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1. Introduction

Recently, H. F. Moghimi and F. Rashedi, in [17] studied primary-like sub-
modules as a new generalization of primary ideals to modules. Also, the
concept of primeful module was introduced and studied by C.P. Lu in [15].

The scope of this paper is devoted to the theory of graded modules over
graded commutative rings. One use of rings and modules with gradings is
in describing certain topics in algebraic geometry. Here, in particular, we
are dealing with graded primary-like submodules.

The concept of graded primary ideal was introduced and studied by M.
Refai and K. Al-Zoubi in [22].

In the literature, there are several different generalization of the notion
of graded primary ideal to graded module. The concept of graded primary
submodule was introduced by S.E. Atani and F. Farzalipour in [11]
and studied in [1, 4, 13, 21]. Also the the concept of graded prime
submodule was introduced by S.E. Atani in [7] and studied in [2, 3, 5, 6,
8,9, 16, 21, 24].

Here, we introduce the concept of graded primary-like submodule as
a new generalization of a graded primary ideal on the one hand and a
generalization of a graded prime submodule on other hand.

Our article is organized as follows.

In Section 2 we recall important notions which will be used throughout
the paper. In Section 3 we will investigate graded submodules which satisfy
the gr-primeful property. In Section 4 we introduce the concept of graded
primary-like submodules and give a number of results concerning such mod-
ules. For example, we give a characterization of graded primary-like sub-
modules. We also study the behavior of graded primary-like submodules
under graded homomorphisms and under localization.

2. Preliminaries

Convention. Throughout this paper all rings are commutative with iden-
tity and all modules are unitary.

First, we recall some basic properties of graded rings and modules
which will be used in the sequel. We refer to [14], [18], [19] and [20] for
these basic properties and more information on graded rings and modules.

Let G be a group with identity e and R be a commutative ring with
identity 1z. Then R is a G-graded ring if there exist additive subgroups
Ry of R such that R = @,cq Ry and RgRy C Ry, for all g,h € G. The
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elements of R, are called to be homogeneous of degree g where the Ry’s
are additive subgroups of R indexed by the elements ¢ € G. If z € R,
then x can be written uniquely as deG x4, where x, is the component
of x in Ry. Moreover, h(R) = Uyeq Rg- Let I be an ideal of R. Then
I is called a graded ideal of (R,G) if I = @ye(INRy). Thus, if z € I,
then z = 3 o xy with 2, € I. An ideal of a G-graded ring need not be
G-graded.

Let R be a G-graded ring and M an R-module. We say that M is
a G-graded R-module (or graded R-module) if there exists a family of
subgroups {M}, . of M such that M = g € GPM, (as abelian groups)
and R,Mp C My, for all g,h € G. Here, RyM); denotes the additive
subgroup of M consisting of all finite sums of elements rys; with r, € Ry
and sp € M. Also, we write h(M) = g € GIUM, and the elements of h(M)
are called to be homogeneous . Let M = g € G@M, be a graded R-module
and N a submodule of M. Then N is called a graded submodule of M if
N = g € GN, where N, = N N M, for g € G. In this case, Ny is called
the g-component of N.

Let R be a G-graded ring and S C h(R) be a multiplicatively closed
subset of R. Then the ring of fraction S~'R is a graded ring which is
called the graded ring of fractions. Indeed, ST!R = g € G&(S™!R), where
(ST'R), = {r/s:r € R,s € S and g = (degs) *(degr)}. Let M be
a graded module over a G-graded ring R and S C h(R) be a multiplica-
tively closed subset of R. The module of fraction S~™'M over a graded ring
SR is a graded module which is called module of fractions, if S~'M =
g € Go(S™IM), where (S7'M), = {m/s : m € M,s € S and g =
(deg s)~L(degm)}. We write h(S™'R) = g € GU(STIR), and h(S™1M) =
g € GU(STIM),. Consider the graded homomorphism 7 : M — S™1M de-
fined by n(m) = m/1. For any graded submodule N of M, the submodule of
S~IM generated by n(IN) is denoted by S~!N. Similar to non graded case,
one can prove that ST!N = {3 € S7!M : 3 =m/s form € N and s € S}
and that S7'N = S~'M if and only if SN (N :g M) = ¢. If K is a graded
submodule of S™!R-module S~'M, then K N M will denote the graded
submodule 77! (K) of M. Moreover, similar to the non graded case one can
prove that S™{(K N M) = K.

Let R be a G-graded ring and M a graded R-module.
A proper graded ideal I of R is said to be a graded maximal ideal of R if J
is a graded ideal of R such that I C J C R, then I = J or J = R (see[23].)
A proper graded ideal I of R is said to be a graded prime ideal if
whenever rs € I, we have r € I or s € I, where r,s € h(R) (see [23].) The
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graded radical of I, denoted by Gr(I), is the set of all x = 3° x5 € R
such that for each g € G there exists ny € Z* with 2" € I. Note that, if
r is a homogeneous element, then r €Gr(I) if and only if »™ € I for some
n € N (see [23].) It is shown in [23, Proposition 2.5] that Gr(I) is
the intersection of all graded prime ideals of R containing 1.

A proper graded ideal P of R is said to be a graded primary ideal if whenever
r,s € h(R) with rs € P, then either r € P or s €Gr(P) (see [22].)

A proper graded submodule N of M is said to be a graded prime sub-
module if whenever r € h(R) and m € h(M) with rm € N, then either
re(N:gM)={reR:rM C N}orméec N (seel7].) A proper graded
submodule N of a graded R-module M is said to be a graded primary sub-
module if whenever r € h(R) and m € h(M) with rm € N, then either
m € N or r €Gr((N :, M)) (see [11].)

The graded radical of a graded submodule N of M, denoted by Gras(N),
is defined to be the intersection of all graded prime submodules of M con-
taining N. If N is not contained in any graded prime submodule of M,
then Gry/(N) = M (see [11].)

A graded R-module M over G-graded ring R is said to be a graded
multiplication module (gr-multiplication module) if for every graded sub-
module N of M there exists a graded ideal I of R such that N = IM. It is
clear that M is gr-multiplication R- module if and only if N = (N :g M )M
for every graded submodule N of M (see [12].)

3. Graded submodules which satisfy the gr-primeful property

[5, Lemma 3.1]
The following Lemma is known (see [16, Lemma 1.2 and Lemma
2.7]), we write it her for the sake of references.

Lemma 3.1. Let R be a G-graded ring and M a graded R-module. Then
the following hold:

1. If N is a graded submodule of M, then (N :, M) ={re R:rM C
N} is a graded ideal of R.

2. If N is a graded submodule of M, r € h(R), v € h(M) and I is a
graded ideal of R, then Rx, IN and rN are graded submodules of M.

3. If N and K are graded submodules of M, then N + K and N N K
are also graded submodules of M.
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4. If {N;}icr is a collection of graded submodules of M, then N =i € IN
N; is a graded submodule of M.

Definition 3.2. Let N be a graded submodule of a graded R-module M.
We say that N satisfies the gr-primeful property if for each graded prime
ideal p of R with (N :gp M) C p, there exists a graded prime submodule
P of M containing N such that (P :p M) = p. A graded R-module M
is called gr-primeful, if either M = 0 or the zero graded submodule of M
satisfies the gr-primeful property.

Theorem 3.3. Let R be a G-graded ring and M a graded R-module. If a
graded submodule N of M satisfies the gr-primeful property, then Gry;(N)
satisfies the gr-primeful property.

Proof.  Suppose that pis a graded prime ideal of R containing (Grys(N) :g
M). Since N satisfies the gr-primeful property and (N :g M) C (Gry(N) :r
M) C p, there exists a graded prime submodule P of M containing N such
that (P :gp M) = p. It is clear that Gry;(N) C P. Thus Grps (V) satisfies
the gr-primeful property. O

Lemma 3.4. Let R be a G-graded ring, M a graded R-module and N a
graded submodule of M. Then Gr((N :g M)) C (Gry(N) :gr M).

Proof. Let P be a graded prime submodule of M containing N. By [7,

Proposition 2.7(ii)], (P :g M) is a graded prime ideal of R. Since N C P,

we get (N :g M) C (P :g M). By [22, Proposition 1.2], we conclude that
Gr((N :g M)) C (P :g M). Thus Gr((N :g M))M C (P :g M)M C P

and this that Gr((N :g M))M CGrp(N). Therefore Gr((N :g M)) C

(GI“M(N) ‘R M) g

Theorem 3.5. Let R be a G-graded ring and M a graded R-module. If
N is a graded submodule of M satisfying the gr-primeful property, then
(GI"M(N) ‘R M) = GT((N ‘R M))

Proof. Let p be a graded prime ideal of R containing (N :g M). Since N
satisfies the gr-primeful property, there exists a graded prime submodule P
of M containing N such that (P :p M) = p. This implies that (Gry/(N) :r
M) C (P :g M) C p and hence (Grpy(N) :g M) CGr((N :g M)). By
Lemma 3.4, Gr((N :g M)) C (Grp(N) :g M). Therefore (Gry(N) :r
M) =Gr((N :g M)). O
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Let R be a G-graded ring and M, M’ graded R-modules. Let ¢ :
M — M’ be an R-module homomorphism. Then ¢ is said to be a graded
homomorphism if p(M,) C M, for all g € G (see [18].)

Theorem 3.6. Let R be a G-graded ring and M, M’ be two graded R-
modules and N’ a graded submodule of M'. Let ¢ : M — M’ be a graded

epimorphism. If N’ satisfies the gr-primeful property, then so does ¢~1(
N').

Proof. Let p be a graded prime ideal of R such that (¢~( N’):g M) C
p. We prove that (N’ :g M') C p. Let r € (N’ :g M")Nh(R). Using the fact
that ¢ is a graded epimorphism, we have r M’ = rp(M) = p(rM) C N’ and
so rM C o Y(N’). Hence r € (¢~ *(N') :r M) C p. Thus (N’ :g M) C p.
Since N’ satisfies the gr-primeful property, there exists a graded prime
submodule P" of M’ containing N’ such that (P’ :g M') = p. By [10,
Lemma 5.2(ii)], we have that ¢~1( P') is a graded prime submodule of M
containing ¢~ 1( N'). It is easy to see (¢ 1(P') :p M) = p. Therefore ¢ (
N') satisfies the gr-primeful property. O

Theorem 3.7. Let R be a G-graded ring and M, M’ be two graded R-
modules. Let ¢ : M — M' be a graded epimorphism and N a graded
submodule of M containing Kerp. If N satisfies the gr-primeful property,
then ¢(N) satisfies the gr-primeful property.

Proof. Let p be a graded prime ideal of R such that ( p(N) :g M') C p.
We prove that (N :p M) Cp. Let r € (N :g M)Nh(R) sorM C N. Using
the fact that ¢ is a graded epimorphism, we have ro(M) = rM' C p( N).
Hence r € ( @(N) :g M') C p. Thus (N :g M) C p. Since N satisfies
the gr-primeful property, there exists a graded prime submodule P of M
containing N such that (P :p M) = p. Since Kerp C P by [10, Lemma
5.2(i)], we have p(P) is a graded prime submodule of M’ containing ¢(N).
It is easy to see (p(P) :r M') = p. Therefore ¢(N) satisfies the gr-primeful
property. O

Theorem 3.8. Let R be a G-graded ring, M a graded R-module and {N; :
1 <i < n} be a finite collection of graded submodules of M satisfying the
gr-primeful property. Then N}'_; N; satisfies the gr-primeful property.
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Proof. Let p be a graded prime ideal of R such that (N}_;N; :r M) C
p. By [6, Lemma 2.6], we have (N_yN; :g M) = NI'{(N; :r M). Since
N (N; :r M) C p by [22, Proposition 1.4], we have (N; :g M) C p
for some j € {1,2,...,n}. Since N; satisfies the gr-primeful property, there
exists a graded prime submodule P of M containing N; with (P :g M) =p
and so NIy N; C P. Thus N}, N; satisfies the gr-primeful property. O

4. Gragded primary-like submodules

Definition 4.1. Let R be a G-graded ring and M a graded R -module.
A proper graded submodule N of M is said to be a graded primary-like
submodule if whenever r € h(R) and m € h(M) with rm € N, then either
r € (N:gp M) or m eGryr(N).

Theorem 4.2. Let R be a G-graded ring and M a graded R-module. If N
is a graded primary-like submodule of M satisfying the gr-primeful prop-
erty, then (N :p M) is a graded primary ideal of R.

Proof. Suppose that rs € (N :g M) and s ¢ (N :g M) for some
r,5 € h(R). We show that r € (Gr(N) :g M). Let m = > comy € M.
Hence > e rsmg € N. Since N is a graded primary-like submodule of M,
rsmg € Nands ¢ (N :g M) for all g € G, we conclude that rm, €Gryr(N)
for all g € G. Hence rm €Grp(N). This shows that r € (Gr(N) : M).
Since N satisfies the gr-primeful property, by Theorem 3.5, we have r €
(Gr(N) :rp M) =Gr((N :g M)). Therefore (N :p M) is a graded primary
ideal of R. O

By [22, Lemma 1.8] and Theorem 4.2, we have the following Corollary.

Corollary 4.3. Let R be a G-graded ring and M a graded R-module.
If N is a graded primary-like submodule of M satisfying the gr-primeful
property, then p =Gr((N :g M)) is a graded prime ideal of R and we say
that N is a graded p-primary-like submodule of M.

Theorem 4.4. Let R be a G-graded ring, M a faithful graded multipli-
cation R -module and () a graded primary deal of R. If rm € QM for
r € h(R), m € h(M), then r € Q or m €Gry/(QM).

Proof.  The proof is similar to the proof of [13, Theorem 2.2] and
[21, Lemma 2], so we omit it. O
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Corollary 4.5. Let R be a G-graded ring, M a faithful graded multipli-
cation R -module and @) a graded primary ideal of R such that M = QM,
then QM is a graded primary-like submodule of M.

Proof. Let rm € QM where r € h(R) and m € h(M). Sor € Q C
(QM :p M) or m €Grp(QM) by Theorem 4.4. Therefore, QM is a graded
primary-like submodule of M. O

Theorem 4.6. Let R be a G-graded ring, M a graded multiplication R-
module and N a proper graded submodule of M. If N satisfies the gr-
primeful property, then the following statements are equivalent.

1. N is a graded primary-like submodule of M;
2. (N :p M) is a graded primary ideal of R;

3. N = QM for some graded primary ideal Q) of R with Ann(M) =
(0:r M) CQ;

4. N is graded primary submodule of M.

Proof. (i) = (i7) By Theorem 4.2. (ii) < (iii)< (iv) By [13, Corollary
2.5]. (7ii) = (i) Let @ be a graded primary ideal of R such that N = QM
and Ann(M) C Q. Then M is a faithful graded R/Ann(M)-module. The
result follows from Corollary 4.5. O

Corollary 4.7. Let R be a G-graded ring and M a graded multiplication
R-module. If N is a graded primary-like submodule of M satisfying the
gr-primeful property, then Gr(N) is a graded prime submodule of M.

Proof. Let N be a graded primary-like submodule of M. By The-
orem 4.6, N = QM for some graded primary ideal ) of R containing
Ann(M). Since M is a graded multiplication module by [21, Theorem 9],
Gry(QM) =Gr(Q)M. By [22, Lemma 1.8] and [11, Proposition 2.6(ii)],
we conclude that Gr(Q)M is a graded prime submodule. Therefore
Gr(N) is a graded prime submodule of M. O

Theorem 4.8. Let R be a G-graded ring, M a non-zero graded R-module
and N a proper graded submodule of M. Then the following statements
are equivalent.
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1. N is a graded primary-like submodule of M;

2. (N:g M) = (N :gU) for every graded submodule U of M such that
Gry (N)U;

Proof. (i) = (i) Assume that N is a graded primary-like submodule
of M and let U be any graded submodule of M such that Gry (N)U. We
show that (N :gp U) = (N :g M). Clearly (N :g M) C (N :g U). Let
r = >4ecT9 € (N :r U). Hence for any g € G, we have r,U C N.
Since Grp(N)U, there exists up € h(U)—Grpr(N). Since N is a graded
primary-like submodule of M, rqup, € N and up ¢Gry(N) for all g € G,
we conclude that 7y € (N :g M) for all g € G. Hence r € (N :gp M).
Therefore (N :gr U) = (N :r M).

(i) = (i) : Suppose that rgmj, € N and my ¢ Grp(NN) for some
rg € h(R) and my € h(M). By Lemma 3.1, U =Gry(N) + Rmy, is a
graded submodule of M. Since mjy ¢ Gras(N), we have Gry/(N)U C M.
By (ii), (N :r U) = (N :g M). Since r¢gmy, € N, we have ry(N + Rmy,) =
r¢N + Rrgm C N. This yields that ry € (N :g N+ Rmy,) = (N g M).
Therefore N is a graded primary-like submodule of M. O

Theorem 4.9. Let R be a G-graded ring and M, M’ be two graded R-
modules and N’ a graded submodule of M'. Let ¢ : M — M’ be a graded
epimorphism. If N’ is a graded primary-like submodule of M, then ¢~1(
N') is a graded primary-like submodule of M.

Proof. Suppose that rgm;, € ¢ *( N’) and ry ¢ (¢~} N') :p M)
for some r, € h(R) and my, € h(M). Hence p(rymp) = rgp(myp) € N'.
Since 7y ¢ (¢ 1( N') :r M), we get ry ¢ ( N’ :g M’). Since N’ is a
graded primary-like submodule of M’, ryp(myp) € N and ry ¢ ( N' :g M'),
we have ¢(my,) €Grypr( N') it follows that my € ¢ '(Gryp( N')). By
[10, Theorem 5.3(i)], we have ¢~ 1(Grpp( N')) =Gra( o H(N)). Hence
my, €Grar(¢~1(N')). Therefore o~ ( N') is a graded primary-like submod-
ule of M. O

Lemma 4.10. Let R be a G-graded ring and M, M' be two graded R
-modules. Let ¢ : M — M’ be a graded epimorphism and N a graded
submodule of M containing Ker ¢. Then o(Gp(N)) = Gap (p(V)).
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Proof.  The proof is similar to the proof of [10, Theorem 5.3(ii)], so
we omit it. O

Theorem 4.11. Let R be a G-graded ring and M, M' be two graded
R-modules. Let ¢ : M — M’ be a graded epimorphism and N a graded
submodule of M containing Ker . If N is a graded primary-like submodule
of M, then ¢(N) is a graded primary-like submodule of M’.

Proof.  Suppose that rm’ € o( N) and r ¢ (¢( N) :g M’) for some
r € h(R) and m' € h(M’). It is easy to see r ¢ (N :g M). Since ¢ is
a graded epimorphism, there exists m € h(M) such that o(m) = m’ and
hence rp(m) = p(rm) € ¢( N). Thus there exists n € h(IN) such that
o(rm) = ¢( n) this implies rm — n €Kerp C N. This yields that rm € N.
Since N is a graded primary-like submodule of M, rm € N and r ¢ (N :g
M)), we conclude that m € G (IN). Hence o(m) =m’ € o(Gp(N)). By
Lemma 4.10, we have m’ € o(Gpr(N)) = G (p(N)). Therefore ¢(N) is a
graded primary-like submodule of M’. O

Lemma 4.12. Let R be a G-graded ring and M a graded R-module. Let
S C h(R) be a multiplicatively closed subset of R and N a graded primary-

like submodule of M satisfying the gr-primeful property such that S N
Gr((N :g M)) = (). Then STY(N :g M) = (S7IN :g15 S7IM).

Proof. Let £ € (S7IN :g-1x S7tM) for some £ € h(S™'R). Since N
satisfies the gr-primeful property, there exists my € h(M)\Grps(N). Thus
LZe — Ta-c S~IN. Hence there exists u € S such that urmg € N. Since
N is a graded primary-like submodule, urmgy € N and mg ¢Gry(N), we
conclude that ur € (N :g M). By Theorem 4.2, (N :g M) is a graded
primary ideal of R. Since SNGr((N :g M)) = 0 and ur € (N :g M),
we have r € (N :gp M) and hence £ € S™H(N g M). So (S7'N :g-1p
S™IM) € S7YN :g M). Tt is clear that ST} (N :pg M) C (S7IN :g1p
S=IM). Thus S~Y(N :g M) = (S7IN 115 S7IM). O

The following results study the behavior of graded primary-like sub-
modules under localization.

Theorem 4.13. Let R be a G-graded ring and M a graded R-module.
Let S C h(R) be a multiplicatively closed subset of R and N a graded
primary-like submodule of M satisfying the gr-primeful property such that
SNGr((N :g M)) = 0. Then S™'N is a graded primary-like submodule of
S~'R-module S™'M satisfying the gr-primeful property.
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Proof. It is easy to see that 2 € S™'M \S™!N for each m € M\N
and hence S™'N = S~ M. Suppose that L2 € S™!N and £ ¢ (S™!N :5-15
S~IM) for some £ € h(S™!R) and for some 2 € h( S~'M). Since STH((N g
M)) C (S7IN g1z S7IM), we have r ¢ (N :g M). Thus there exists
k € S such that krm € N. By Theorem 4.2, (N :gp M) is a graded
primary ideal of R. Since SNGr((N :g M)) = 0 and r ¢ (N :gp M), we
conclude that kr ¢ (N :g M). So N a is graded primary-like submodule of
M gives m €Grp(N). Hence 5 € S71(Grpf(N)) CGrp(S™'N). Therefore
S7IN is a graded primary-like submodule of S~1'M.

Now we prove that STV satisfies the gr-primeful property. Let S™1p
be a graded prime ideal of S™'R containing (S™'N :g-15 S™1M). Hence
pNS =0 and STY(N :g M)) C (S7IN g1z STIM) C S71p. Then
S=Y(N :g M)) C S~'p and so easily follows that (N :g M) C p. Since N
satisfies the gr-primeful property, there exists a graded prime submodule
P of M containing N such that (P :g M) = p. Since p NS = ), S7'P is
a graded prime submodule of S™'M containing S~!N and (S7'P :g-1p
S=IM) = S~1p. Therefore S™'N satisfies the gr-primeful property. O
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