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208 F. Ghomanjani

4. Approximation technique

We consider equation (1.1). Now by Eq. (3.1), one may have

Dα

Ã
nX

r=0

arBr,n(x)

!
= g(x) +

Z 1

0
K(x, t)

Ã
nX

r=0

arBr,n(t)

!
dt,(4.1)

One may define

R1(x, a0, a1, . . . , an) :=
nX

r=0

arD
αBr,n(x)− g(x)−

Z 1

0
K(x, t)

Ã
nX

r=0

arBr,n(t)

!
dt,

(4.2)

now, we have

R =

Z 1

0

⎛⎝R1(x, a0, a1, . . . , an)
⎞⎠2dx

=

Z 1

0

⎛⎝ nX
r=0

arD
αBr,n(x)− g(x)−

Z 1

0
K(x, t)

Ã
nX

r=0

arBr,n(t)dt

⎞⎠⎞⎠2 dx,
(4.3)

where (see [8])

DαBr,n(x) =
1

Γ(n1 − α)

Z x

0

B
(n1)
r,n (t)

(x− t)α+1−n1
dt, n1 ≤ α < n1,

Br,n(t) =

Ã
n

r

!
tr(1− t)n−r =

n−rX
j=0

(−1)j
Ã
n

r

!Ã
n− r

j

!
tj+r,

DαBr,n(t) =
n−rX
j=dαe

Ω(r,j,n)
Γ(r + j + 1)

Γ(r + j − α+ 1)
tr+j−α,

Ω(r,j,n) = (−1)j
Ã
n

r

!Ã
n− r

j

!
,
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because of

Br,n(x) =

Ã
n

r

!
xr(1− x)n−r

=

Ã
n

r

!
xr

n−rX
j=0

(−1)j
Ã
n− r

j

!
xj

=
n−rX
j=0

(−1)j
Ã
n

r

!Ã
n− r

j

!
xj+r(4.4)

By Eq. (4.3) and multiplier lagrange method, to find ar, r = 0, 1, . . . , n,
we have R is equivalent as follows:

∂R

∂ar
= 0, r = 0, 1, . . . , n,(4.5)

by Eqs. (4.3) and (4.5), we can obtain

Z 1

0

⎛⎝ nX
r=0

arD
αBr,n(x)− g(x)−

Z 1

0
K(x, t)

nX
r=0

arBr,n(t)dt

⎞⎠
×

⎛⎝DαBr,n(x)−
Z 1

0
K(x, t)Br,n(t)dt

⎞⎠⎞⎠dx = 0,(4.6)

by Eq. (4.6), we can obtain a system of n+ 1 linear equations with n+ 1
unknown coefficients ar.

Now, the following problem is considered:

L(f(x),Dαf(x)) = Dαf(x)− g(x)−
Z 1

0
K(x, t)f(t)dt = F (x), 0 ≤ x, t ≤ 1,

f(0) = a,(4.7)

where a is given real number.

Lemma 4.1. For a polynomial in Bezier form
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A new approach for solving linear fractional integro-differential ... 211

can obtain polynomials P1,N1(x) = Q1,N1(x) + β such that P1,N1(x) satisfy
the boundary conditions P1,N1(0) = a.

Thus Q1,N1(0) + β = a, by utilizing (4.8), one have

ka−Q1,N1(0)k∞ = kβk∞ ≤
�

16kK(x, t)k∞
.

Now, we have

kP1,N1(x)− f̄(x)k∞ = kQ1,N1(x) + β − f̄(x)k∞
≤ kQ1,N1(x)− f̄(x)k∞ + kβk∞

≤ 2�

16kK(x, t)k∞
,

kDαP1,N1(x)−Dαf̄(x)k∞ = kDαQ1,N1(x)−Dαf̄(x)k∞ <
�

16
,

Now, let define

LPN (x) = L

⎛⎝P1,N1(x),DαP1,N1(x)

⎞⎠ = DαP1,N1(x)− g(x)

−
Z 1

0
K(x, t)P1,N1(t)dt = F (t)

for every x ∈ [0, 1]. Thus for N ≥ N1, one may find an upper bound for
the following residual:

kLPN (x)− F (x)k∞ = kL

⎛⎝P1,N1(x),DαP1,N1(x)

⎞⎠− F (x)k∞

≤ kDαP1,N1(x)−Dαf̄(x)k∞

+

Z 1

0
kK(x, t)k∞kP1,N1(t)− f̄(t)k∞dt

≤ �

16
+ kK(x, t)k∞

�

16kK(x, t)k∞
≤ �

Since the residual R(PN ) := LPN(x) − F (x) is a polynomial, we can
represent it by a Bezier form. Thus we have
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212 F. Ghomanjani

R(PN) :=
mX
i=0

di,mBi,m(x).

Then from Lemma 1 in [11], there exists an integer M(≥ N) such that
when m > M , we have

| 1

m+ 1

mX
i=0

d2i,m −
Z 1

0
(R(PN))

2 dx| < �,

which gives

1

m+ 1

mX
i=0

d2i,m < �+

Z 1

0
(R(PN))

2 dt ≤ �(4.9)

Suppose f(x) is approximated solution of (4.7) obtained by the control-
point-based method of degree k(k ≥ m ≥M). Let

R(f(x),Dαf(x)) = L(f(x),Dαf(x))− F (x)

=
kX
i=0

ci,kBi,k(x), k ≥ m ≥M, x ∈ [0, 1].

Define the following norm for difference approximated solution f(x) and
exact solution f̄(x):

kf(x)− f̄(x)k := |f(x)− f̄(x)|.(4.10)

It is easy to show that:

kf(x)− f̄(x)k ≤ C(|f(0)− f̄(0)|+ kR(f(x),Dαf(x))k22)

= C

Z 1

0

kX
i=0

(ci,kBi,k(t))
2 dx ≤ C

k + 1

kX
i=0

c2i,k(4.11)

Last inequality in (4.11) is obtained from Lemma 1 in [11] in which C
is a constant positive number. Now from Lemma 4.1 and (4.9), one can
easily show that:
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kf(x))− f̄(x)k ≤ C

k + 1

kX
i=0

c2i,k

≤ C

k + 1

kX
i=0

d2i,k ≤ . . . ≤ C

m+ 1

mX
i=0

d2i,m

≤ C(�) = �1, m ≥M,(4.12)

where last inequality in (4.12) is coming from (4.9).
This completes the proof. 2

5. Numerical examples

Now, some numerical examples of LFIDEs are stated to illustrate the Bezier
curve method. All results are obtained by utilizing Maple 14.

Example 1. The following LFIDEs is considered (see [9])

D1/2f(x) =
(8/3)x3/2 − 2x1/2√

π
+

x

12
+

Z 1

0
xtf(t) dt, 0 ≤ x, t ≤ 1,

f(0) = 0,

where the exact solution is f(x) = x2−x. Applying the proposed technique
with n = 3, 4, 5, one may have

fapprox = −x+ x2 − 6.6× 10−16x3, for n = 3,

fapprox = −x+ x2 − 4.44× 10−14x3 + 1.82× 10−14x4, for n = 4,

fapprox = x2 − x, for n = 5.

Marisol Martínez
table1
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214 F. Ghomanjani

Example 2. The following LFIDEs is considered (see [9])

D5/6f(x) = g(x) +

Z 1

0
xetf(t) dt, 0 ≤ x, t ≤ 1,

g(x) =
−3
91
× x1/6Γ(5/6)(−91 + 216x2)

π
+ (5− 2e)x,

f(0) = 0,

where the exact solution is f(x) = −(x3 − x). Applying the proposed
technique with n = 4, 5, we obtain

fapprox = x+ 7.12× 10−15x2 − x3 + 3.56× 10−15x4, for n = 4,

fapprox = x− x3, for n = 5.

Marisol Martínez
figure-1
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Example 3. The following LFIDEs is considered (see [9])

D5/3f(x) =
2
√
3Γ(2/3)x1/3√

π
− 1
5
x2 − 1

4
x+

Z 1

0
(xt+ x2t2)f(t) dt, 0 ≤ x, t ≤ 1,

f(0) = f 0(0) = 0,

where the exact solution is f(x) = x2. Applying the proposed technique
with n = 4, 5, we have

Marisol Martínez
table2
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rvidal
Cuadro de texto
209



216 F. Ghomanjani

fapprox = −6.661338148× 10−16 + x2 − 7.861338148× 10−16x3, for n = 3,

fapprox = 3.108624469× 10−15 + x2 + 2.310587341× 10−14x3

− 1.066862447× 10−14x4, for n = 4,

fapprox = −4.440892098× 10−15 + 1.000000000× x2 − 2.664535259× 10−14x3

+ 1.776356839× 10−14x4 − 4.440892098× 10−15x5, for n = 5,

The graphs of approximated and exact solution f(x) are plotted in Fig.
3 (with n = 5).

Marisol Martínez
figure-3
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218 F. Ghomanjani

where h = tf − t0, and

Br,n(
t− t0
h

) =

Ã
n

r

!
1

hn
(tf − t)n−r(t− t0)

r,(5.3)

is the Bernstein polynomial of degree n over the interval [t0, tf ], ar and br
are the control points. Suppose thatMB is the coefficient matrix of Br,n(t),
r = 0, 1, . . . , n, where MB(i, j) is the coefficient of the Bi,n(t) with respect
to the monomial tj−1, then by Eq. (5.3) we have

MB(i, j) = (−1)i+j
Ã
n

i

!Ã
n− i

j − i

!
, i = 0, 1, . . . , n, j = i, . . . , n,

also

Br,n(t) =

Ã
n

r

!
ti(1− tn−i)

=

Ã
n

r

!
ti

⎛⎝ n−rX
k=0

(−1)k
Ã
n− r

k

!
tk

⎞⎠
=

n−rX
k=0

(−1)k
Ã
n

r

!Ã
n− r

k

!
tr+k, r = 0, 1, . . . , n,

hence

Ar+1 =
n
0, 0, . . . , 0, (−1)0

¡n
r

¢
, (−1)1

¡n
r

¢¡n−r
1

¢
, . . . , (−1)n−r

¡n
r

¢¡n−r
n−r

¢
where Br,n(t) = Ar+1Tn(t), r = 0, 1, . . . , n, and

Tn(t) =

⎡⎢⎢⎢⎢⎣
1
t
...
tn

⎤⎥⎥⎥⎥⎦
(n+1)×1

now

A =

⎡⎢⎢⎢⎢⎣
A1
A2
...

An+1

⎤⎥⎥⎥⎥⎦
(n+1)×(n+1)
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φ(t) = ATn(t)

φ(t) =

⎡⎢⎢⎢⎢⎣
B0,n(t)
B1,n(t)
...
Bn,n(t)

,

⎤⎥⎥⎥⎥⎦
therefore d

dtφ(t) = Dφ(t) for 0 ≤ t ≤ 1, and

d

dt
φ(t) = A

⎡⎢⎢⎢⎢⎢⎢⎣
0
1
2t
...

ntn−1

⎤⎥⎥⎥⎥⎥⎥⎦

= A

⎡⎢⎢⎢⎢⎢⎢⎣
0 0 0 . . . 0
1 0 0 . . . 0
0 2 0 . . . 0
...
...
... . . .

...
0 0 0 . . . n

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣
1
t
t2

...
tn−1

⎤⎥⎥⎥⎥⎥⎥⎦
= AΛ0T 0

where

Λ0 =

⎡⎢⎢⎢⎢⎢⎢⎣
0 0 0 . . . 0
1 0 0 . . . 0
0 2 0 . . . 0
...
...
...

...
0 0 0 . . . n

,

⎤⎥⎥⎥⎥⎥⎥⎦

T 0 =

⎡⎢⎢⎢⎢⎢⎢⎣
1
t
t2

...
tn−1

,

⎤⎥⎥⎥⎥⎥⎥⎦
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B0 =

⎡⎢⎢⎢⎢⎢⎢⎣
A−11
A−12
A−12
...

A−1n

,

⎤⎥⎥⎥⎥⎥⎥⎦
therefore

d

dt
φ(t) = AΛ0B0φ(t),

hence D = AΛ0B0 which is operational matrix of differentiation for Bezier
curve.

By substituting x(t) and u(t) in system (5.1), one may defineR1(t, a0, a1, . . . , an, b0, b1, . . . , bn)
for t ∈ [t0, tf ] as follows:

min R1(t, a0, a1, . . . , an, b0, . . . , bn) =

Z 1

0
F (t,

nX
r=0

arBr,n(
t− t0
h

),
nX

r=0

brBr,n(
t− t0
h

)) dt,

such that Dα(t)
nX

r=0

arBr,n(
t− t0
h

) = H(t,
nX

r=0

arBr,n(
t− t0
h

),
nX

r=0

brBr,n(
t− t0
h

)),

x(0) = x0, x
0(0) = x00, . . . , x

p−1(0) = xp−10 ,

(5.4)

using NLPSolve in Maple Software and stated operational matrix, one may
solve defined system new2.

6. Numerical applications for MVOFDEs

In this section, we consider some numerical examples to illustrate the ef-
ficiency and reliability of the proposed method for MVOFDEs. Also, we
report the absolute errors of the proposed method for the under consider-
ation examples.
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