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Abstract

Let G be a locally compact Hausdorff group, let o be a continuous
inwvolutive automorphism on G, and let i, v be regular, compactly sup-
ported, complex-valued Borel measures on G. We find the continuous
solutions f : G — C of the functional equation

/ Flo)et)dp(t) + / fayydv(t) = F@)f (), 2y € G,
G G

in terms of continuous characters of G. This equation provides a
common generalization of many functional equations (d’Alembert’s,
Cauchy’s, Gajda’s, Kannappan’s, Stetker’s, Van Vieck’s equations...).
So, a large class of functional equations will be solved.

Subjclass [2010] : Primary 39B32, 39B52.

Keywords : Functional equation, Van Vleck, Kannappan, involutive
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566 B. Fadli, D. Zeglami and S. Kabbaj

1. Introduction

Let G be a group, 2o € G be a fixed element, and ¢ : G — G be an involutive
automorphism. In [2], the authors determined the general solutions f,g¢ :
G — C of the functional equation

(1.1) flo(y)zzo) + g(zyzo) = 2f(2)f(y), =,y €G.
This equation is a generalization of the functional equation
(1.2) flo(y)zzo) = flzyzo) = 2f(2)f(y), =,y €,

which contains the solutions of a functional equation due to Van Vleck
[10]. In 1910, he studied the continuous solutions f : R — R, f # 0, of the
functional equation

f(ﬁ_y+20)_f($+y+20):2f($)f(y)7 JT,yGR,

where 2y > 0 is fixed, with a view to characterize the sine function on
the real line (see [7], p. 156). The functional equation (1.1) is also a
generalization of the functional equation

(1.3) flo(y)zz0) + f(wyz0) = 2f(2) f(y), =,y €G,

which generalizes a functional equation studied by Kannappan in [4]. He,
in 1968, proved that a function f : R — C satisfies the functional equation

(14)  flz—y+22)+ fx+y+220) =2f(2)f(y), =,yecR,

for a fixed non-zero zp € R if and only if f(z) = g(x—22p), whereg: R — C
is a periodic solution of the cosine functional equation g(z+y)+g(z—y) =
2¢g(x)g(y) for all z,y € R with period 4zp. The only non-zero continuous
real-valued solutions of (1.4) (see [5], Corollary 3.14a, p. 118) are given by

flz) = COS(%Z—;T:C) or COS(W) or —Cos(%) foralz € R,neZ
(the set of integers).

Van Vleck’s and Kannappan’s equations have been generalized in an-
other direction by Perkins and Sahoo in [6]. They determined the abelian

solutions f : G — C of each of the two functional equations

(1.5) flzr(y)zo) £ fazyzo) = 2f(2) f(y), =,y€G,

where zyp € Z(G) (the center of G: the set of elements ¢ € G that commute
with every other element in G) and 7 : G — G is an involution (that is,
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an anti-homomorphism such that 7(7(x)) = z for all x € G). As very
recent results, Stetkaer extended the results of Van Vleck and Kannappan
by solving the functional equations (1.5) on semigroups (see [8, 9]).

We shall in this paper study extensions of equations (1.2) and (1.3).

To formulate our results we introduce the following notations and as-
sumptions that will be used throughout the paper: The map ¢ : G — G
denotes an involutive automorphism. That it is involutive means that
o(o(xz)) = x for all z € G. If (G,+) is an abelian group, then the in-
version o(z) := —x is an example of an involutive automorphism.

For any complex-valued function F' on G we use the notations

F(z) = F(z ™), 2€a,
Fo= 2P0 q g =fL00
2 2

We say that F'is even if F' = F,, and odd if F' = F,,.

A function A : G — C is called additive, if it satisfies A(xy) = A(z) +
A(y) for all z,y € G.

A character of G is a homomorphism from G into the multiplicative
group of non-zero complex numbers. It is well known that the set of
characters on G is a linearly independent subset of the vector space of
all complex-valued functions on G (see [7, Corollary 3.20]).

By N (G, o) we mean the vector space of all solutions 6 : G — C of the
homogeneous equation

O(xy) —0(o(y)x) =0, z,y€q.

If G is a topological space, then we let C'(G) denotes the algebra of all
continuous functions from G into C.

Let G be a locally compact Hausdorff group, and let Mc(G) denotes the
space of all regular, compactly supported, complex-valued Borel measures
on G. For € Mc(G), we use the notations

u(f) = /G f@®)du(t) and  pm(f) = /G FEdp(t) = p(f)

for all f € C(G).

Let o be a continuous involutive automorphism on G and p, v € Mo (G).
The purpose of the present paper is to introduce and solve the following
functional equation
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16 [ fewadut)+ | fanivi) = f@f@). wyeC,

where f € C(G) is the unknown function to determine. Note that Eq. (1.2)
(resp. (1.3)) results from (1.6) by taking p = 36, and v = —34., (resp.
w=v= %(520) where ¢, is the Dirac measure concentrated at zp.

Eq. (1.6) with p = 0 becomes

(1.7) /G Flaytdv(t) = f@)f ), =y € G,

which contains the solutions of Cauchy’s functional equation on groups.
When G is abelian, two important examples of (1.6) are

(1.8) /G {f@+0o() +) + flz+y—)}du(t) = F@)fy), @y G,

and

(1.9) /G fa+y—t)du(t) = (@) fy), wyeG.

Eq. (1.8) with 0 = —id was introduced by Gajda in [3]. He, in 1990,
proved that if p is a complex-valued regular Borel measure on G with
bounded variation, then the essentially bounded non-zero solutions of Eq.
(1.8), with 0 = —id, are completely defined as

f(z) = /G x(@ — t)dp(t) + /G x(t = 2)dp(t) = p(Ox(@) + pO)X (@),

for all x € G, where x is a continuous character of G. Eq. (1.9) has been
studied by Badora in [1].

In the last section, as other important consequences, we solve the fol-
lowing functional equations:

(110) f(O'( )$Zo) f(z)f(y), T,y € Ga
(1.11) fleyzo) = f(x)f(y), =x,y€q,
(1.12) flo(y )wZO) + f(zyz) = 2f(2)f(y), =,y€G,
(1.13) Y aif(o(y)was) + Zﬁjf(wybj) f@)fly), zyedq,

i=0 j=0
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where G is a group, m,n € N, «;,5; € C, and 2, 21,a;,b; € G are arbi-
trarily fixed elements, for all ¢ = 0,...,m and j = 0, ...,n. Note that each of
Egs. (1.10)-(1.13) results from (1.6) by replacing p and v by suitable dis-
crete measures and that the most of them are, according to our knowledge,
not in the literature even for abelian groups.

2. Solution of equation (1.6)

In this section, we solve the integral-functional equation (1.6), i.e.,

| sewatidu® + [ raynavi) = 1@ ), w.ye6.
G G

by expressing its continuous solutions in terms of continuous characters.
The following theorem is proved in [2]. For the notation N (G, o) see the
section Introduction.

Theorem 2.1. Let G be a group, let o be an involutive automorphism on
G, and let Fy, Fs, f : G — C be solutions of the functional equation

(2.1) Fi(zy) + Fa(o(y)z) = f(2)f(y) 2,y €.

Then we have the following possibilities:
a) There exists § € N (G, o) such that Fy =0, Fo» = —0 and f = 0.

b) There exist a character x of G with x o o # X, constants «, 3 € C,
and a function € N (G, o) such that

Fi = o®x+3*xo0+0,
Fy = aB(x+xeoo)—0,
[ = ax+pPxoo.
In this case f # 0.
¢) There exist a character x of G with x oo = x, a constant a € C,

an additive function A : G — C with Aoo = —A, and a function
6 € N(G, o) such that

1 1

P = §(a2+2aA+§A2)X+9,
1 1

B = —(a?—A%)x -0

fo= (a+A)x
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In this case f # 0.

Conversely, the functions given with these properties satisfy the func-
tional equation (2.1).

Moreover, if G is a topological group, f # 0, and Fy, Fs, f € C(G), then
x,xoo0,A,0¢€ C(G).

The following lemma will be used in the proof of Theorem 2.3 in which
the integral-functional equation (1.6) will be solved.

Lemma 2.2 (Lemma 4.1 of [2]). Let G be a group and let o be an in-
volutive automorphism on G. Let x be a character of G with x # x o o,
A : G — C be an odd additive function, 6 be a function in N (G, o), and
a, 8 be complex numbers.

a) If ax+fxooc+6=0, thena=p=0andf =0.
b) If A2+ aA+6 =0, then A=0=0.

It is clear that f = 0 is a solution of (1.6), so in the following theorem
we are only concerned with the non-zero solutions.

Theorem 2.3. Let G be a locally compact Hausdorff group, let ¢ be a
continuous involutive automorphism on G, and let u,v € Mc(G). Let f €
C(G)\{0} be a solution of the functional equation (1.6). Then we have the
following possibilities:

a) There exists a continuous character x of G with p(x) = 0 and v(x) #
0 such that

f=r(x)x

b) There exists a continuous character x of G with u(x) # 0, v(x) # 0,
u(x oo)=wv(x) and v(x o o) = u(x) such that

f=v0)x+ux)xoo.

c¢) There exists an even continuous character x of G with
w(x) € {0,v(x), —v(x)} such that

=10 +v0)]x

Conversely, any function f of the forms described above solves (1.6).
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Proof. Checking that the stated functions satisfy (1.6) is done by el-
ementary calculations, that we leave out. So it is left to show that any
solution f € C(G)\{0} of (1.6) falls into one of the indicated forms. Define
F,Fs:G— Cby

(2.2) Fi(z) = / f(zt)dv(t) and Fy(x / f(xt)du(t)
G
for all x € G. Since p,v € Mc(G) and f € C(G), we have Fy, F5 € C(G).
Using these new functions defined in (2.2), the equation (1.6) becomes
Fi(zy) + B(o(y)z) = (@) f(y), =y

Since f # 0, we know from Theorem 2.1 that there are only the follow-
ing two cases:

Case 1: There exist a continuous character y of G with yoo # x, constants
a, 8 € C, and a continuous function § € N(G, o) such that

Fy o?x + f*x oo +0,
Fy = aB(x+xoo) -0,
[ = ax+pPxoo.

Since Fi(x) = [ f(at)dv(t) and Fy(z) = [, f(at)du(t) for all z € G,
we have:

o’x(z) + B*x 0 o(z) + 0(x) = ax(x)v(x) + Bx o o(z)v(x 0 0),

and

aBlx(r) + xoo(x)] — 0(z) = ax(z)u(x) + Bxoo(z)u(x o o)

for all z € G. We reformulate the last two equations as follows

ala —v(x)|x(z) + B[6 —v(xoo)lxoo(x) +0(x) = 0,
alf — p(x)Ix(z) + Bla— p(x o o)lxoo(x) + (=0)(z) = 0

for all x € G. According to Lemma 2.2(a), we obtain
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ala —v(x)] 0
BlB—v(xoo)] = 0
(2.3) aff — p(x) =0
Bla —p(xoo)] = 0
0 =0

Since f = ax+Bxoo and f # 0, then at least one of a and 3 is non-zero.

Subcase 1.1: Suppose that § = 0. Hence o # 0. From (2.3) we see
that o = v(x) and p(x) = 0. This solution is included in case (a) in our
statement.

Subcase 1.2: Suppose that « = 0. Hence § # 0. From (2.3) we see that
B =v(xoo)and u(xoo) =0. So we are in case (a) with the continuous
character x o o replacing .

Subcase 1.3: We now suppose that a # 0 and 8 # 0. From (2.3) we
see that @ = v(x) = u(x oo) and f = p(x) = v(x o o). This solution is
included in case (b). This completes case 1.

Case 2: There exist a continuous character y of G with y oo = x, a
constant o € C, an additive function A € C(G) with Aoo = —A, and a
continuous function 6 € N'(G, o) such that

P o= %(a2+2aA+%A2)X+9,
1 1

F, = Z(a?—-=4%x—

f= (a+A)x

Since Fi(z) = [ f(at)dv(t) and Fy(z) = [, f(at)du(t) for all z € G,
then a small computation shows that

%[oﬂ +20A(z) + %AQ(:C)]X(;E) +0(z)
= av(x)x(z) + v(x)x(z)A(z) + v(xA)x(z)

and
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Sl0? — 2 A2(@)]x(x) — 0(a)

= ap(x)x(z) + pO)x (@) A(z) + p(xA)x(x)

for all z € G. We reformulate the last two equations as follows

A? +4[a —v(x)]A+6; =0,
A% +4p(x)A+ 0, =0,

where 601 (z) := 4(%)(3:) + 202 — dav(x) — 4v(xA) and Oa(z) := 4(%)(@ -
202 + dap(x) + 4u(xA) for all x € G. Since y is even we have 61,0y €
N(G,0). According to Lemma 2.2(b), we get that A = 61 = 6, = 0 and
hence f = arx. Since f # 0, we have a # 0. By definition of 6; and 03, we
infer that 4av(x) —2a? = 2a? —4apu(x) which implies that o = u(x)+v(x)-
So we are in case (a), (b) or (c). This finishes the proof. O

As consequences of Theorem 2.3 one can obtain the following corollaries.

Corollary 2.4. Let G be a locally compact Hausdorff group, let ¢ be a
continuous involutive automorphism on G, and let n € Mc(G). Then a
function f € C(QG) \ {0} satisfies the functional equation

tLﬂdwﬂMMﬂzﬂ@ﬂw,zweG

if and only if there exists an even continuous character x of G with u(x) # 0
such that

f=nl)x.
Proof.  The proof follows on putting v = 0 in Theorem 2.3. O

Corollary 2.5. Let G be a locally compact Hausdorff group and let v €
Mc(G). Then a function f € C(G)\{0} satisfies the functional equation

Aﬂwﬂh@:f@ﬂw,xwea

if and only if there exists a continuous character x of G with v(x) # 0 such
that

f=v()x
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Proof.  The proof follows on putting 4 = 0 in Theorem 2.3. O

Corollary 2.6. Let G be a locally compact Hausdorff group, let o be a
continuous involutive automorphism on G, and let u € Mc(G). Then a
function f € C(G) \ {0} satisfies the functional equation

|t + f@nldut) = F@)f ). 2y €,

if and only if there exists a continuous character x of G with u(x) # 0 and
wu(x oo) = pu(x) such that

f=p0)x+x00)
Proof. The proof follows on putting v = p in Theorem 2.3. O

Corollary 2.7. Let G be a locally compact Hausdorff group, let o be a
continuous involutive automorphism on G, and let y € Mc(G). Then a
function f € C(Q) \ {0} satisfies the functional equation

| LWt = f@ynldnt) = F@)f ). 2y e,

if and only if there exists a continuous character x of G with u(x) # 0 and
wu(x oo) = —pu(x) such that

f=-p()(x—xoco0).

Proof. The proof follows on putting v = —p in Theorem 2.3. O
In view Corollary 2.5, we obtain the following.

Corollary 2.8 ([1]). Let (G,+) be a locally compact abelian Hausdorff

group and let v € Mc(G). Then a function f € C(G) \ {0} satisfies the
functional equation

/G f@+y—Odu(t) = f@) ), zyeG,

if and only if there exists a continuous character x of G with v(x) # 0 such
that

f=v()x



An integral functional equation on groups under two measures 575

Proof. The proof follows on replacing v by v~ in Corollary 2.5. O
In the following corollary, we solve the integral-functional equation
(1.8), i.e.,

/G (f@+o) +1)+ flo+y—thdult) = F@) f(y), 2,y€G.

In view of this result we determine the continuous solutions of Gajda’s
equation, i.e., Eq. (1.8) with o = —id.

Corollary 2.9. Let (G,+) be a locally compact abelian Hausdorff group,
let o be a continuous involutive automorphism on G, and let € Mo (G).
Let f € C(G)\{0} be a solution of the functional equation (1.8). Then we
have the following possibilities:

a) There exists a continuous character x of G with u(x) = 0 and p(x) #
0 such that

f=p()x

b) There exists a continuous character x of G with u(x) # 0, u(x) # 0,
p(x 0 o) = pu(x) and p(x o o) = pu(x) such that

f=n(0)x+ux)xoo.

c¢) There exists an even continuous character x of G with
p(x) & {0, u(x), —(x)} such that

f= () + 2()]x-

Conversely, any function f of the forms described above solves (1.8).

Proof. The proof follows on putting v = p~ in Theorem 2.3. O

Corollary 2.10 ([3]). Let (G,+) be a locally compact abelian Hausdorff
group and let y € Mc(G). Then a function f € C(G) \ {0} satisfies the
functional equation

L@ =y 0+ fat+y—0)dut) = F@)F W), ayeC.

if and only if there exists a continuous character x of G such that

f=wp()x + X)X
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Proof. The proof follows on putting ¢ = —id in Corollary 2.9. O
As another consequence of Theorem 2.3, we have the following result
on the solution of the functional equation

<2®[;ﬂw+dm+w—f@+y—wwmw=f@vwx 1,y €G.

Corollary 2.11. Let (G, +) be a locally compact abelian Hausdorff group,
let o be a continuous involutive automorphism on G, and let y € Mc(G).
Let f € C(G)\{0} be a solution of the functional equation (2.4). Then we
have the following possibilities:

a) There exists a continuous character x of G with u(x) = 0 and p(x) #
0 such that

f=—p()x

b) There exists a continuous character x of G with u(x) # 0, u(x) # 0,
p(x o o) = —p(x) and p(X o o) = —p(x) such that

f=—p(X)x+ ux)xoo.

¢) There exists an even continuous character x of G with
1(x) & {0, 1(X), —p(X)} such that

= [n(x) — (X)X

Conversely, any function f of the forms described above solves (2.4).

Proof. The proof follows on putting ¥ = —u~ in Theorem 2.3. O
In view of Corollary 2.11, we obtain the following.

Corollary 2.12. Let (G,+) be a locally compact abelian Hausdorff group
and let i € Mc(G). Then a function f € C(G)\ {0} satisfies the functional
equation

LLU@—y+ﬂ—f@+y—ﬂMMﬂ=f@ﬁ@% z,y€G,

if and only if there exists a continuous character x of G with u(x) = 0 and
w(x) # 0 such that

f=—n()x
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Proof.  The proof follows on putting ¢ = —id in Corollary 2.11. O

3. Results corresponding to measures with finite support

In this section let G be a group, o be an involutive automorphism on G,
m,n € N, «;,8; € C, and 29, z1,a4,b; € G be arbitrarily fixed elements,
foralli =0,...,m and j =0, ...,n. To illustrate our theory, we continue by
discussing the solution of Eq. (1.6) but now when p and v are supported
by finite sets. We get the solutions from our theory by equipping G with
the discrete topology.

Corollary 3.1. The non-zero solutions f : G — C of the functional equa-
tion

f(o*(y):nzo) = f(l')f(y)7 z,y € G,

are the functions of the form f = x(zo)x, where x is an even character of

G.

Proof.  The proof follows on putting ;1 = d,, in Corollary 2.4. O

Corollary 3.2. The non-zero solutions f : G — C of the functional equa-
tion

(31) f(l‘yZ()) = f(x)f(y)a z,y €G,

are the functions of the form f = x(z0)x, where x is a character of G.

Proof.  The proof follows on putting v = §,, in Corollary 2.5. O

Eq. (3.1) is solved in [9] by Stetkaer. In the following two corollaries we
solve special cases of Eq. (1.6) that are, according to our knowledge, not
in the literature even for abelian groups.

Corollary 3.3. The non-zero solutions f : G — C of the functional equa-
tion

fle(y)zzo) + flzyz1) =2f(x)f(y), =,y €G,
are the functions of the forms:

a) There exists a character x of G with xoo(z9) = x(z1) and xoo(z1) =
X(z0) such that

f= X(;l)x i X(SO)XOU-
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b) There exists an even character x of G with x(z0) & {x(z1), —x(21)}
such that
X(20) + x(2
o (20) ! ( 1)X~

Proof. The proof follows on putting u = %(5z0 and v = %5z1 in Theorem
2.3. O

Corollary 3.4. The non-zero solutions f : G — C of the functional equa-
tion

flo(y)zzo) — flzyz1) = 2f (@) f(y), w,y €,

are the functions of the forms:

a) There exists a character x of G with xoo(zp) = —x(z1) and xoo(z1) =
—x(20) such that

. _><(2Z1)XJr x(;o)xo 5.

b) There exists an even character x of G with x(z0) & {x(z1), —x(z1)}

such that
X\20) — X\(21
o X =xe),
Proof. The proof follows on putting u = %520 and v = —%521 in Theorem
2.3. O

As a consequence of Corollary 3.3 (or Corollary 2.6) we have:

Corollary 3.5 (Corollary 4.5 of [2]). The non-zero solutions f : G —
C of the functional equation

f(O'(:l/)fL'Zo) + f(xyZO) - 2f<$)f(y)7 T,y € Ga

are the functions of the form f = X(SO) (x + x o o), where x is a character

of G such that x o o(z0) = x(20)-
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Proof.  The proof follows on putting z; = zp in Corollary 3.3. O
With z; = zg in Corollary 3.4 we obtain:

Corollary 3.6 (Corollary 4.3 of [2]). The non-zero solutions f : G —
C of the functional equation

flo(y)zzo) — fwyz0) = 2f(2)f(y), z,y€G,
are the functions of the form f = —@(X — xo0), where x is a character

of G such that x o o(z0) = —x(20).

We complete the paper with an important result concerning Eq. (1.6)
which generalizes all previous results of this section.

Corollary 3.7. The non-zero solutions f : G — C of the functional equa-
tion

S aif(o(y)za:) + . Bif(xyby) = f(2)f(y), zyeG,
1=0

=0

are the functions of the forms:

a) There exists a character x of G with Y ;"o a;x(a;) = 0 and Y1 Bix(bi) #

0 such that .
F="Bix(bi)x-
i=0

b) There exists a character x of G with Y i~ cix(a;) # 0, > i Bix(bi) #
0, X% aixoo(a;) = Yoilg Bix(bi) and Y=g Bixoo (bi) = 32i%0 cix(ai)
such that

F=> " Bix(b)x + ) aix(a)xoo.
i=0

1=0

c¢) There exists an even character x of G with

> aix(ai) & {0, > Bix(bi), =Y ﬁix(bz')}
=0 i=0 i=0

such that

f= li aix(a;) + iﬁiX(bi)l X-
i=0 i=0
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Proof.  The proof follows on putting

n = Zaiéai and V= Zﬁlébz
1=0 =0

in Theorem 2.3. O

1]

[2]
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