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Abstract

~ In this paper we introduce the sequence spaces co'(A) ¢ (A) and
0t (A) of interval numbers and study some of their algebraic and topo-

logical properties. Also we investigate some inclusion relations related
to these spaces.

Keywords : Sequence space; interval numbers; difference operator;
solidity.

2000 Mathematics Subject Classification : 40C05; 40J05; J6A45



604  Binod Chandra Tripathy, Shyamal Debnath and Subrata Saha

1. Introduction

Many mathematical structures have been constructed with real or complex
numbers. In recent years, these mathematical structures were replaced by
fuzzy numbers and interval numbers. These are very popular since 1965
due to the introduction of fuzzy sets by L.A.Zadeh. The notion of fuzzy
real numbers has been applied for introducing converging sequences of fuzzy
numbers by Tripathy and Debnath [6], Tripathy and Baruah [4], Tripathy
and Sen [5] and many others. Furthermore, these mathematical structures
were replaced by intuitionistic fuzzy numbers or two dimensional interval
numbers. Interval arithmetic was first suggested by Dwyer [12] in 1951.
Development of interval arithmetic as a formal system and evidence of its
value as a computational device was provided by Moore [15] in 1959 and
Moore and Yang [16] in 1962. Chiao [8] introduced sequence of interval
numbers and defined usual convergence of sequences of interval numbers.
Sengonul and Eryilamz [10] introduced and studied bounded and conver-
gent sequences of interval numbers and established that these spaces are
complete metric spaces. Esi [1, 2] studied the lacunary single and double
sequence spaces of interval numbers. Dutta [3] studied different proper-
ties of p-absolutely summable sequences of interval numbers.The notion of
diference sequence spaces was first introduced by Kizmaz [7] and this con-
cept was generalized by Et and Colak [9], Tripathy et.al. [4, 6] in different
ways. These were further studied by Debnath et.al. [20, 21, 22| and many
others.

2. Preliminaries:

An interval number 7 is a closed subset of the real numbers and denoted
by T = [x;, x4, where z; < z,, and z;, z, both are real numbers. The
set all real valued closed intervals is denoted by R(I). The absolute value
(magnitude or interval norm) of an interval number is defined by

|Z| = max {|x], |zu|}-
In general, the distributive laws do not hold for interval arithmetic. If

T,7,Z are any three intervals then it is easy to verify,

T.7+2z) CTy+7TZ
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z.(g+2)| < [z + [z.2]

{9l
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Ty <|

The set of all interval numbers R(I), is a complete metric space(One
may refer to [10]) with the metric d(Z,7)= max {|z; — yi|, |zr — yr|}-

Here after any sequence (xy) of interval numbers will be an element of

(R(1), d).

Definition 2.1[8]: A sequence (Tj) is said to be convergent to the inter-
val number (Zy) if for a given ¢ > 0 there exists a positive integer ny such
that d(Ty,To)< € for all k > ng, and denoted by klim T = To.

—00

We denote the set of all sequences of interval number with real terms by
w'. Given two sequences of interval numbers in w’ , say (Tx) and (7},), the
linear structure of w’ includes the addition of (Zy) + (Tx) =[Txs + Yk, Thu +
Yru] and scalar multiplication «(Ty) defined by «(Ty) = [axp, ez, if
a >0 and a(Tg) = [0k, azk], if @ <O0.

Since the set of all intervals on R is a quasi-vector space, the set w’ be
regarded as a quasi vector space and the following rules are clearly satis-
fied: (T) + (Up) = W) + (@k); (@) + (W) + @) = (@) + W) + )
(k) +(Ux) = (Tk)+(Z) implies () = (Zk) ; al(Tr)+ @) = (Tr) +(7y)
: (a+ B)(T) = @) + BEr) (where a, 8 > 0); a(8(@1) = (aB)(T);
(Zx) = [1,1](Tx). The zero element of w" is the sequence 6 = (6;) = ([0, 0]),
all terms of which are zero interval.

In [10], co?, ¢ and 12, denote the spaces of null, convergent and bounded
sequences of interval numbers respectively, that is

co' = {Z = (Tp) € w' k{zm Ty, = 0, where 6 = [0,0]}

¢ ={z = (@) € w':lim T =T, To € R(I)}
—00

too = {7 = @)€ w' zsup {Jawl, [zpul} < oo}

The space co’ (or ¢ or ¢ ) forms a complete metric space with the
metric defined by
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d (Tr, ) =sup maz {lzr = yual, [Tru — Yrul} for all (7), (7) €
(or ¢! orf’_ )and are normed interval space with the norm ||z|| zszp mazx

{|zwil, |2ku]}, where T = (Ty) € o’ (or ¢ or €4, ).

Kizmaz [7] defined the difference sequences of real numbers by
X(A) ={x=(zp) ew: (Axg) € X}, for X =l , c and ¢y , where Axy
= (zk - xx+1) The above spaces are complete normed spaces defined by the
norm [[zfla = |z1] + sup| Az

Definition 2.2: An interval valued sequence T = (Zy) is said to be inter-
val valued Cauchy sequence if for every € > 0 there exists a kg € N such
that d(Zy, Zp,) < € for all n,m > kg .

Definition 2.3: Let A’ be a sequence space of interval numbers. Then
A" is called normal or solid if ¥ € A* whenever |[g|| < |Z|| , for some
T = (T) € \.

Definition 2.4: A sequence space A is said to be a sequence algebra if
(Tr) (F,) €X' whenever (Ty) €X', (7)) €.

Definition 2.5: A sequence space A’ is said to be convergence free if
(¥,) €X" whenever (Ty) €X' and Ty, = 6 implies 7, = 6.

Definition 2.6: A sequence space A is said to be a monotone if A\ con-
tains the canonical pre-images of all its step spaces.

Remark 2.1: A sequence space is solid implies that it is monotone.(One
may refer to Kamthan and Gupta [11])

3. Main Results

In this paper we consider the difference operator on the sequences of interval
numbers defined by
AT = ( AZy)= ([Azg, Azgy)).

We introduce the classes of difference null, convergent and bounded se-
quences of interval numbers. We denote the difference sequences of null,
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convergent, bounded sequences of interval numbers by cp?(A) ,c¢'(A) and
¢%_(A) respectively, defined by

co'(A) = {7 = (T) € w' :lign ATy, = 6, where 0 = [0,0]}.
A(A) = {T = (Ty) € w Hlim ATy =T, T € R(I)}.
0 (A) = {7 = (Tp)e v’ :szp {|Azg|, |Azky|} < 00}

It can be easily verified that the spaces co’(A), ¢(A) and £ (A) are
subsets of the space w'. Besides, for all (Ty), ()€ co’(A) (or ¢(A), £4,(A)
) the distance d is defined by

d (Ti, Tp,) zszp{max {|Azk — Ay, |AZky — Ayl }} cooeereeenen. (3.1)

which satisfies all the axioms of a metric. Thus ( col(A),d ), (¢{(A) d
and (¢1_(A) ,d ) are metric spaces.

~—

Theorem 3.1: ¢p’(A), ¢'(A) and £%_(A) are complete metric spaces with
the metric defined by (3.1).

Proof: We prove the result for the class cy?(A). The rest can be estab-
lished similarly.

Let (Z,, ) be a Cauchy sequence. Then for each ¢ > 0, there exists a
ko € N such that d(T,,Tm) < €, whenever n,m> ng, where T, = (%) €
ch(A).

Hence szp {maz{|Azk, — Azk | |Azk, — Azk |} < e.

Thus we have |Azk, — Azk | <& and |Azk, — Azk | <e.
Let k be fixed, then (Az¥)) and (Axk,) are both Cauchy sequence of

real numbers. Since the set of all real numbers is complete, so lim Aa:le =
n—oo

liand lim Azk, =1,
n—od
Taking m — oo, we have
|Azk, — )| < e and |Axk, — 3] < e, Vn >ng and Vk € N,
i.e, Awﬁl € (ll —&h +€) and Awﬁu S (lg —&,ls + 6)
So, maz{|AzF |, |Azk |} < max{ly +¢,ls+ ¢}
i.e., sup{ maz{|Azk | |Azk [}} <&/, where ¢/ = maz{l; +¢,l2 + ¢}
k

i.e,d(Tn,0) < e/,Yn > ng
This implies that (Z, ) is a convergent sequence and converge to 6 €
cp(A). This completes the proof.
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The norm function on the sequences of interval numbers can be ex-

tended to the difference sequence spaces of interval numbers, denoted by
A{(A), which is a subset of w?, where A\{(A) = co*(A) or ¢*(A) or £ (A).

Definition 3.1. A norm on A(A) is a non-negetive function |.|y =
A(A) — RT U {0} that satisfies the following properties: VZ,7 € A(A)
and Vo € R,

Ny. |[Z||xi > 0,V € X{(A) — {0}

No. ”f”)\z =0&s7T=20

Nz [T +7llx < [Tl + (7]

Ny |[o||xe = |all[Z]|xi

W~

Theorem 3.2. The spaces ch(A),c(A) and £/ _(A) are normed spaces
with the norm
1Z||a = maz(|z}|, |2L])+ sup max{|AzF|, |AZE|} .o (3.2)
k

Proof: Let AY(A) = c¢p*(A) or ¢(A) or IL (A) and Z,7 € A{(A).
N [zl =sup maz{|Azfl, | Azyl}.

It can be easily verified that ||Z||y; > 0 for T € A(A) — {0}
No. |zl = 0 < max(|z}], o)+ sup maz{|Axf], |Azf]} =0 & T
k

N3. [[Z+7]x = maz(|z+y; |, leo+yul)+ sup maz{|A(ef+yf)l, Al +

ui)l} . )
< maz(|ap| + [y}, leu] + lyul)+ sup maz{|Axf|+ Ayl [Azg] + | Aygl}

= maz(|z;l, [z} )+ sup maz{(|Azf], |Azg])} + maz(|y}], lyi])+ sup

maz{(|Ayfl, [Ayg))}
= [IZllx + Izl xi
Ny. ||aZ| i = maz(|axt|, |axl))+ sup maz{|aAzf|, |eAzk|}
k

= maz(|of|z7], |of|zy])+ sup maz{|al|Azf], ol Azf]}
= lalmaz(jzy], |zy]) + [of sup maz{|Axf], |[Azg]}
= |ol[|Z]lx:

So ||Z]| i is a norm on A'(A) .

In view of the definition of norm on interval sequences and Theorem
3.1, we formulate the following result.
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Theorem 3.3. The class of difference sequences of interval numbers
co'(A), ¢(A) and ¢%_(A) are Banach spaces with respect to the norm (3.2).

Theorem 3.4. The spaces cp'(A), ¢/(A) and £¢_(A) is neither solid nor

monotone.

Example 3.1.  Consider sequences Ty = [k, k|, for all kK € N. Then
(Zx) € ¢'(A). Consider the sequence () defined by g = (—1)¥[k, k], for
all K € N. Then lign Agy, does not exists. We have | gy |<| &y |, for all

k € N. Hence ¢(A) is not solid and hence is not monotone. Similarly, for
the others.

Theorem 3.5. The spaces co’(A), ¢'(A) and £%_(A) are sequence algebra.

Proof: We prove that co’(A) is a sequence algebra. Let (Ty), (7)) €
ch(A). Then lim AZj, = 6 and lim AT, = 0 Then we have lim A(T17,,) = 0.
k k k

Thus (Z17,) € ch(A) and hence a sequence algebra. For the space ¢!(A)
and ¢i_(A), the result can be proved similarly.

Theorem 3.6. The spaces c'(A), ¢/(A) and ¢¢_(A) are not convergence
free in general.

Example 3.2. Let T, = [k, k+ 1] € ¢'(A) and 7, = [(—1)¥,2+ +] for all
(k € N). Then (Z1) € ¢'(A) but (7) € (c¢/(A). Hence the space ¢'(A) is not
convergence free. Similarly, it can be proved that cy?(A) is not convergence

free.

Theorem 3.7. The inclusion c¢p*(A) C ¢¢(A) C €2 (A) holds and are
strict.

Proof: The first inclusion follows from the definitions of the above
classes of sequences.

The inclusion is strict follows from the following example.

It is obvious that 7 = ([n,n + 1]) & ¢)(A) but 7 € ¢(A). Since yi, and
Yk, are both divergent sequences and A(y) = (Agg) = ([k—k—2,k+1—
k —1]) = ([-2,0]). Therefore, lz’gn A(yr,) = —2 and lignA(ykr) =0.
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