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Abstract
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1. Introduction

In this article, sufficient conditions are obtained such that every solution of
(1.1) tends to zero as t — oo of the neutral equation of the form

(L1 (t) + Bx(t — )" +a(t) 2”(t) + b(t) 2’ (t) + c(t) f(z(t —7)) =0,

and the boundedness and the square integrability of

(1.20(t) + Bzt — )" + a(t) " (t) + b(t)x' (t) + c(t) f(x(t — 1)) = h(t),

where, 5 and r are constants with 0 < § < 1 and r > 0, h(t) and f(z)
continuous functions depending only on the arguments shown and f/(z)
exist and is continuous for all x.

By a solution of (1.1) we mean a continuous function z : [t;, 00) — R such

that z(t) + Bz(t —r) € C3| [ta, oo),R) and which satisfies equation (1.1)

on [tz, 00).

The asymptotic behavior of solutions in special cases = 0 or r = 0
has been studied by serval authors see for example Ademola et al. [1, 2],

Graef et al. [11, 12], Omeike [14], Oudjedi et al. [15], Remili et al. ([16]—

[27]), Tung [29, 30]. This problem for neutral differential equations has
received considerable attention in recent years Baculikovd [4], Mihalikova
and Kostikovd [5], Das and Misra [6], Dorociakova [7], Dosld and Liska
[8, 9], Kulenovic et al. [13], Tian et al. [28], Li et al. [31], Yu et al. [32], Yu
Jianshe [33]. Many books dealt with the neutral delay differential equation
and obtained many good results, for example Arino et al. [3], EI'sgol’ts[10].

Neutral differential equations have many applications. For example,
these equations arise in the study of two or more simple oscillatory sys-
tems with some interconnections between them and in modeling physical
problems such as vibration of masses attached to an elastic bar. In the
qualitative analysis of such systems, the stability and asymptotic behavior
of solutions play an important role.

However, as far as we know, there aren’t works studying the asymptotic
behavior of third order neutral differential equations with delay of the form
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(1.2) by using Lyapunov’ s functionals.

Motivated by this fact, in the present paper, we will investigate the asymp-
totic behavior, boundedness and square integrability of solutions of differ-
ential equation (1.2).

The organization of this article is as follows: In section 2, we give
a theorem, which deal with asymptotic stability of every solution of the
delay differential equation (1.1) when h(t) = 0. In section 3, we introduced
theorem which discuss the boundedness of the solutions of equation (1.2)
for the case h(t) # 0. In section 4, we introduced theorem which discuss the
square integrability of the solutions of equation (1.2). Eventually, example
is given in section 5.

2. Asymptotic stability

We shall state here some assumptions which will be used on the functions
that appeared in equation (1.1), and suppose that there are positive con-
stants ag, a1, co, b1, L,d,d,v,n and M such that the following conditions
are satisfied:

Hp) 0<ap<a(t)<ar, 0<co<c(t) <b(t)<by; forallt>ty+r,

H,) 5(1+§) <d<ay, —-L<UV(t)<d(t)<0; forallt>ty+r,

Hy) f(0) = 0,M >M >0 (x#0), and f'(x) < 6; for all z,

. 2
Hs) %da’(t) —co(d — (1 + g)a) leﬁ(l +B8+6) < —n<0; for all
t>to 47,

Hy) Blar — d) + 018(1+ B) — (2= B)(ao — d) = —y < 0.

For the brevity, we put
X(t) =x(t) + Bx(t —r).

The equation (1.1) is equivalent to the following system
Z(t) = y)
y(t) = =)
Z'(t) = —a(t)=(t) = bt)y(t) — c(t) f(z(1) + elt) fi, f'(x(s))y(s)ds.

(2.1)
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According to the definition of X (¢) and (2), we have
X'(t) =y(t) + Byt —7) =Y (2),

and
X"(t) = 2(t) + Bzt —r) = Z(t).

Theorem 2.1. Assume that all assuptions (Ho— Hy4) hold. Then, every
solution of (2) is asymptoticaly stable if

r < min{ 21 , 7 } .
d(1+p+2d) 6(1+p)
Proof. Define a Lyapunov functional V (¢, z,y, Z) as

t
V= VotVitn [

(2.2) o

where

t 0 gt
22(3)d8+a/ y2(s)ds+)\/ / y?(7)drds,
t—r —r Jit+s

Vo = de(t)F(z)+c(t)Y f(z) + bTW,
1 1
i = 5 Z% + dyZ + Eda(t)yg,

such that F(z) = [y f(u)du. p, 0 and X are to be selected below suitably.
First we shall show that V (¢) defined by (2.2) is positive definite. From Hy
and H; we have

1
Vi = 3 ( 72+ 2dy7Z + da(t)y2>

1
= 3 ((Z +dy)* + dy*(a(t) — d )) :
In the same way, it follows that

0 (L) ()
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Then
2
v = i(z +dy)? + ida(t) <y + $2> 4 id(a(t) _ AP+ 4al(t) (a(t) — d)) 22
> d(a04— d )yz n (6604;161 ) 2.

From this inequality we can deduce a positive constant kg such that

Vi > ko(y? + Z27),

where kg = min {g(ao —d), 4%‘1 (ap — d)} . Using Hy, we obtain
Vo = de(t)F(x)+ @ [Y2 + —26(22;{ (@) }
T c 02
= et [ o+ 5o+ 505 00 - )|
T 02
> aet) [ fludu - G,

Since f(0) =0 and f'(x) < 9, it follows that

1 @ , *
272@ = [ wde<s [ fudu

Thus, from H; we get

Vo = dett) [T(1 - 5) s
> 5 /0 F(w)du = 5,F(z)

4]

where §1 = deg (1 — E) Observe that by Hy we have
2
f (253) > M2,
x
which implies that
1, M2,
> — > —
F(a) > 52 () > e
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Since

t t
J/ y2(s)ds+u/ ds—i—)\/ / T)drds > 0,
t—r t—r —r +s

it follows that
(2.3) V> k‘l(Z2 + %+ 1‘2),
M?326;

here k1 = min < k
where kq mm{ 0 o5

} . It is not difficult to verify that

W(z,y,2) =ki(Z? +y* +2°) =0 ©ox=y=2=0
and
V> k(22 +y* + %) = W(x,y,Z) > 0if (z,y, Z) #0.
The derivative of the functional V along the trajectories of the system
(2) is given by

(2

= dc/(t)F () + ¢ (1)Y f () + ZLV2 + Lda/ (£)y? + Be(t)yy(t — 7‘)J‘"(ﬂf) +b(t)By(t —r)z
+b(t) B2yt —r)z(t — 1) — oy?(t — ) — db(t)y? + c(t)y? f(x) + oy? + Ary?
+(d — a(t)2? + p2? + B(d — a(t)zz(t —r) — p22(t —r) = X [! y?(s)ds

e(t) (= + Ba(t—r) +dy ) JE, a(s))y(s)ds.

We claim that
/ / b/<t) 2
A (t)F(z) + ()Y f(x) + TY <0,

for all ¢ > 0, x and y. The remaining of this proof follows the strategy
indicated in the proof of Theorem 3.1 in [22] and hence it is omitted.

By the condition Hy and applying the estimate 2uv < u? 4 v? we obtain

[ s < ‘;’kug t y2<s>ds,
sett-n) [ fletnuons < B / sy,
t or od
dy . f(z(s)y(s)ds < d ++2 y?(s)ds.

From conditions Hy and H; and the above estimates it is easy to see
that V(’Q) can be replaced by
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Vi < <%da’(t)—b(t)(d—6(1+§)%)+a+?+>ﬂ“)yQ(t)
v (u- (2—6)(ao2—d>—551+%’"> 2(1)
+ (a+p+ o)1)
+ (ﬁ(al_szlﬁz— —|—56—2r>22(t—7")
(et [ s
Let
M_ﬁ(al_d)zblﬁ“&sr, /\:g(1+,3+d) and a:¥(1+5+6),

the last inequality becomes

B b1 3

Vo < (a0 —cota— 1+ 209+ 220+ 5+ T +5+20) 40)

IN

1

+ 5 ( Blar —d) +b1B(1+B) — (2—B)(ao — d) + (1 + 5)) 2(t)

0 1
< (—?7 + Er(l +08+ 2d)> Y2 (t) + 3 < —y+or(l+ B)) 22(t).
Therefore, from Hs and Hy there exists a positive constant /N such that

(2.4 Vi < —N(y%) - z2<t>>

provided that

r < min{ 21 , 7 } .
S(1+5+2d) 6(1+p)
Finally, it follows that

‘/(/2)(75’%3/,2):0 lfandonlylf m:y:Z:O

and
Vigy(t,2,y,2) <0 for (z,y,2) #0
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Thus, all the conditions of theorem are satisfied. This shows that every
solution of system (2) is asymptotically stable. The proof of Theorem 2.1
is now completed. O

3. Boundedness

We would need to write (1.2) in the form
2(t) = y(t)
yt) = =)
Z'(t) = —a(t)z(t) = b(B)y(t) — () f(2(1) + h(t) + c(t) [, f'(x(5))y(s)ds,

(3.1)
to study the boundedness of solutions of (3).
We conclude that
|
Our main theorem in this section is stated with respect to (3) as follows:

Theorem 3.1. Assume that all the conditions of Theorem 2.1 are satisfied
and there exists a positive constant D1 such that :

H5) j;/tl |h(5)|d8 < Ds.

Then there exists a positive constant D such that any solution of (3) satisfies

(3-2) =) < D, ly@®)| <D, [Z(t)] < D.

Proof.  On differentiating (2.2) along the system (3.1) we obtain

V(lg) = V('2)+h(t)<dy+Z>,

since V(’Q) < 0, then it follows that

Visy < K |h(®)](yl+ |2])

where Ko = max{d,1}. Since |y| < 3?>+1,|Z] < Z?+1 and the
inequality (2.3), we obtain

Vs Ko |h(t)] (v* + Z2 +2)

K3 |h(@)] V(t) + 2K |h(t)],

IN A

(3.3)
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where K3 :=k; 'Ky > 0.

Integrating both sides (3.3) from ¢1 to ¢, ¢t > t; = to+r, one can easily
obtain

V(t) - V(t) < 25> tt ()| ds + K3 /tt V(s) |h(s)| ds.
Thus .
V() < V(1) + 2K Dy + K /t V(s) |h(s)| ds.

Using Gronwall inequality it follows that
t
(34) V(1) < (V(t1) + 2KDs ) exp (K3 / Ih(s)| ds) < Dy,
t1

where Dy = (V(t1) + 2K2D1) exp (Kng .
This completes the proof of Theorem 3.1. O

4. Square Integrability

Our next result concerns the square integrability of solutions of equation
(1.2).

Theorem 4.1. In addition to the assumptions of Theorem 3.1, if we as-
sume that

b
Hg) coM — = > 0;
Hy) [/ d'(s)|ds < A.

Then all the solutions of (1.2) and their derivatives are elements of L?[t1, +00).

Proof. Define W(t) as

(4.1) W(t) = V(t) + E/tt(zQ(s) +y2(s))ds, V>t

where £ > 0 is a constant to be specified later. By differentiating W(t)
along the solution of system (3) and using (2.4) and (3.3) we obtain

Wiy () < (e — N)(()% + y(6)%) + (K3v<t> + 2K2) Ih(t)].
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If we choose ¢ — N < 0, then from (3.4) we get

(4.2) Wiy () < Kah(D)],

where Ky = K3Dy+2Ks. Integrating (4.2) from ¢; to t, and using condition
(Hs) of Theorem 3.1 we obtain

t
W(t) - W(t) = /t Wiy (s)ds < KDy
1

Using equality V (t1) = W(t1) we get
W (t) < KaDy + V().
We can conclude by (4.1) that

[ 626 + Aspas < )

I

which imply the existence of positive constants o1 and o9 such that

/t 2" (s)ds = /t 22(s)ds < oy

t1 t1

and

/tt 2% (s)ds = /t y?(s)ds < oy.

1 t1

We assert that fttl 22(s)ds < 00, to prove this we multiply (1.2) by x(t —r),
we obtain

x(t — )" (t) + Bx(t — )" (t —r) +a(t)z(t —r)2” (t) + b(t)z(t — r)2'(t)
(4.3) +e(t)x(t —r)f(z(t—r)) =x(t —r)h(t).

Integrating (??) from ¢; to ¢, we have

(4.4) /t c(s)x(s —r)f(x(s —r))ds = A1(t) + Aa(t) + As(2),

t1

where
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t
A(t) = — /t1 (z(s —7)x"(s) + Bz(s — r)z" (s — r))ds,
Aq(t) = — /tf(a(s):v(s —1)z"(s) + b(s)z(s — r)2'(s))ds,
As(t) = tlt h(s)z(s —r)ds.

Integrating by parts and using the estimate 2uv < u? 4+ v? we obtain

Al(t) = My(t) — My(tr) + / " (s — ) (s)ds

t1

IN

M (0) ~ My(ea)| + [ 5 (s — )+ 2%(s)) s

t1

where

Mi(t) = —z(t —r)X"(t) + §$’2(t —r).

By the fact that

t t—r t1

/ :E/2(8—7“)d8:/ x’Q(u)dug/ 2% (u)du+ o1 < n+oy.
t1 to to

We remark by our hypothesis and the inequalities (3.2) that

[Mi() = My(t)] < D2(3 4+1) + [Mi ()], forall ¢ >t

Thus

3 1
Ai(t) < D2(75+1)+’M1(t1)!+§(n+01+02):ll.

Similarly we have

Aq(t) = — /tlt (a(s)a:(s — )z (s) + b(s)z(s — r)a:'(s)) ds

= —a(t)x(t —r)2'(t) + a(t) /t 2'(s)x' (s — r)ds + / a'(s)x(s —r)a'(s)ds

t1 t1

‘Kﬂgvzwwwﬂwﬂﬁ‘tmnwww@w+%m>

t1 t1
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where Mo(t
Raft) <

= ( 1)z(t1 — )2’ (t1). Then, from condition H; we have
( + o1+ ) +

ftl( 9 1a'()] fas = 1) + la' ()] [ 5 o' u—r)du])ds

+ Y [ 2% (s —r)ds + % [} 2% (s)ds + | Ma(t)]
<a1(D?+o01 + 5) + | Ma(t1)] + (D? + 01 + %) fttl la’(s)| ds
+ %1 fttl 22(s —r)ds + %101

<ai(D*+ o1+ 8) + |Ma(t1)| + (D? + o1+ 2)A+ Yoy
+4 ﬁtl 22(s —r)ds.

1)

Next
t
Aty < [ fals=r)] |h(s)lds
1
t
< D[ h(s)ds
t1
< DiD.

By (4.4) and condition (Hg) of Theorem 4.1 we obtain

t t by [t
coM | z*(s—r)ds < /t c(s)x(s—r)f(x(s—r))ds < K—|—§1 z2(s—r)ds,

t1 1 i1

then

where

b1
=11+ (a1 + A)(D* + 01 + = ) + [ Ma(t1)| + —01 + D1D.

t +o00

from which it follows that / 2%(s — r)ds < oo hence / 2% (s)ds < oo.
t t

This fact completes the p]roof1 of theorem. O '

5. Example

We consider the following third order non-autonomous delay neutral differ-
ential equation
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13 1

[z(t) + Bz(t —7)])" + (% arctant + 7)x” + (2 o +1)a’

(1) g+ DeE-n+ 1f§f2&r_)r)>— =
Now, it is easy to see that for all ¢t > ¢1,
G:aoga(t):%arctant—i—g§7:a1, a,(t)_w(l}l—ﬁ)g%’
1—c0gc(t)—4—1ﬁ+1§b(t)zﬁlﬁ+1§g:bl,
1 M<%QC)—1—1—1 xgwithx;éo,and]f’(x)]§2:(5,
5(1+§):%<d<6=a0, for B:i,
coM—%:1—2>O,
%da’(t)—co(d—(l—i-g)é)—l—leﬁ(leﬂ—l—d)g—%<O, for d =4,

Blar —d)— (2—pB)(ap —d)+ pbi(1+ ) = —2,28 <0,

too ge— L too ]
§=— < +00,
~/t1 ’a (S)’ ™ w/tl 1+ 82

s)|ds < / < +o00.
/tl | ( )| t1 1 82

All the assumptions of Theorem 4.1 are satisfied, we can conclude that
every solution of (5.1) and their derivatives are bounded and elements of
L2[t1, +00).
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