (X, τ1(τ2))
is said to be a δ-pre-neighbourhood of a fuzzy point xλ in X if there exists
a fuzzy δ-preopen set V ∈ X such that xλ ∈ V and V ≤ A.

Definition 3.5. A fuzzy δ-interior of a fuzzy set A in a mixed fuzzy
topological space (X, τ1(τ2)) is denoted by δ − int(A) and is define by
δ− int(A) = 1− δ− clA). The union of all fuzzy δ-preopen sets in a mixed
fuzzy topological space X, each contained in a fuzzy set A in X is called
the fuzzy δ-pre-interior of A and is denoted by δ − pint(A).

Definition 3.6. A fuzzy point xλ in a mixed fuzzy topological space
(X, τ1(τ2)) is called a fuzzy δ-precluster point of a fuzzy set A in X if every
fuzzy δ − pre− q − nbd of the fuzzy point xλ is q-coincident with A. The
union of all fuzzy δ-precluster point of A is called fuzzy preclosure of A and
is denoted by δ − pcl(A).

Definition 3.7. A function f : (X, τ1(τ2))→ (Y, τ3(τ4)) is said to be fuzzy
δ∗-almost continuous function if f−1(V ) is fuzzy δ-preopen set in X, for
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every fuzzy δ-preopen set V ∈ Y .

Now, we establish some equivalent conditions of fuzzy δ∗-almost con-
tinuous functions.

Theorem 3.1. Let f : X → Y be a function from a mixed fuzzy topologi-
cal space (X, τ1(τ2)) into another mixed fuzzy topological space (Y, τ3(τ4)),
the following conditions are equivalents.
(i) f is fuzzy δ∗-almost continuous function.
(ii) For each fuzzy point xλ in X and fuzzy δ-prenbd V of f(xλ), f

−1(V )
is fuzzy δ-prenbd of xλ.
(iii) For each fuzzy point xλ in X and fuzzy δ-prenbd V of f(xλ), there is
a fuzzy δ-prenbd U of xλ such that f(U) ≤ V .
(iv) For each fuzzy set B in Y , f(δ − pint(f−1(B)) ≤ δ − pint(B).
(v) For each fuzzy δ-preclosed set F in Y , f−1(F ) is fuzzy δ-preclosed in X.

Proof.
(i) ⇒ (ii) For any fuzzy point xλ in X and a fuzzy δ-prenbd V of f(xλ),
there exists a fuzzy δ-preopen set B such that f(xλ) ∈ B and B ≤ V .
Since f is δ∗ almost continuous, therefore f−1(B) is fuzzy δ-preopen set in
Y containing xλ.
We have,
f(xλ) ∈ B ⇒ xλ ∈ f−1(B)
and
B ≤ V ⇒ f−1(B) ≤ f−1(V ).
Hence, f−1(V ) is fuzzy δ-prenbd of xλ.
(ii) ⇒ (iii) Straightforward.
(iii) ⇒ (iv) Since δ − pint(B) is fuzzy δ-preopen set in Y , so δ − pint(B)
is δ − prenbd of each of its fuzzy points. Therefore for each fuzzy point
xλ in X and each fuzzy δ − prenbd, δ − pint(B) of f(xλ), by condition
(iii), we have a fuzzy δ − prenbd, (δ − pint(f−1(B))) of xλ such that
f(δ − pint(f−1(B))) ≤ δ − pint(B).
Hence, f−1(V ) is fuzzy δ-prenbd of xλ.
(iv) ⇒ (v) Let F be a fuzzy δ-preclosed set in Y . Then 1 − F is a fuzzy
δ-preopen set in Y .

This implies, 1− F = δ − int(1− F ).

By the condition (iv) we have f−1(1− F ) ≤ δ-pint(f−1(1− F )).
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⇒ 1−f−1(F ) ≤ δ−pint(f−1(1−F )). [Since f−1(1−F ) = 1−f−1(1−F )]
⇒ 1− f−1(F ) ≤ δ − pint(1− f−1(F )).
⇒ 1− f−1(F ) is fuzzy δ-preopen in X.
⇒ 1− f−1(F )is fuzzy δ-preclosed in X.
Let xλ be a fuzzy point in f−1(1− F ) i.e. xλ ∈ f−1(1− F )
⇒ f(xλ) ∈ 1− F
⇒ f(xλ) /∈ F
⇒ xλ /∈ f−1(F )
⇒ xλ ∈ 1− f−1(F ).

Hence, f−1(1− F ) ≤ 1− f−1(F ).

Similarly, we can show that f−1(1− F ) ≥ 1− f−1(F ).
Thus we conclude that f−1(1− F ) = 1− f−1(F ).
(v) ⇒ (i) We have, for every fuzzy δ-preclosed set F in Y , f−1(F ) is fuzzy
δ-preclosed set in X.
⇒ 1− f−1(F ) is fuzzy δ-preopen set in X
⇒ f−1(1− F ) is fuzzy δ-preopen set in X.

Hence for each fuzzy δ-preopen set 1−F in Y , f−1(1−F ) is fuzzy δ-preopen
set in X.
Therefore f is fuzzy δ∗-almost continuous function.

Theorem 3.2. Let U be a fuzzy set in a mixed fuzzy topological space
(X, τ1(τ2)), then δ − pcl(U) is the intersection of all fuzzy δ-preclosed sets
containing U .

Proof. Let V = ∧{A ∈ IX : A is δ − preclosed and U ≤ A}.

We have to show that V = δ − pcl(U).

Let xλ ∈ V be any fuzzy point in X.

Suppose, xλ /∈ δ − pcl(U). Then xλ is not a fuzzy δ-precluster point of
U , so there exists a fuzzy δ − pre − q − nbdB of xλ such that UqB (U is
not quasi-coincident with B).

Therefore, there exists a fuzzy δ-preopen set C in X such that xλ ∈ C
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and C ≤ B.
But UqB ⇒ UqC ⇒≤ 1− C.

Since, C is fuzzy δ-preopen, so 1 − C is fuzzy δ-preclosed set and
V ≤ 1− C as V is the smallest fuzzy δ-preclosed set containing U .

Hence, xλ /∈ V . This leads to a contradiction.

Thus, xλ ∈ δ − pcl(U) and so V ≤ δ − pcl(U).

Conversely, we shall show that V ≥ δ − pcl(U).

Suppose xλ ∈ δ − pcl(U), but xλ /∈ V .

If xλ /∈ V , then there exists a fuzzy δ-preclosed set F in X containing
U such that xλ /∈ F .

⇒ xλ ∈ 1−F and Uq(1−F ). This contradicts to xλ is fuzzy δ-precluster
point of U .

Therefore, xλ ∈ V and so we get V ≥ δ − pcl(U).

Thus V = δ− pcl(U) i.e. for any fuzzy set U in a mixed fuzzy topolog-
ical space (X, τ1(τ2)), δ − pcl(U) is the intersection of all fuzzy δ-preclosed
sets containing U .

Theorem 3.3. Let A and B be two fuzzy subsets in a mixed fuzzy topo-
logical space (X, τ1(τ2)), the following results hold:

(a) A ≤ B ⇒ δ − pcl(A) ≤ δ − pcl(B).
(b) A is fuzzy δ-preclosed if and only if A = δ − pcl(A).
(c) δ − pcl(A) is fuzzy δ-preclosed in X.
(d) δ − pcl(δ − pcl(A)) = δ − pcl(A).

Proof.
(a) Let A and B be two fuzzy subsets of a mixed fuzzy topological space
X and A ≤ B.
Let xλ ∈ δ − pcl(A). Then there exists a fuzzy δ − pre− q − nbd(U) of xλ
such that AqU and U ≤ A.
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We have A ≤ B. Therefore, UqA and A ≤ B ⇒ UqB.
Hence, we get a fuzzy δ− pre− q− nbdU of xλ such that BqU and U ≤ B
i.e. xλ is a fuzzy δ-precluster point of B.
Therefore, xλ ∈ δ−pc(B) and consequently we get δ−pcl(A) ≤ δ−pcl(B).
(b) Let A be a fuzzy δ-preclosed set in X.
Clearly, δ − pcl(A) ≤ A.
Also, A is fuzzy δ-preclosed set ⇒ A contains all its δ-precluster points
⇒ A ≤ δ − pcl(A).
Hence, A = δ − pcl(A).
Converse part is straightforward from definition of δ-preclosed set.
(c) This result directly follows from Theorem 3.2.
(d) Follows from (b) and (c).

Theorem 3.4. The union of any collection of fuzzy δ-preopen sets in a
mixed fuzzy topological space is fuzzy δ-preopen.

Proof. Let (X, τ1(τ2)) be a mixed fuzzy topological space.

Consider the collection {Aα : α ∈ ∆} of fuzzy δ-preopen sets in X, where
∆ is the index set.

We show that
W

α∈∆Aα is also fuzzy δ-preopen set.

Since each Aα is fuzzy a δ-preopen set, so by definition of fuzzy δ-preopen
set Aα ≤ τ1 − int(τ2 − δ − clAα) for each α ∈ ∆.

We have,W
α∈∆Aα ≤

W
α∈∆(τ1 − int(τ2 − δ − clAα)

≤ τ1 − int(
W

α∈∆(τ2 − δ − clAα)

≤ τ1 − int(τ2 − δ − cl(
W

α∈∆(Aα))

Hence,
W

α∈∆Aα is a fuzzy δ-preopen set in X. Thus arbitrary union of
fuzzy δ-preopen set is fuzzy δ-preopen.

Theorem 3.5. Finite intersection of fuzzy δ-preopen set is fuzzy δ-preopen
set in mixed fuzzy topological spaces.

Proof: Suppose An be a fuzzy δ-preopen set in a mixed fuzzy topological
space (X, τ1(τ2)).
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Then by definition of fuzzy δ-preopen set we have An ≤ τ1 − int(τ2 −
δ − clAn). To show that

mV
n=1

An ≤ τ1 − int(τ2 − δ − cl(
mV
n=1

An)).

We have,

mV
n=1
(τ1 − int(τ2 − δ − cl(An))) = τ1 − int(

mV
n=1
(τ2 − δ − cl(An)))

(since intA
V
intB = int(A

V
B), for any two fuzzy sets A and B in a fuzzy

topological space).

⇒
m̂

n=1

(τ1 − int(τ2 − δ − cl(An))) ≤ τ1 − int(τ2 − δ − cl(
m̂

n=1

(An)))(3.1)

(since A
V
B ≤ A

V
B and int(A) ≤ int(B)).

Also,

m̂

n=1

An ≤
m̂

n=1

(τ1 − int(τ2 − δ − cl(An))), (since A ≤ B ⇒ int(A) ≤ int(B))

(3.2)

From (3.1) and (3.2) it can be concluded that
mV
n=1

An ≤ (τ1 − int(τ2 −

δ − cl(
mV
n=1

An))).

Hence finite intersection of fuzzy δ-preopen set is fuzzy is fuzzy δ-
preopen set.

4. Fuzzy δ∗-continuous functions

In this section, we introduce the fuzzy δ∗-continuous functions between two
mixed fuzzy topological spaces.
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Definition 4.1. A fuzzy setA in a mixed fuzzy topological space (X, τ1(τ2))
is said to be fuzzy δ-regular open set (in short FR−δ-open) if τ1− int(τ2−
δ − cl(A)) = A and its complement is said to be fuzzy δ-regular closed set.

Definition 4.2. A fuzzy set U in a mixed fuzzy topological space (X, τ1(τ2))
is said to be fuzzy δ-pre-neighbourhood (in short fuzzy δ-pre-nbd.) of a
fuzzy point xλ if there exists a fuzzy δ-regular open set V in X such that
xλ ∈ V and U ≤ V .

Definition 4.3. A function f : (X, τ1(τ2))→ (Y, τ3(τ4)) is said to be fuzzy
δ∗-continuous function if f−1(V ) is fuzzy δ-regular open set in X, for every
fuzzy δ-preopen set V in Y .

From the above definition it is clear that a fuzzy δ-regular open set is
always fuzzy δ-preopen set. But the converse may not be true in general.

Example 4.1. Let us consider a non-empty set X = {x, y} and consider
the following fuzzy sets on X.

A = {(x, 0.7), (y, 0.3)} and B = {(x, 0.3), (y, 0.7)}. Then the collection
of fuzzy sets

τ1 = {0X , 1X , B} and τ2 = {0X , 1X , A} are two fuzzy topologies on X.

Then we construct the mixed fuzzy topology on X from these two
fuzzy topologies τ1 and τ2 and we get τ1(τ2) = {0X , 1X , A}. If we con-
sider the fuzzy set C in X defined by C(x) = 0.3 and C(y) = 0.7, then
τ2 − δ − cl(C) = ∧{F : F is δ − closed and C ≤ F} = 1X .

Also, τ1 − int(1X) = 1X . Hence C ≤ τ1 − int(τ2 − δ − cl(C)) ⇒ C is
fuzzy δ-preopen set. But C is not fuzzy δ-regular open set.

Theorem 4.1. For a function f : X → Y from a mixed fuzzy topological
space (X, τ1(τ2)) into another mixed fuzzy topological space (Y, τ3(τ4)), the
following conditions are equivalent.
(i) f is fuzzy δ∗-continuous function.
(ii) For each fuzzy point xλ in X and fuzzy δ-pre-nbd V of f(xλ), f

−1(V )
is fuzzy δ-regular nbd of xλ.
(iii) For each fuzzy point xλ in X and fuzzy δ-prenbd V of f(xλ), there is
a fuzzy δ-regular-nbh U of xλ such that f(U) ≤ V .
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(iv) For each fuzzy δ-preclosed set F in Y , f−1(F ) is fuzzy δ-regular closed
set in X.

Proof. (i)⇒ (ii) Suppose f be a fuzzy δ∗-continuous function.
Let xλ be a fuzzy point in X and V be the fuzzy δ-prenbd of f(xλ). Then
by definition of fuzzy δ-prenbd of f(xλ), there exists a fuzzy δ-preopen set
A in Y such that f(xλ) ∈ A and A ≤ V . Since f is fuzzy δ∗-continuous
function, therefore by definition f−1(A) is fuzzy δ-regular open set in X.
We have f(xλ) ∈ A⇒ xλ ∈ f−1(A)
and A ≤ V ⇒ f−1(A) ≤ f−1(V ).
Hence, f−1(V ) is fuzzy δ-regular open set in X.
(ii) ⇒ (iii) Straightforward.
(iii) ⇒ (iv) Let F be a fuzzy δ-preclosed set in Y . Then 1 − F is fuzzy
δ-preopen set in Y .
Let xλ be a fuzzy point in X such that f(xλ) ∈ 1− F .
Then, 1−F itself a fuzzy δ-prenbd of f(xλ). Hence by the given condition
(iii), we have a fuzzy δ-regular-nbd V of xλ such that f(V ) ≤ 1− F . This
implies, V ≤ f−1(1− F ).
⇒ V ≤ 1− f−1(A)⇒ f−1(A) ≤ A.
Hence, f−1(A) is fuzzy δ-regular open set in X.
(iv) ⇒ (i) Straightforward.

This completes the proof of the theorem.

From the above definitions of fuzzy δ∗-almost continuity and fuzzy δ∗-
continuity it is clear that fuzzy δ∗-continuous functions between two mixed
fuzzy topological spaces is always fuzzy δ∗-almost continuous function. But
every fuzzy δ∗-almost continuous function may not be fuzzy δ∗-almost con-
tinuous. This follows from the following example.

Example 4.2. Consider a non-empty set X = {x, y} and the following
fuzzy sets on X.

A = {(x, 0.7), (y, 0.3)} and B = {(x, 0.3), (y, 0.7)}. Then the collection
of fuzzy sets τ1 = {0X , 1X , B} and τ2 = {0X , 1X , A} are two fuzzy topolo-
gies on X and from these two topologies we get the mixed fuzzy topology
τ1(τ2) = {0X , 1X , A} on X.

Consider another mixed fuzzy topology on X defined as follows:
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Let the fuzzy sets on X be defined by

A1 = {(x, 0.2), (y, 0.8)}, A2 = {(x, 0.2), (y, 0.2)}, A3 = {(x, 0.8), (y, 0.2)},
A4 = {(x, 0.8), (y, 0.8)}.

Then the collection τ3 = {0X , 1X , A1, A2, A3, A4} will form a fuzzy
topology on X.

Also, consider the following fuzzy sets in X as follows:
B1 = {(x, 0.3), (y, 0.7)}, B2 = {(x, 0.7), (y, 0.3)}, B3 = {(x, 0.3), (y, 0.3)},
B4 = {(x, 0.7), (y, 0.7)}

Then the collection of fuzzy sets τ4 = {0X , 1X , B1, B2, B3, B4} will form
a fuzzy topology onX and from these two topologies we get the mixed fuzzy
topology τ3(τ4) = {0X , 1X} on X.

Consider the identity function fi : (X, τ1(τ2)) → (X, τ3(τ4)), then fi is
fuzzy δ∗-almost continuous function but not fuzzy δ∗-continuous. Consider
the fuzzy set C = {(x, 0.7), (y, 0.5)}, then C is fuzzy δ-preopen set in X
and f−1i (C) = {(x, 0.7), (y, 0.5)}, the inverse image under fi, is not fuzzy
δ-regular open. Hence fi is not fuzzy δ

∗-continuous function.

Theorem 4.2. If f : X → Y is fuzzy δ∗-almost continuous function and
g : Y → Z is fuzzy δ∗-continuous function, then g ◦ f is fuzzy δ∗-almost
continuous.

Proof. Since g is fuzzy δ∗-continuous so g−1(V ) is fuzzy δ-regular open set
in Y , for any fuzzy δ-preopen set V in Z.

We have g−1(V ) is fuzzy δ-regular open set in Y .
⇒ g−1(V ) is fuzzy δ-preopen set in Y .
⇒ f−1(g−1(V )) is fuzzy δ-preopen set in X. (Since f is fuzzy δ∗-almost
continuous)
⇒ (g ◦ f)−1(V ) is fuzzy δ-preopen set in X.
Hence, g ◦ f is fuzzy δ∗-almost continuous.
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