Proyecciones Journal of Mathematics

Vol. 37, N° 3, pp. 535-546, September 2018.
Universidad Catdlica del Norte

Antofagasta - Chile

On some double sequence spaces of interval
number

Sibel Yasemin Gélbol

Mersin University, Turkey

Ayhan Esi
Adiyaman University, Turkey
and

Ugur Deger

Mersin University, Turkey

Received : October 2017. Accepted : November 2017

Abstract

Esi and Yasemin [9] defined the metric spaces ¢o(f,p, s), €(f,p, s),
loo(f,p,8) and 1,(f,p,s) of sequences of interval numbers by a mod-
wlus function. In this study, we consider a generalization for double
sequences of these metric spaces by taking a v function, satisfying the
following conditions, instead of s parameter. For this aim, let ¢ (k,1)
be a positive function for all k,1 € N such that

()l (k) =0,
(i) Dotp(k,1) = (k — 1,0 — 1) — 20(k, 1) +(k + 1,1 +1) > 0.

or

(k1) = 1.
Therefore, according to class of functions which satisfying the condi-
tions (i) and (i1) we deal with the metric spaces ¢3(f, p, ), ¢(f,p, ),

ZZO (f,p, %) and Zf)(f, p, ) of double sequences of interval numbers de-
fined by a modulus function.

Subjclass [2010] : 6445, 5/E50, J0A05, J0C05, 40J05.
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1. Introduction

The concept of interval arithmetic was first introduced by Dwyer in [2].
Interval arithmetic or interval analysis is a method developed by math-
ematicians since the 1950s and 1960s as an approach to putting bounds
on matrix computation errors, rounding errors and measurement errors in
mathematical computation and thus developing numerical methods that
yield reliable results, [2], [3], [17], [20], [21]. One approach to dealing
with such numerical errors is a technique called interval arithmetic. In
2002, Kuo-Ping Chiao gave the sequences of interval numbers and defined
usual convergence of sequences of interval number. In subsequent years, M.
Sengonil and A. Eryilmaz studied bounded and convergent sequence spaces
of interval numbers in [24] and proved that these spaces are complete met-
ric space. In [4]-[8],[9],[13],[14],[15] and [16] studied different properties of
interval numbers.

Let us recall some definitions related to interval numbers. The set of
all real valued closed intervals is denoted by R. Any element of R is called
interval number and denoted by A = [x;,2,]. Assume that z; and z, are
first and last points of A interval number, respectively. Then for A;, A3 € R

1. A1 = A2 < X1, = T2,T1, = T2,

2. 1+ Ay ={x eR:xy, + 29 <z <11, +709,}

— {{xGR:amlTSzga:ﬁl}, a<0;

3. OlAl = !

{reR:ar, <z<ar,}, a>0.

4. A} Ay = {w € R : min {:L‘li.ng;i,j = l,r} <z< max{xli.:pgj;i,j = l,r}}.
In [22], we know that the set R is a complete metric space by the metric

d<A1722) = max{‘mlz - $21|7 |$1r - $2r|} .

In case Ay = [a,a] and Ay = [b,b], it coincides with usual metric of R.
The sequence (f(k)) = A = (Ay) defined with transformation f: N — R
is called sequence of interval numbers and the A is called k™ term of
sequence A = (Ay). @ denotes the set of all sequences of interval numbers
with real terms and the algebraic properties of @ can be found in [19].

The definition of convergence of sequences of interval numbers as follows
[1]:

A sequence A = (A) of interval numbers is said to be convergent to
the interval number Ay if for each € > 0 there exists a positive integer ko
such that d(4y, Ag) < € for all k > ko and we denote it by limy A = Aj.
Thus,
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hinzk = ZO = lilzn Ak:l = Aol,lilzn Ak:,,- = Aor.

We recall that modulus function is a function f : [0, 00) — [0, 00) such
that (a)f(xz) = 0 if and only if x = 0, (b)f(x +y) < f(z) + f(y) for all
x,y >0, (¢)f is increasing, (d)f is continuous from the right at zero.

It follows from (a) and (d) that f must be continuous everywhere on
[0, 00).

Let p = (pr) be a bounded sequence of strictly positive real numbers.
If H = supy, pg, then for any complex numbers aj and by

(1.1) | ag +bg [P*< C(| ag [PF + | by, [PF),

where C' = max(1,27-1).

An interval sequence T = (Tj,) € w is said to be interval Cauchy sequence
if for every € > 0 there exists a ko € N such that d(T,,Tm) < € whenever
n,m > ko.

Now we give the definition of solid:
A set of X sequences of interval numbers is said to be solid (or normal) if
(Bi) € X whenever d(By,0) < d(Ay,0) for all k € N, for some (4;) € X.

2. Preliminaries

Let us define transformation f from N x N to R by f(i,5) = (Z; ;). Then
T = (T; ;) is called sequence of double interval numbers. The Z; ; is called
(4,7)th term of sequence T [12].

An interval valued double sequence (Ay;) is said to be convergent in the
Pringsheim sense to an interval number Ay if for every e > 0 there exists a
n € N such that

E(Zk,bzo) <€
for k,1 > n. In this case we write P — lim Ay ; = Ay [23].

We denote by @ the set of all convergent in the Pringsheim sense double

sequence of interval numbers.

An interval valued double sequence (Ay;) is said to be bounded if there
exists a positive number B such that d(4,,0) < B for all k,l € N.
We will denote the set of all bounded double sequences of interval num-

bers by the symbol Zio. It should be noted that ¢ is not the subset of
)
I
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The definition of solid for double sequence spaces of interval numbers
is given as follows:

An interval valued double sequence spaces E? is said to be solid if
7= Ty € E* whenever | Ugey |<| Ty | for all k,1 € N and T = (Ty,) €
£ [10].

Let p = (pi;) be a double sequence of positive real numbers. If 0 <
pij < sup; ipij=H <ooand D = max(1,2771), then for a; ;,b; ; for all
1,7 € N, we have

(2.1) | aij+bij [P9< D(| agj [P + | by [P9).

On the other hand v(k,[) be a positive function for all k,I € N such
that

liHlk,l—>o<:» ’(b(k‘vl) =0,

Aotp(k, 1) =k —1,1—1) = 2¢(k, 1) +¢(k+ 1,1+ 1) >0
or

v(k,l) = 1.

We will show that M is the set of all i(k,) that provide above condi-
tions.

Suppose that f is a modulus function, p = (pg,;) is a sequence of strictly
positive real numbers and ¢ € M. Accordingly, the sets of interval num-
ber sequences which generalize to the sets of double sequences of interval
numbers introduced in [9] are given as follows.

k1, 0))Pet = 0,1) € M}

et (f,p, ) = {A = (Agy) : limg, ¥(k,1)[f(d(A
(f,p. ) = {A = (Ary) < limgg (k, 1) [f(d(Arg, Ag))JPet = 0,9 € M}

o (f,p, ) = {A = (Apy) = supyy (k, DIf (A, 0))]Ps0 < o0, € M}

and
D(fop, ) = {A = (Ar) : Dy ke, D[ (A A, 0)Pst < 00,9 € M.

Aim of this study is to give the metric spaces Z3(f,p,v), &(f,p, ),

Zio( fyp,v) and ZIQJ( f,p,v) of double sequences of interval numbers and in-
vestigate the relations between them.

3. Main results

Now, we may begin with the following theorem.
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The sets T3(f,p, %), ©(f,p. %), lag(f.p,%) and Tp(f,p, ) of double se-

quences of interval numbers are closed under the coordinate wise addition
and scalar multiplication.

Proof. @ We consider only the space Zio( fip, ). Let us define

olf,2,0) X To(F,0,0) = olf,p.)
o : R x I (f,p.00) = I (f, . 9).

Suppose that A, B € [ w(fyp,1). Then we can write

supy; ¥ (k, 1)[f(d(Ag,,0))]Pet < oo
and

supy,; ¥ (k, D[ (d(Byy, 0))]Prt < oo.

Since d(Ay; + B, 0) < d(Ax,,0) + d(Bg,,0) and f is a modulus func-
tion, then we have
f(d(Ay 4By, 0)) < f(d(Aky,0)+d(Byy,0)) < f(d(Agy,0))+f(d(Byy,0)).

Also, since p = (pg,1) is a sequence of strictly positive real numbers, we
can write 0 < h = infy ;pr; < piy < SUpy, | Pkl = H < oco. If we choose
M = max(1,2771), we get

[f(d(Ak; + By, 0))]P4t < [f(d(Ag1,0)) + f(d(By,0))]P

< M([f(d(Apg, 0)Px + M[f(d(Br, )]

Because 9 (k, 1) is bounded, we obtain

supy,; ¥ (k, 1)[f (d(Ax, + By, 0))]P

< supy,; P(k, )M f(d(Ay;,0))]Pxt + supy, ;¢ (k, ) M[f(d(B;,0))]Prt <

Thus, A+ B € Zio(f,p,w).
Now, let A € [ (fip, 1) and a € R. Then
supg, ¥ (k, ) f(d(Ax, 0))]P+t < oo

Since d(aAy;,0) = |a|d(Ak,;,0) and f is a modulus function, we can
write

f(d(ad,,0)) = f(lald(Ar,0)) < |alf(d(Ar,,0)).

Because p = (pg;) is a sequence of strictly positive real numbers, we
have B

[f(d(caAr, 0))]Pet < JarfPrt[f (d( A, 0))]Pet
and because 9(k, 1) is bounded, we obtain N

supy 9 (k, 1) f (d(aAr, 0)Pst < supy (k, 1) |afPet [f(d(Agg, )Pt <
0.
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Therefore, a A € Zio(f,p, ).
The proof is similarly done for the spaces @2(f,p,v), ¢ (f,p,) and

Z(f,p,). O
The sets Z3(f,p, 1), T(f,p,¥), Lo (f,p, %) and Lo(f, p,¥) of double se-

quences of interval numbers are complete metric spaces with respect to the

metrics
pk N

dso(4, B) = sup 3 (k; Df (d( Ak, Bea))) ™

and
(A, B) = {3k, DL F(A(Ap g Bry)) P b
k,l

respectively, where A = (Ay;) and B = (By,;) are elements of the sets

E%(f:p: ¢)7 E2(f7pa 77/))7 Zio(fvp7 77/)) and Zf)(f>p7 w) and M = max(l, Supk,l Pri =
H).

Proof.  We consider only the space 3(f, p, ), since the proof is similar
for the spaces G(f,p, ), Zio(f,p,w) and Z;(f,p, ¥). It is obviously seen
that doo is a metric on 3(f,p,1). We will prove the completeness of the
space C3(f,p, ). Assume that (Az) is any Cauchy sequence in the space

3 (f,p, 1), where A" = (A,%,A,(C)DA,(;)Q, ...) for all k& € N. Therefore, for a
given € > 0 there exists a positive integer ng(e) such that

(3.1) oo (A, A7) = sup (e, D[ £ (A(A), A 3 < e
k,l

)

for all 4, j > no(€). We have for each fixed k,l € N from (3.3) that

(3.2 Uk D @A A H < e
for all 4,7 > ng(e). (3.4) means that

(3.3) Jim (k. D[ @A, AT T =0,

,j—00 ’ ’

Because 9(k,l) # 0 for all k,l € N and f is continuous, we obtain from
(3.5) that

(3.4) L lim (@AY, A7) = o.

1,]—00



On some double sequence spaces of interval number 541

Thus, since f is modulus function, we can get by (3.6) that

(3.5) lim d(A), AY) = 0.

7]—>OO

This means that (ﬂ,(;)l) is a Cauchy sequence in R for every fixed
k,I € N. Since R is complete, it converges, say Z,(;)l — Zk’l as i — oo.
Using these infinitely many limits, we defined the interval sequence (Zk,l) =
(Ak.0, Ak, Ak 2, ...) for all k € N. Let us pass to limit firstly as j — oo and
nextly taking supremum over k,l € N in (3.4) we have doo(A’, Ax;) < €.
Since (Ak l) € T3(f,p, ) for each i € N, there exists a kg € N such that

ol DFEAL D) < e
for every k,1 > ko(e) and for each fixed i € N.

From triangle inequality, we can write

Pk, DL @Ay, D)ot < Clk, D @AAL), A ) Pei+Cup(k, )[f(d( ,0))]Pe
for all i,k,l € N, where C' = max(1,271). Now for all k,l > ko(e), w
obtain

Wk, 1)[f(d(Ay,, 0))]Pet < 2e.

This gives that (Ay;) € 3(f,p,). Because (Zé)l) was an arbitrary
Cauchy sequence, the space @3(f,p,) is complete. O

The spaces G3(f,p, 1), Zio(f,p, ¥) and Zi(f,p, 1) are solid.

Proof. Assume that Yz(f, p, 1) shows the anyone of the spaces E%(f, ),
2 =2
I (f.p, ) and To(f, p,40). Let

(36) E(Ek,laﬁ) < a(Ak Iy )
holds for some (Ay;) € ( f,p,v). Because the modulus function is in-
creasing, we can clearly see by (3.8) that L

limy ¥ (k, )[f (d(Br, 0))[P < Timyg o (k, [ f (d(Agy, 0)]P,

supy.; (K, D)[f (d(Biy,0))]P < supy.y (K, D[f (d(Ary, 0))]P4,

Yot Wk, DI (d(Brg, 0))P% < Sy 0k, DIf (d(Ak,, 0 ))]p“

The above inequalities give that (By;) € 72( ).

Let infy; pr; = h > 0. Then (a) If (Ak:l) € then (Akl) CQ(f,p,w),
(b) It (Ay,) € @(p, ) then (Ag,) € E(f,p, ), (¢) If B = lim; L8 > 0 then
(p, ) = E(f,p, 1)
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Proof. (a) Let (Ag;) € ¢ Then limk’la(zk’l,ZO) = 0. Since [ is
modulus function, then

limy; f(d(Ay, Ao)) = flimy(d(Agy, Ao))] = £(0) = 0.

Moreover infy ; pr; = h > 0, then limy, [f(E(Z A ))] = 0. Thus, for
0 < e < 1, Jko such that for all k,I > ko [f(d(Ag,, AN < e < 1, as
Pk, > h for all k,1,

[f(d( Ak, Ao))P*t < [f(d(ARp, Ao))]" < e <1,
then we have

limy, [f(d(AkJ, Ao))]pk’l =0.

Since 9 (k, 1) is bounded, we can write

lika ’(,Z)(ki, l)[f(E(ijl,ZO))]pu = 0.

Thus (Ag,) € E(f,p, ).

(b) Suppose that (Ay,;) € @ (p,v), then limy g ¢ (k, 1)(d(Ag,, Ao))Prt = 0.
Let € > 0 and choose ¢ with 0 < ¢ < 1, such that f(t) < e for 0 < ¢ < 4.
Now we define

I = {k‘,l eN: E(Zk,bzo) < (5}
and

I, = {k‘,l eN: E(Zk,bzﬂ) > 5}

For E(ZkJ,ZQ) >0

E(Zk7l,ZO) < E(ZkJ,Zo)(S*l <1+ HE(K}C,Z,Z())H
where k, [ € Iy and [|t|] denotes the integer of t. From properties of modulus
function, for d(Ay;, Ag) > J, we obtain

£(d(Ak, Ao)) < 1+ [[d(Ak, Ao)[ £ (1) < 2f(1)d(Apy, Ao)d

For d(Aj, _é@) <6, f(d(Agy, Ap)) < €, where k,l € I. So
Dk, D[ (d(Agg, Ao))]Pet = (k. D[ f(d(Agg, Ao))]PH
Jrjen + (K, D [f(d(Aki, Ao)) o ket

< ¢(k, D + [2f (1)~ 1T (k, 1)[d(Agy, Ao)Pst — 0

as k,l — oo.

Then we obtain (Ax,) € T(f,p, ¥).

(¢) From (b), we know that ¢2(p,v) C €(f,p, ). So we must show that
2(f,p,v) C @(p,v). For any modulus function, the existence of positive
limit 3 is given in Maddox [18]. Now, 8 > 0 and let (Ay;) € ¢*(f,p, ).
Since § > 0 for every t > 0, we write f(¢) > (t. From this inequality, we
obtain that (Ag,) € ¢*(p,¢). O
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Let f and g be two modulus functions. Then

(a) E(f.p,¥) N (g0 %) C E(f +9,p,7),
(b) Let 91,12 € M and ¢1(k,l) < a(k,l) for all k,l € N. Then

62(f7p7¢2) C E2(f7p7wl)‘

Proof. a)_Let (Axy) € Ez(f,_p,_z/}) N (g, p,v). From (2.1), we obtain

( ) ). From
[(F+e) (d( A, Ao))|P! = [f(d( Ak, Ao)) + g(d(Ag,, Ao))]P
< C[f(d(Apy, Ao)) Pt + Clg(d( Ay, Ao))JPE.

Since 9 (k, l) is bounded, we can write

Dk, DI(f + 9)(d(Ap,, Ao))JP+

< CY(k, D[ f (d(Ay,1, Ao))JPEt + CY(k, 1)[g(d( Ay, Ap))]PH.

Thus we have (Ax,;) € T(f + g,p, V).

(b) Let v1(k, 1) < to(k, 1) for all k,[ € N.

Therefore L L

1 (k, D)[f(d( A1, Ao))JPet < bo(k, 1) f (d(Ag, Ao))JPE.

This inequality shows that 2(f, p,19) C E(f,p,b1). O

Let f be a modulus function, then (a) Zio C iio(f,p, ), (b) If fis
bounded then Zio( f,p,v) = @?, where @2 is the set of all double sequence
spaces of interval numbers.

Proof. (a) Suppose that (Ay;) € 72 Then there exists a positive
integer M such that d(Ay,;,0) < M. As f is bounded then f[d(Ay,0)] is
also bounded. Therefore

(ke DIf (d(Ak, 0))[Pt < (ke DM F(1)]Pet < p(k, DM f(1)]T < oo

Hence (A1) € Tog(f,p, 1), B
(b) Let f be bounded. Then for any (Ay;) € w?,

w(k,l)[f(d(Akl, 0))]Prt < w(k; 1) LPrt < ap(k, l)LH < 0.
Therefore loo(f,p,z/z) = w2
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