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Abstract

Let G be a graph with p vertices and q edges and A =
{0,2,4,---,q+ 1} if q is odd or A = {0,2,4,---,q} if q is
even. A graph G is said to be an even vertex equitable even
labeling if there exists a vertex labeling f : V(G) — A that in-
duces an edge labeling f* defined by f*(uv) = f(u) + f(v) for
all edges uv such that for all a and b in A, |vs(a) —vs(b)| <1
and the induced edge labels are 2,4, - --,2q, where vy(a) be the
number of vertices v with f(v) = a fora € A. A graph that ad-
mits even vertex equitable even labeling is called an even vertex
equitable even graph. In this paper, we prove that S(D(Q)),
S(D(T,)), DA(Qm) ®nK;y, DA(T,,) ®©nK;, S(DA(Q,)) and
S(DA(T,,)) are an even vertex equitable even graphs.
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1. Introduction

All graphs considered here are simple, finite, connected and undi-
rected. The vertex set and the edge set of a graph are denoted by
V(G) and E(G) respectively. We follow the basic notations and ter-
minology of graph theory as in [2]. A labeling of a graph is a map
that carries the graph elements to the set of numbers, usually to the
set of non-negative or positive integers. If the domain is the set of
vertices then the labeling is called vertex labeling. If the domain is
the set of edges then the labeling is called edge labeling. If the labels
are assigned to both vertices and edges then the labeling is called
total labeling. For a dynamic survey of various graph labeling, we
refer to Gallian [1].

Lourdusamy et al. introduced the concept of vertex equitable
labeling in [15]. Let G be a graph with p vertices and ¢ edges and
let A=1{0,1,2,---,[2]}. A vertex labeling f : V(G) — A induces
an edge labeling f* defined by f*(uv) = f(u)+ f(v) for all edges uv.
For a € A, let v¢(a) be the number of vertices v with f(v) = a. A
graph G is said to be vertex equitable if there exists a vertex labeling
f such that for all @ and b in A, |vf(a) —vs(b)| <1 and the induced
edge labels are 1,2,3,---,q.

Motivated by the concept of vertex equitable labeling and further
results by Jeyanthi et al. in [3, 4, 5, 6, 7, 8, 9, 10, 11]. Lourdusamy
et al. introduced the concept of even vertex equitable even labeling
[16] and further studied in [12, 13, 14, 16, 17].

In this paper, we prove that S(D(Q)), S(D(T})), DA(Qm) ©
nKi, DA(Ty) © nKi, S(DA(Qy)) and S(DA(T},)) admit an even
vertex equitable even labeling. We use the following definitions in
the subsequent sections.

Definition 1.1. Let G be a graph with p vertices and q edges and
A=1{0,2,4,---,q+ 1} ifqis odd or A ={0,2,4,---,q} if q is even.
A graph G is said to be an even vertex equitable even labeling if
there exists a vertex labeling f : V(G) — A that induces an edge
labeling f* defined by f*(uwv) = f(u) + f(v) for all edges uv such
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that for all a and b in A, |vg(a) — vg(b)| < 1 and the induced edge
labels are 2,4, ---,2q, where v¢(a) be the number of vertices v with
f(v) =a for a € A. A graph that admits even vertex equitable even
labeling is called an even vertex equitable even graph.

Definition 1.2. The double quadrilateral snake D(Q,,) is a graph

obtained from a path P, with vertices ui,us, -+, u, by joining wu;
and ujy1 to the new vertices v;, x; and w;, y; respectively and then
joining v;, w; and x;, y; fort =1,2,---,n — 1.

Definition 1.3. The double triangular snake D(T),,) is a graph ob-
tained from a path P, with vertices vi,va,---,v, by joining v; and
vi+1 to the new vertices w; and u; fori=1,2,--- . n— 1.

Definition 1.4. A double alternate quadrilateral snake D A(Q,,) con-
sists of two alternate quadrilateral snakes that have a common path.

That is, a double alternate quadrilateral snake is obtained from a

path uj,ug,---,u, by joining w; and w;y; (alternately) to the two

new vertices v;, x; and w;, y; respectively and adding the edges v;w;

and x;y; fori=1,2,---,n — 1.

Definition 1.5. A double alternate triangular snake DA(T,,) con-
sists of two alternate triangular snakes that have a common path.
That is, a double alternate triangular snake is obtained from a path
ui,ug, -+, Uy by joining u; and u;+1 (alternately) to the two new
vertices v; and w; fori =1,2,---,n — 1.

Definition 1.6. Let G be a graph. The subdivision graph S(G) is
obtained from G by subdividing each edge of G with a vertex.

Definition 1.7. The corona G1 ® Gy of two graphs G1(p1,q1) and
G2(p2, q2) is defined as the graph obtained by taking one copy of G
and py copies of Gy and joining the it vertex of G to every vertex
in the i*" copy of Gs.

2. Main Results

Theorem 2.1. Let G1(p1,q1), G2(p2,92), -+, G (Pm, @m) be an even
vertex equitable even graphs with Y i, q; is even and let u;, v; be
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the vertices of Gi(1 < i < m) labeled by 0 and g;. Then the graph
G obtained by identifying vi with uy and vy with us and vs with
ug and so on until we identify v,,_1 with u,, is also an even vertex
equitable even labeling.

Proof. Let f; be an even vertex equitable even labeling of a
graph G; of order py +p2 + -+ +pm — (m — 1) and size 37" ¢;. We
define a vertex labeling h of G such that h(x) = fi(x), x € V(G1),
hz) = filz) + X ¢, z € V(G;), 2<i<m.

Then the induced edge labels of G; are 2,4, - -, 2q1, 2q1 +2, 2q1 +
4,4+ 2q1 + 262, 2q1 +2q2 + 2,2q1 +2q2 + 4, -+, 2q1 + 292 + 2¢g3, - - -,
2 Z?Ql g + 2,2 Z?Ql g +4,---,2>" ¢i. It can be verified that
the induced edge labels of G are distinct and |vg(a) — vy(b)| < 1 for
all a,b € A. Thus, G admits an even vertex equitable even labeling.

O

Theorem 2.2. The graph S(D(Q,)) admits an even vertex equi-
table even labeling.

Proof.  An even vertex equitable even labeling of S(D(Q2)) is
shown in Figure 1. Let G; = S(D(Q2)) for 1 <i <n — 1. By The-
orem 2.1, S(D(Q,)) admits an even vertex equitable even labeling.
O

2 4 &
e Y 6
a 14
14
] 12
8 10 12
Fioure 1

Theorem 2.3. The graph S(D(T),)) admits an even vertex equi-
table even labeling.
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Proof. An even vertex equitable even labeling of S(D(T3)) is
shown in Figure 2. Let G; = S(D(T3)) for 1 <1i < n—1. By Theorem
2.1, S(D(T},)) admits an even vertex equitable even labeling. O

Ficure 2

Theorem 2.4. Let G1(p1,q),G2(p2,9), "+, Gm(pm,q) be an even
vertex equitable even graphs with q odd and wu;,v; be vertices of
G;(1 < i < m) labeled by 0 and q. Then the graph G obtained by
joining v1 with ug and ve with us and vs with ug and so on until
joining wv,,—1 with u,, by an edge is also an even vertex equitable
even labeling.

Proof.  The graph G has p1+pa+- - -+pp, vertices and mg+(m—1)
edges. Let f; be an even vertex equitable even labeling of G;(1 < i <
m). Define a vertex labeling f : V(G) — A ={0,2,---,mg+(m—1)}
by f(z) = fi(x) + (i —1)(¢+ 1) if v € G; for 1 <i < m. The edge
labels of G; are increased by 2(i —1)(¢+1) for ¢ = 1,2, ---,m under
the new labeling f. The bridge between the two graphs G;, G;4+1
will get the label 2i(¢ + 1), 1 < i < m — 1. It can be verified
that the induced edge labels of G are 2,4,---,2(mg +m — 1) and
|vf(a) —vp(b)] <1 for all a,b € A. Thus, G admits an even vertex
equitable even labeling. O

Theorem 2.5. The graph DA(Q2) ® nK; admits an even vertex
equitable even labeling.

Proof. Let V(DA(Q2) ® nK1) = {u1,uz,v,w,z,y} U{u;j : 1 <
1 <2,1<j<n}Hvj,wj,zj,y; : 1 <j<n}and
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E(DA(QQ) @nKl) = {uium 1< < 2, 1 S] < n}
U{uiug, wiv, vw, wug, urx, zy, yuo } U{vvj, wwj, zzj,yy; + 1 < j <
n}. Then DA(Q2) ® nK; has 6(n + 1) vertices and 6n + 7 edges.
Define a vertex labeling f : V(DA(Q2)onKy) — A=1{0,2,4,---,6n+
8} as follows: f(u1) = 0, f(u2) = 6n+8, f(v) = 2n+ 2, f(w) =
Adn+1), f(z) =2n+4, f(y) =4(n+2), f(u;)=25if 1 <j<mn,
flvj)) =2j4+2if1<j<mn, fly)) =2n+4+25if 1 < j < n,
f(U27j) =6n+8—-25if1 <j<n-1, f(ugm) = f(x,) = 4n + 6,
flwr) =2, f(wj) =6n+10—-25if2 < j <nand f(z;) =2n+2j+2
if 1 <35 <mn—1. It can be verified that the induced edge labels of
DA(Q2) ®nKy are 2,4,---,12n + 14 and |v¢(a) — vs(b)| < 1 for all
a,b € A. Thus, DA(Q2) ®nK; admits an even vertex equitable even
labeling. O

An even vertex equitable even labeling of DA(Q2) ©3K7 is shown
in Figure 3.

Fioure 3

Theorem 2.6. The graph DA(Q,,) ® nK; admits an even vertex
equitable even labeling.

Proof. By Theorem 2.5, DA(Q2) ® nK; is an even vertex equi-
table even graph. Let G; = DA(Q2) ©nK; for 1 <i <m—1. Since
each G; has 6n + 7 edges, by Theorem 2.4, DA(Qy,) ® nK; admits
an even vertex equitable even labeling. O
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Theorem 2.7. The graph DA(T>) ® nK; admits an even vertex
equitable even labeling.

Proof.  Let V(DA(T?) © nK1) = {ug,ug,u,w}Ufw;; : 1 < i <
2,1 <j<n}U{vj,w;:1<j<n}and E(DA(T2)onkK:) = {uju, j :
1<i<2,1< 5 < nfU{uiug, urv, vug, uviw, uyw, wus } J{vv;, ww;
1 < j <n}. Then DA(T3) ® nK; has 4(n + 1) vertices and 4n + 5
edges.
Define a vertex labeling f : V(DA(T2)onk,) — A =1{0,2,4,---,8n+
10} as follows: f(u1) = 0, f(u2) = 4n+6, f(v) = 2n+ 2, f(w) =
2n+4, f(uiy) =27, f(vj) =25 +2, fy;) =2n+4+24, f(ug,) =
dn + 6 — 27, for 1 < j < n. It can be verified that the induced edge
labels of DA(T) ® nKy are 2,4,---,8n+ 10 and |v(a) —vs(b)| <1
forall a,b € A. Thus, DA(T2)®nK; admits an even vertex equitable
even labeling. O

An even vertex equitable even labeling of DA(T3) ®3K; is shown
in Figure 4.

2 16
4 14
a 18
6 12
)

4 6 2
FIGURE 4

Theorem 2.8. The graph DA(T,,) ® nK; admits an even vertex
equitable even labeling.

Proof. By Theorem 2.7, DA(T5)®nkK] is an even vertex equitable
even graph. Let G; = DA(Ty) ® nK; for 1 <i <m — 1. Since each
G; has 4n+5 edges, by Theorem 2.4, DA(T,,) ®nK; admits an even
vertex equitable even labeling. O
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Theorem 2.9. The graph S(DA(Q)) is an even vertex equitable
even graph.

Proof. Let G=S(DA(Qy)). Let uy,ug,---,uy, be the vertices of
the path P,. We construct DA(Q,) by joining every ug;_; is adja-
cent to v;, x; and uo; is adjacent to w;, y; and also v;, x; is adjacent to
wj, y; respectively for 1 <1 < |Z]. Let V(G) = V(DA(Qn)) U{u; :
1<i<n-— 1}U{Uz,wz,xz,yz,zz, z 1 <4< L |} and E(G)
{ugug, wpui g 2 1 <0 < n—1} U{vivg, vizi, 26w, Ww;, T3y, Tz 2,45 Yills ©
1<i< |8 J}U{ugz,lvz,ugz,lxz,ugzw;,ugiy; :1<i<|%]}. Then

V(G)|={7n—6if nisodd’n —1if niseven,
|E(G)| ={8n—8if nisodd8n —2if n is even.

Case (i): n is even.
Define f: V(G) — A={0,2,---,8n — 2} as follows:
flugic) =16(i — 1), 1 <i <
Fluz) = flup_1) =160 —2, 1 <i < B,
flug;) = 160, 1 <i < 5%

fvi) = f(v )—16z 8, 1<i<
flw) = f(w;) =16i —4, 1 <i <
fla) = fla;) =160 — 14, 1 <i <
I )=f( ) =160 —10, 1 <i <
f(z) = 16i — 6, 1<i<3;

flz;) =160 —12, 1 <i <

NJI: -

It can be verified that the induced edge labels of S(DA(Qy,)) are
2,4,---,16n — 4 and |vf(a) —ve(b)] < 1 for all a,b € A. Hence,
S(DA(Qy)) is an even vertex equitable even graph.

Case (ii): n is odd.
We define a vertex labeling f : V(G) — A = {0,2,---,8n — 8} as
follows. Assign the labels to the vertices ug;i—1(1 < ¢ < [%]) and
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W24, u/2i—17 u/Ziv Vg, U;,
Wi, Wy Tiy Ty Yis Yo 2y 23(1 < < |4]) asin Case (i). It can be verified
that the induced edge labels of S(DA(Qy,)) are 2,4, ---,16n—16 and
lvf(a) —vs(b)| < 1 for all a,b € A. Hence, S(DA(Q)) is an even
vertex equitable even graph. O

An even vertex equitable even labeling of S(DA(Qg)) is shown
in Figure 5.

2 4 4 15 20 22 34 36 38
2 6 18 22 34 38
. 14 16 an 32 46 i

] L w
14 16 30l 32
8 12 24 25 40 44
& 10 12 24 25 28 40 42 44
FIGURE 5

Theorem 2.10. The graph S(DA(T,,)) is an even vertex equitable
even graph.

Proof. Let G = S(DA(T,)). Let ui,ua,---,uy, be the vertices of
the path P,. We construct DA(T,,) by joining every ug;_1, u2; to the
new vertices v;,w; for 1 <4 < |2]. Let V(G) = V(DA(Ty)) U{u; :

1<i<n—1}UHzi,yi, 25,9 0 1 < < | 2]} and B(G) = {usuy, ugttis :
1 <i<n— 1} U{mo, mwi, vy, wiy; 1< < 2]}

U{u2i—14, uzi—1, ugiys, ugiy; : 1 < i < [4]}. Then

5n—4 if nisodd
’V(G)‘{ 5n—1 if nis even,

6n—6 if nisodd
1B(G)] = { 6n —2 if niseven.
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Case (i): n is even.

Define f: V(G) — A={0,2,---,6n — 2} as follows:
ugi 1) =12(i—1), 1<i <2
ug;) = fly;) = 121 — 21<i<%;
Uy 1) =121 —10, 1 <4 < 2

I
K
K
fluy;) = 12z 1<i< 2
K
K
I

v;) = %Q
:EZ)Z ( )—121—6,1Si§%;
w;) = f(z;) =120 — 8, 1<i< 3.

It can be verified that the induced edge labels of S(DA(T,,)) are
2,4,---,12n — 4 and |vf(a) —ve(b)] < 1 for all a,b € A. Hence,
S(DA(T),)) is an even vertex equitable even graph.

FICURE 6

Case (ii): n is odd.
We define a vertex labeling f : V(G) — A = {0,2,---,6n — 6} as
follows. Assign the labels to the vertices ug;_1(1 < i < [§]) and
u2i7u,2i717u,2ivvi’wi’
i, 25, Y, v (1 < i < [2]) as in Case (i). It can be verified that the
induced edge labels of S(DA(T},)) are 2,4,---,12n—12 and |v¢(a) —
vp(b)] < 1 for all a,b € A. Hence, S(DA(T},)) is an even vertex
equitable even graph. O

An even vertex equitable even labeling of S(DA(Tg)) is shown in
Figure 6.
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