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Abstract

We define and study the gemeralized centroid of a semiprime I'-
semiring. We show that the generalized centroid Cr is a multiplica-
tively requler T'-semiring and so I'-semifield and give some properties
of the generalized centroid of a semiprime I'-semiring.
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1. Introduction

I-semirings were first studied by M. Murali Krishna Rao [3] as a general-
ization of I'-ring as well as of semiring. All definitions and fundamental
concepts concerning I'-semirings can be found in [3], [4], [1], [2],[5]. and
[6]. Oztiirk and Jun studied the extended centroid of a prime I-ring in [9]
and [10]. They also introduced some properties of the generalized centroid
of semiprime I-ring in [11]. Recently, Yazarh and Oztiirk [7] considered
the extended centroid of a prime semiring. After, Oztiirk introduced the
extended centroid of the prime I'-semirings [8]. Let S be right multiplica-
tively cancellable semiprime I'-semiring. In this paper we consider the
main results as follows: (1) The generalized centroid of S is multiplica-
tively reguler I'-semiring. (2) Cr is a I'-semifield. (3) St = ST'Cr is a right
multiplicatively cancellable semiprime I'-semiring. (4) Let S be multiplica-
tively cancellable semiprime I'-semiring. If @ and b are nonzero elements
in ST such that avxfb = bBxvya for all x € S and for all v,3 € I' then
there exists ¢ € Cr and «y € T such that gya = b. (5) Let f: S — Sp be an
additive map satisfying f(zS8y) = f(x)By for all x,y € S and f € I'. Then
there exists ¢ € Q,(Sr) such that f(z) = gfx for all z € S.

2. Preliminaries

Let S and I' be two additive commutative semigroups. Then S is called
I-semiring if there exists a mapping S x I' x S — S ( image to be denoted
by aab for a,b € S and a € ' ) satisfying the following conditions for all
a,b,c € S and for all o, 8 € I':

i) aa(b+ ¢) = aab + aac

i1) (a + b)ac = aac + bac

i11) a(a + B)b = aab + afb

iv) aa(bBc) = (aab)pBe.

A T-semiring S is said to have a zero element if there exists an element
O0g € S such that 0Og 4+ 2 =2 = £+ 0g and Ogyz = 0g = z70g for all z € §
and v € I'. Also, a ['-semiring S is said to be commutative if zvy = yvyz,
for all z,y € S and v € I'. Let S be a I'-semiring with zero. If there
exists an element Op € I'such that aOpb = b0ra = Og for all a,b € S and
Or + 8 = g for all 8 € I', then Or is called the zero of I'. When the context
is clear we simply write 0 instead of Op. Throughout this paper we consider
I'-semiring with zero.

Let S be a I'-semiring. An element a € S is called a left identity (resp.
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right identity ) of S if x = ayx (resp. x = zya ) for allxz € S and vy € T". If
a is both a left and right identity, then a is called an identity of S. In this
case we say that S is a I'-semiring with identity . If A and B are subsets of
a [-semiring S and A C I', we denote by AAB, the subset of .S consisting
of all finite sums of the form Zaiaibi where a; € A, b; € B and a; € A.
For the singleton subset {z} of S we write zAA instead of {z}AA.

A nonempty subset I of a I'-semiring S is called a subl'-semiring of S
if I is a subsemigroup of (S,+) and ayb € I for all a,b € [ and vy € I'. A
right (left) ideal I of a I'-semiring S is an additive subsemigroup of S such
that I 'S C I (STI c I).1If I is both a right and a left ideal of S, then
we say that [ is a two-sided ideal or simply an ideal of S.

Let S be a I'- semiring. A proper ideal P of S is said to be semiprime
if for any ideal A of S, AT'A C P implies that A C P. A I'-semiring S is
called a semiprime I'-semiring if < Og > is a semiprime ideal of S.

Theorem 1. [1, Theorem 3.6.] If P is an ideal of a I'-semiring S then the
following conditions are equivalent:
i) P is semiprime.
i7) If a € S such that alI'ST'a C P then a € P.
iii) Forae Sif <a>TI <a>C P thena € P.
iv) If U is a right ideal of S such that UT'U C P then U C P.
v) If V' is a left ideal of S such that VI'V C P then V C P.

A commutative I'-semiring S is said to be I'-semifield if for any a(#
0) € S and for any « € T there exists b € S, § € I' such that aabBd = d
foralld € S.

An element a of I'-semiring S is regular if there exists x € Sand o, 5 € T
such that a = aaxfa. A T'-semiring S is regular if every element in S is
regular.

Let S be a I'-semiring. A commutative monoid (M, +) with additive
identity 0ps is said to be a right I'-semiring S-semimodule or simply a
I'S-semimodule, if there exists a mapping M x I' x S — M (images to be
denoted by aaS for a € M, € T, s € 5) satisfying the following conditions
for all a,b € M, for all s,t € S and for all o, 5 € I":

i) (a + b)as = aas + bas,

i1) ac(s +t) = aas + aat,

iit)a(a + B)s = aas + afs,

iv) aa(sft) = (aas)pt,

v) Opras = 057 = aalg.
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One defines a left '-semiring S-semimodule in an analogous fashion.
Let R and S both be I'-semirings and f a map of R into S. Then f is a I'-
homomorphism if and only if f (r1 +72) = f(r1) + f (r2) and f (riyre) =
f(ri)vf (r2) for all 7,2 € R and for all v € I'. A I'-homomorphism of
semirings which is both injective and surjective is called isomorphism. If
there exists isomorphism between I'-semirings R and S we write R = S. If
f: R — S is I-homomorphism of semirings, then Im (f) = { f (r)|r € R}
is '-subsemiring of S.

Let S be I'-semiring, M and N be I'S-semimodule. Then a function f
from M to N is a right ['S-semimodule homomorphism if and only if the
following conditions are satisfied:

i) f(m1+mg) = f(my1)+ f(mg) for all mi,mg € M,

i1) f(mas) = f(m)as for all m € M, for all s € S and for all « € T.

3. Generalized centroid
Definition 1. Let S be I'-semiring. For a subset U of S,
AnniU = {a € S|al'U = (0g) }

is called the left annihilator of U. A right annihilator Ann,U can be defined
similarly.

Lemma 1. Let S be a semiprime I'-semiring and U a non-zero ideal of S.
Then Ann;U = Ann,U and in this case we will write AnnyU = Ann, U =
AnnU. Also AnnU NU = (0g).

Proof. It is clear that Ann;U and Ann,U are ideals of S. Since
AnnUTU = (0g), UTAnnyUTUT AnnyU = (Og). Since S is semiprime
[-semiring, we get UT'AnnyU = (0g). That is, AnnyU C Ann,U. On
the other hand, since UT' Ann, U = (0g), we have Ann,UTUT' Ann, UT'U =
(0g) . Then, Ann,UTU = (0g). Hence Ann,U C AnmU, and so, AnnU =
Ann,U.

Since AnnU NU is an ideal of S and (AnnUNU)T (AnnU NU) C
UT'AnnU = (0g), we have AnnU N'U = (0g), since S is semiprime I'-
semiring. O

Lemma 2. Let S be a semiprime I'-semiring. Let us denote by F' a set of
all ideals of S which have zero annihilator in S. In this case, the set F' is
closed under multiplication.
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Proof. Let U and V be in F. The equality UT'Vz = (0g) for z € S
and all § € T yields Vfz C Ann,U = (0g), i. e., VBx = (0g) and so
x € Ann,V = (0g) which implies = 0g. Then we get UI'V € F. O

Lemma 3. Let S be a semiprime I'-semiring and U a nonzero ideal of S.
Then U € F if and only if U has nonzero intersection with any nonzero
ideal of S.

Proof. Let U € F. Then (0g) # UI'V C U NV where V is nonzero
ideal of S.

Conversely, since U N AnnU = (0g), then AnnU = (0g) and so U € F.
]

Remark 1. If U,V € F, then UNV € F.

Let S be a semiprime I'-semiring such that ST'S # S. The ideals U of
S and S regard as right I'S-semimodules. Denote
M ={f:U— 5| <0g>#U is ideal of 5,
f is right T'S-semimodule homomorphism }.

Define a relation ~ on M by f ~ g < 3 K(€ F) C UNV such that
f =g on K where Uand V are domains of f and g respectively. Since the
set F'is closed under multiplication, it is possible to find a nonzero K and
so” ~ 7 is an equivalence relation.

This gives a chance for us to get a partition of M. Then we denote
the equivalence class by f = [U, f], where f= {g: V=S| f~g}and
denote by @, set of all equivalence classes. That is,

Qr = {?\ | f:U — S is right I'S-semimodule homomorphism and

< 0g ># U is ideal of S }.
Now we define an addition ” +7” on @, as follows:
f+ri=f+y

for all f,ﬁ € Q. Let J?,ﬁ € @, where U and V are domains of f and
g respectively. Therefore f +¢ : UNV — § is a right I'S-semimodule
homomorphism. Assume that f; ~ fo and g1 ~ g2 where Uy, Us, V7 and
Vo are domains of fi, fa, g1 and gy respectively. Then 3K;(€ F) C U1 NU,
such that f; = fo on K; and 3K5(€ F) C V3N V3 such that g1 = g2 on Ks.
Taking K = K1 N Ky. Then K € F and



810 Hasret Durna and Damla Yilmaz

K :KlﬂKgg(UlﬂUQ)ﬂ<VlﬂV2)
=(U1NV1)N(UaN V).

For any z € K, we have (f1 + g1) (z) = f1 (z)+g1 (z) = f2 (z)+g2 (2) =
(f2 + g2) (z), and so fi+g1 = fo+go on K. Therefore fi+g1 ~ fo+ge where
fitgr:UiNVi; — Sand fo+go: UsNVy — S are right I'S-semimodule
homomorphisms. That is, addition ”+4” is well-defined. Now we prove
that @, is a commutative monoid. It is shown easly that f + (§+ h) =
(F+§)+hand f+g=g+f forall f,§,h € Q.

Taking 0 c @, where # : S — S, x +— Og for all z € S. Let fe Qr,
where U is domain of f. Since U CU NS, we get for all x € U,

(f+0)(z) = f(z)+0(x) = f(z) + 05 = f (z)

and

O+ f)(x) =0(x)+ f(z) =05+ f(z) = ().

Thus, f—i— 6=0+ f: f Hence 6 is the additive identity in Q..

Since ST'S # S and S is a semiprime ['-semiring, ST'S(#< 0g >) is
an ideal of S. Therefore SBS € F for every B (# 0) € I'. We can take the
homomorphism 1gr : ST'S — S as a unit ['S-semimodule homomorphism.
Note that SBS #< 0 > for all <0 ># €I so that 155 : SBS — S is
nonzero I'S-semimodule homomorphism. Denote

N::{155156S—>S| O#ﬁér},

and define a relation” ~” on N by 1gg ~ 1lgy < I W = SaS(#<0>) C
SBSNSvS such that 153 = 1g, on W where S35 and S+.S are domains of
1sg and 1g, respectively. We can easily check that ” ~” is an equivalence
relation on N. Denote by B = [SBS, 1ss], the equivalence class containing
1sp and by [ the set of all equivalence classes of N with respect to” =7,
that is, R

,3: = {157 : S’yS — S |155 ~ 157}

and T := {B | 0+ 8 €T'}. Define an addition + on T as follows:
B+i=p+y
for all B(# 0),~(s 0) € I. Then it is routine to check that (I, +) is com-

mutative monoid.
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Now we define a map (—, —, —) : Q XL x Q, — Q», (f, 5,3) — f B3,
as follows:

—

fBG=fBg

where U,V and SBS are domains of f , g and 1gg respectively. Therefore
flsgg : VI'SBSTU — S is a right I'S-semimodule homomorphism where

VI'SBSTU =1 Z viyisiBriogu; | vi € Vou; € U, sy, ry € S and 4, i },

finite

an ideal of S. Assume that f; ~ f2, g1 ~ g2 and 1lgg = lgg where

Ui,Us, V1, Vo, SBS and SB,S are domains of f1, f2, 91, g2, 153 and 1351 re-
spectively. Then 3K; C U; NU; such that fi = fo on Ky, 3K C V1NV,
such that g1 = g2 on Ko and IW C S55N SB/S such that 155 = 136' on W.

Also ViTSBSTU; NVAI'SB STU, C (U, N SBS N Vi) N (U2 NnsSE' SN V2) =

(U1NU) N (ViNVa) N (SBS N SH'S) and there exists < 0g ># K is an
ideal of S such that K C ViI'SBSTU; N VaI'SB STUs. For any z € K, x €
Vil'SBSTU; NVLl'SB STUs. Hence z € ViT'SBSTU, and = € Vol'SB ST Us.
Then, z = Z vivisiBriaiug; v; € ViNVa, u; € Uy NUs, s;,1; € 5 and
finite
i, ;L. Therefore
(filspgr) () = fi(lsp(gi( Y vimisiBriciug)))

= filgr( X szz;ﬁnaiuz‘))

= fi( ilnge(vi)%&ﬁnaiui) = fil 2 92 (vs) wsiPriciw)
= f2(f§egz (vi) isiBriciu;) = f2(§2n(nfz viYisiBriciu;))
= fﬂg;?w(f; vi%isiBriog;))) = (Jf;;t;ﬁm) (z)

and so filsggr = f21SB/gQ on K. Hence, ﬁ B g1 = }; ﬁA’ g2. That is, 7.” is
well-defined. Now we will prove that @, is a f—semiring with identity.

Let f, §,7z € Qr where U, V and W are domains of f , g and h respec-
tively and ¥ € I' where Sv.S is domains of 1g,. Since
(VNW)I'SySTU C VI SySTUNWTSySTU, we get for allz € (V NW)['SvSTU,
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[flsy (g +h)] () =f(1s

= f(1sy(g (z) + h(2)))

= f (1sy(g (%)) + Lsy(h (z)))

= f(1sy(g9(2))) + f (Lsy(h (2)))
= (flsyg)(@) + (flsyh) (x)
= [flswg + fls'yh] ( )

o
+(g

((9+h)( z))
(9

Hence fl1s,(g9+h) = flsyg+flsyhon (V) I'SySTU.That is, 1A (g + h)

f 35+ f Ah. Simﬂarly, the equalities (f +9)7 h = f3 h+gy h and
f f(y+ B) G = f7 G+ fB g are proved in analogous way. Also, let
f g,h € Qr Where U, V and W are domains of f , g and h respec-
tively and #, ﬁ € T' where SvS,SBS are domains of 1g,,1g3 respec-
tively. Since WI'SBST (VI'SySTU) = (WT'SBSTV)I'SySTU, we get for
all z € WI'SBST (VI'S~STU),
[(f Lsy9)1sph] (z) = ((flsy9)1sp) (h(z))

= f (1sy9 (Lsph (z)))

= f (1sy (91ssh) (z))

= [flsy (91lsph)] (z).

Hence (f 15,yg)155h = flsy (glsgh) on WI'SBST (VI'SySTU). That

s, ( f ~4) Bh = f ’y(gﬁh) Next we will show that @), has an identity. Taking
IeQrwhereI S — S5, s+— sforall s eSs. LethQr,WhereUis
domain of f and ¥ € I’ where S7vS is domains of 1g, Since STU C U,
we get for all x € ST'SySTU, (flsy I)(z) = f(1sy( I(z))) = f(x) and
(I1syf) () = I (1sy(f (z))) = f(x). Thus, fy1 = I5f = f. Hence I is
the multiplicative identity in @,. Therefore (Q,,+,.) is a f—semiring with
identity. Moreover we have that 7 =+ I.

Finally, noticing that the mapping ¢ : I' — [' defined by ¢(v) =7 for
every 0 # v € I is an isomorphism, we know that the f—ring Q@ is aI-
semiring. Thus, (Qy, +,.) be a I'-semiring. One can, of course, characterize
Q1, the left quotient I'-semiring of S in a similar manner.

Definition 2. A T'-semiring S is said to be right (left) multiplicatively
cancellable if xyy = zyy; ( resp. xyy = xyz ) for all x,y,z € S and for all
v € I' implies that © =z (resp. y =z ).

Let S'is a semiprime I'-semiring. If S is right multiplicatively cancellable
semiring, then S may be embedded in @, as a subl'-semiring. Let a € S.
Define Agy : S — S by Mgy (s) = ays for all s € S and for all vy € I'. It is
clear that A, is a right I'S-semimodule homomorphism, so that A,, defines
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element Xav of Q. Hence we may define ¢ : S — @, by ¢ (a) = Xav for
a € S. 1 is a monomorphism.

Therefore S is subI-semiring of Q.. We call @, the right quotient I'-
semiring of S. For purposes of convenience, we use q instead of § € Q.

Definition 3. The set

Cr:={q € Q| qyp =pyq for all p € Q, and for all v € '}

is called the generalized centroid of a I'-semiring S.

Remark 2. Assume that ¢ = [U, f] € Cr. For all s € S, [S, Xs] . [SBS, 15g]
AU, f1=1U, f1.[SBS, 1sp] . [S, As] and so there exists K (€ F)) C UT'SBST'SN
STSBSTU such that A\s1sgf = flggAs on K. From here, (A1gsf)(x) =
(flgpAs)(x) for all v € K, ie., sff(x) = f(spx). Hence f acts as a I'S-

semimodule homomorphism on K.

The following theorem characterizes the quotient I'-semiring ), of S.
The proof is same the proof of the corresponding theorem in ring theory
and we omit it.

Theorem 2. Let S be a right multiplicatively cancellable semiprime I'-
semiring and @, the quotient I'-semiring of S. Then the I'-semiring Q,
satisfies the following properties:

(7) @, is semiprime I'-semiring.

(27) For any element g of @, there exists an ideal of U, € F' which has zero
annihilator with a right I'S-semimodule homomorphism ¢ : U — S, such
that ¢(Uy) €S (or ¢gyU, C S forall y eI).

(7i) If ¢ € Q, and q(U,) = {0g} for a certain U, € F (¢7U,; = {0g} for a
certain U, € F' and for all v € I'), then ¢ = 0.

(iw) IfU € Fand ¥ : U — S is a right I'S-semimodule homomorphism,
then there exists an element ¢ € @, such that ¥(u) = g(u) for all u € U
(or ¥(u) = gyu for all w € U and for all v € T).

(v) Let W be a subIl'S-semimodule ( an (S, S) subbil'S-semimodule) in @,
and U : W — @, a right ['S-semimodule homomorphism. If W contains
the ideal U of S such that U(U) C S and AnnU = Ann,W, then there is
an element ¢ € @, such that U(b) = ¢(b) for any b € W (or ¥(b) = ¢yb for
any b € W and v € I') and ¢(a) = 0 for any a € Ann,W (or ¢ya = 0 for
any a € Ann,W and v € T).
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Theorem 3. Let S be a right multiplicatively cancellable semiprime I'-
semiring and CTt the generalized centroid of S. Then all elements of Ct are
multiplicatively regular.

Proof. Let a be an element of Cr. Then a,a®? € @, and so we get
that U, and U,2 are nonzero ideals which have zero annihilators in S.
Hence J = U, NU, € F we consider the mapping ¥ : J — S de-
fined by ¥(a?Bz) = afBz for any B € I' where x runs through the set
J. Let a®?Bx = a?By. Since a? € Cr, xBa® = yBa®. Let a® = [Uye, f]
and so [S, A;].[SBS, 1sp] . [Us2, f]1 =[S, Ay] . [SBS, 1sp] . [U,2, f]. Therefore
there exists K € F' such that K C Ug,.I'SBSTS and A\;1sgf = Aylsgf
on K. For all z € K, (A\;lsgf)(2) = (MAylgaf)(z) and so zff(z) =
yBf(z). Since S be right multiplicatively cancellable I'-semiring, we get
x = y. Thus afx = aPy. That is, ¥ is well-defined. It is easy to
see that W is right ['S-semimodule homomorphism. There exists a; €
Q, such that aiaa?Bx = afz for all x € J . We have that ajaa® =
a. Let us prove that the element a; in Cpr. Let ¢ be an arbitrary ele-
ment of Q.. Then (a;ca?)?Bq = qB(a1aa?)? and so a*aa?Bq = a*aqBa?.
Multiplying this equality from left by aaa$, we get acai3q¢ = aagBa;.
Assume that a = [U,,d], a18q = [V,g] and gqBa; = [H,h|. Therefore
[V,g].[SaS,1s4] . [Us,d] = [H,h].[SaS,154].[Ua,d] and so there exists
L(e F) C U'SaSTV N U I'SaSTH such that glgad = hlgad on L.
Since a € Cr, there exists W € F such that d is a I'S-semimodule homo-
morphism on W. On the other hand d~'(W N L) is an ideal which has zero
annihilator in S, of S. Also gd = hd on d~Y(W N L)N L. Hence g = h on
W N L. That is, a18q = qBa1. This completes the proof. O

Lemma 4. Cr is multiplicatively cancellable I'-semiring.

Proof. Let sfp = sBq for p,q,s € Cr. Then

[H,h].[SBS, 1sp] . [U, f] = [H, h] . [SBS, 1sp] - [V, g]

where p = [U, f],q = [V, g],s = [H, h]. Hence there exists ({0s} #)K € F
such that K C UT'SBSTH N VI'SBSTH and hlggf = hlsgg on K. Since
fyg,h € Cp, there exists W € F such that f(x)8h(y) = g(z)Bh(y) for all
z,y € KNW. Andso f = g on KNW. That is, p = q. Thus Cr is
multiplicatively cancellable I'-semiring. O
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We have showed that all elements of Cr are multiplicatively regular. For
any element a € Cr, there exists an element a; in Cr such that a;8a® = a.
Since Cr is multiplicatively cancellable I'-semiring, ai18a = I. Thus all
nonzero elements of Cr have multiplicative inverse. Thus we have the
following result:

Corollary 1. Ct is a I'-semifield.

We now let Sp = ST'CT, a subl'-semiring of @), containing S. We shall
call St the central closure of S. The same proof used in showing that @,
was semiprime may be employed to show that St is semiprime.

Proposition 1. Let S be right multuplicatively cancellable semiprime I'-
semiring and St be the central closure of S. Then Sr is a right multiplica-
tively cancellable semiprime I'-semiring.

Proof.  The proof is similar with the proof of [7, Proposition-2]. But we
notice that ideals are in F' in the proof. O

Theorem 4. Let S be multiplicatively cancellable semiprime I'-semiring.
If a and b are nonzero elements in Sr such that ayzBb = bSxvya for all
x € S and for all 7,5 € I then there exists ¢ € Cr and v € I" such that

gya =b.

Proof.  The proof is similar with the proof of [7, Theorem-3]. But we
notice that ideals are in F' in the proof. O

Theorem 5. Let f : S — Sr be an additive map satisfying f(zf8y) =
f(z)By for all x,y € S and S € T'. Then there exists ¢ € Q,(Sr) such that
f(z) =qpx for all z € S.

Proof. Let us extend f from S to Sr according to f (3. ziau);) =
> f(mi)aiAi, where x; € S, oy € T and \; € Cp. Let > zjai\i = Y i 5i,
i, y; € S, N, B; € Cpr. There exists a nonzero ideal K in S such that
MoK C S for every i. For a € K, the sum ) x;c;(Aiya) in S. Then,

>z (Aiya) = 3 yici(Biva)
> f(@i)aidiva =3 fyi)auBiva
(3 f(@i)aihi) va = (3 f(yi)iBi) va.
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Since Sr is a right multiplicatively cancellable semiring, we get

> f(@i)aihi = 30 f(yi)auBi. And so, f (X wicidi) = f (3 yicifi). That
is, f is well-defined. The fact that f(zay) = f(x)ay for all z,y € Sp
can be seen by a direct computation. Thus f : Sp — Sr is a right Sr
homomorphism, hence there exists ¢ € Q,(Sr) such that f(z) = gBz,

x € S. Since f is an extension of f, this proves the theorem. O
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