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Abstract

Let G be a group with identity e. Let R be a G-graded commutative
ring and M a graded R-module. In this paper, we introduce and study
a new topology on Cl.Specg(M), the collection of all graded classical
prime submodules of M , called the Zariski-like topology. Then we in-
vestigate the relationship between algebraic properties of M and topo-
logical properties of Cl.Specg(M). Moreover, we study Cl.Specg(M)
from point of view of spectral space.
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1. Introduction and Preliminaries

Before we state some results, let us introduce some notations and terminolo-
gies. Let G be a group with identity e and R be a commutative ring with
identity 1R. Then R is a G-graded ring if there exist additive subgroups Rg

of R such that R =
L

g∈GRg and RgRh ⊆ Rgh for all g, h ∈ G. We denote
this by (R,G) (see [8].) The elements of Rg are called homogeneous of de-
gree g where the Rg’s are additive subgroups of R indexed by the elements
g ∈ G. If x ∈ R, then x can be written uniquely as

P
g∈G xg, where xg is

the component of x in Rg. Moreover, h(R) =
S
g∈GRg. Let I be an ideal

of R. Then I is called a graded ideal of (R,G) if I =
L

g∈G(I
T
Rg). Thus,

if x ∈ I, then x =
P

g∈G xg with xg ∈ I. An ideal of a G-graded ring need
not be G-graded (see [8].)

Let R be a G-graded ring and M an R-module. We say that M is a G-
graded R-module (or graded R-module) if there exists a family of subgroups
{Mg}g∈G ofM such thatM = g ∈ G

L
Mg (as abelian groups) and RgMh ⊆

Mgh for all g, h ∈ G. Here, RgMh denotes the additive subgroup of M
consisting of all finite sums of elements rgsh with rg ∈ Rg and sh ∈ Mh.
Also, we write h(M) = g ∈ G

S
Mg and the elements of h(M) are called

homogeneous elements of M . Let M = g ∈ G
L
Mg be a graded R-module

and N a submodule of M . Then N is called a graded submodule of M if
N = g ∈ G

L
Ng where Ng = N ∩Mg for g ∈ G. In this case, Ng is called

the g-component of N (see [8].)

Let R be a G-graded ring and M a graded R-module. A proper graded
ideal I of R is said to be a graded prime ideal if whenever rs ∈ I, we have
r ∈ I or s ∈ I, where r, s ∈ h(R). The graded radical of I, denoted by
Gr(I), is the set of all x ∈ R such that for each g ∈ G there exists ng > 0
with xng ∈ I. Note that, if r is a homogeneous element, then r ∈ Gr(I)
if and only if rn ∈ I for some n ∈ N. Let Specg(R) denote the set of all
graded prime ideals of R (see [11].)

A proper graded submodule N of M is said to be a graded prime sub-
module if whenever r ∈ h(R) and m ∈ h(M) with rm ∈ N , then either
r ∈ (N :R M) = {r ∈ R : rM ⊆ N} or m ∈ N (see [2].) It is shown
in [2, Proposition 2.7] that if N is a graded prime submodule of M, then
P := (N :R M) is a graded prime ideal of R, andN is called graded P -prime
submodule. Let Specg(M) denote the set of all graded prime submodules
of M . Note that some graded R-modules M have no graded prime sub-
modules. We call such graded modules g-primeless. The graded radical of
a graded submodule N of M , denoted by GrM(N), is defined to be the
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intersection of all graded prime submodules of M containing N . If N is
not contained in any graded prime submodule of M , then GrM(N) = M
(see [2, 9].)

A proper graded submodule N of M is called a graded classical prime
submodule if whenever r, s ∈ h(R) and m ∈ h(M) with rsm ∈ N , then
either rm ∈ N or sm ∈ N (see [1, 4].) Of course, every graded prime
submodule is a graded classical prime submodule, but the converse is not
true in general (see [1], Example 2.3.) Let Cl.Specg(M) denote the set of
all graded classical prime submodules of M . Obviously, some graded R-
modules M have no graded classical prime submodules; such modules are
called g-Cl.primeless. The graded classical radical of a graded submodule
N of a graded R-module M , denoted by GrclM(N), is defined to be the
intersection of all graded classical prime submodules of M containing N .
If N is not contained in any graded classical prime submodule of M , then
GrclM(N) = M (see [4].) We know that Specg(M) ⊆ Cl.Specg(M). As it
is mentioned in ([1], Example 2.3), it happens sometimes that this con-
tainment is strict. We call M a graded compatible R-module if its graded
classical prime submodules and graded prime submodules coincide, that is
if Specg(M) = Cl.Specg(M). If R is a G-graded ring, then every graded
classical prime ideal of R is a graded prime ideal. So, if we consider R as
a graded R-module, it is graded compatible.

Let R be a G-graded ring and M a graded R-module. For each graded
ideal I of R, the graded variety of I is the set V g

R(I) = {P ∈ Specg(R)|I ⊆
P}. Then the set {V g

R(I)|I is a graded ideal of R} satisfies the axioms for
the closed sets of a topology on Specg(R), called the Zariski topology on
Specg(R) (see [7, 10].)

In [3], Specg(M) has endowed with quasi-Zariski topology. For each
graded submodule N of M , let V g

∗ (N) = {P ∈ Specg(M)|N ⊆ P}. In this
case, the set ζg∗ (M) = {V g

∗ (N)| N is a graded submodule of M} contains
the empty set and Specg(M), and it is closed under arbitrary intersections,
but it is not necessarily closed under finite unions. The graded R-moduleM
is said to be a g-Top module if ζg∗ (M) is closed under finite unions. In this
case ζg∗ (M) satisfies the axioms for the closed sets of a unique topology τ

g
∗

on Specg(M). The topology τ
g
∗ (M) on Specg(M) is called the quasi-Zariski

topology.

In [4], Cl.Specg(M) has endowed with quasi-Zariski topology. For each
graded submodule N of M , let Vg

∗(N) = {C ∈ Cl.Specg(M) |N ⊆ C}.
In this case, the set ηg∗(M) = {Vg

∗(N)|N is a graded submodule of M}
contains the empty set and Cl.Specg(M), and it is closed under arbitrary
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intersections, but it is not necessarily closed under finite unions. The graded
R-module M is said to be a g-Cl.Top module module if ηg∗(M) is closed
under finite unions. In this case ηg∗(M) satisfies the axioms for the closed
sets of a unique topology (g∗ on Cl.Specg(M). In this case, the topology
(g∗(M) on Cl.Specg(M) is called the quasi-Zariski topology.

In this article, we introduce and study a new topology on Cl.Specg(M),
called the Zariski-like topology, which generalizes the Zariski topology of
graded rings to graded modules. Let R be a G-graded ring and M a
graded R-module. For each graded submodule N ofM , we defineUg

∗(N) =
Cl.Specg(M)−Vg

∗(N) and put Bcl(M) = {Ug
∗(N) : N is a graded submod-

ule of M}. Then we define τ clg (M) to be the topology on Cl.Specg(M) by

the sub-basis Bcl(M). In fact τ clg (M) to be the collection U of all unions of

finite intersections of elements of Bcl(M).We call this topology the Zariski-
like topology of M.

If N is a graded submodule (respectively proper submodule) of a graded
module M we write N ≤g M (respectively NgM).

2. Topology on Cl.Specg(M)

Let R be a G-graded ring andM a graded R-module. A graded submodule
C of M will be called a graded maximal classical prime if C is a graded
classical prime submodule of M and there is no graded classical prime
submodule P of M such that C ⊂ P. Let Cl.Specg(M) be endowed with
the Zariski-like topology. For each subset Y of Cl.Specg(M), We will denote
the closure of Y in Cl.Specg(M) by cl(Y ).

Lemma 2.1. Let R be a G-graded ring and M a graded R-module.

i) If Y is a nonempty subset of Cl.Specg(M), then cl(Y ) =
S

C∈Y
Vg
∗(C).

ii) If Y is a closed subset of Cl.Specg(M), then Y =
S

C∈Y
Vg
∗(C).

Proof.

i) Clearly, cl(Y ) ⊆ S
C∈Y

Vg
∗(C). Let S be a closed subset of Cl.Specg(M)

containing Y . Thus, S =
T
i∈I(

Sni
j=1V

g
∗(Nij)), for some Nij ≤g M ,

i ∈ I and ni ∈ N. Let P ∈
S

C∈Y
Vg
∗(C). Then, there exists C0 ∈ Y
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such that P ∈ Vg
∗(C0) and so C0 ⊆ P . Since C0 ∈ S, then for each

i ∈ I there exists j, 1 ≤ j ≤ ni, such that Nij ⊆ C0, and hence
Nij ⊆ C0 ⊆ P . It follows that P ∈ S. Therefore,

S
C∈Y

Vg
∗(C) ⊆ S.

ii) Clearly Y ⊆ S
C∈Y

Vg
∗(C). For eachC ∈ Y we haveVg

∗(C) = cl({C}) ⊆

cl(Y ) = Y by part(i). Hence
S

C∈Y
Vg
∗(C) ⊆ Y . Therefore, Y =S

C∈Y
Vg
∗(C).

2

Now the above lemma immediately yields the following result.

Corollary 2.2. Let R be a G-graded ring and M a graded R-module.
Then.

1. cl({C}) = Vg
∗(C), for all C ∈ Cl.Specg(M).

2. Q ∈ cl({C}) if and only if C ⊆ Q if and only if Vg
∗(Q) ⊆ Vg

∗(C).

3. The set {C} is a closed in Cl.Specg(M) if and only if C is a graded
maximal classical prime submodule of M .

The following theorem shows that for any gradedR-moduleM , Cl.Specg(M)
is always a T0-space.

Theorem 2.3. Let R be a G-graded ring and M a graded R-module.
Then, Cl.Specg(M) is a T0-space.

Proof. Let C1, C2 ∈ Cl.Specg(M). By Corollary 2.2, cl({C1}) =
cl({C2}) if and only if Vg

∗(C1) = V
g
∗(C2) if and only if C1 = C2.

Now, by the fact that a topological space is a T0-space if and only if
the closures of distinct points are distinct, we conclude that for any graded
R-module M , Cl.Specg(M) is a T0-space. 2

Let R be a G-graded ring and M a graded R-module. Let every graded
classical prime submodule of M is contained in a graded maximal classical
prime submodule. We define, by transfinite induction, sets Xα of graded
classical prime submodule ofM . To start, let X−1 be the empty set. Next,
consider an ordinal α ≥ 0; ifXβ has been defined for all ordinals β < α, then
let Xα be the set of those graded classical prime submodules C in M such
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that all graded classical prime submodules proper containing C belong to
∪β<αXβ. In particular, X0 is the set of graded maximal classical prime sub-
modules of M . If some Xγ contains all graded classical prime submodules
of M , then we say that dimcl

g (M) exists, and we set dim
cl
g (M) -the graded

classical prime dimension of M to be to the smallest such γ. We write
dimcl

g (M) = γ as an abbreviation for the statement that dimcl
g (M) exists

and equal γ. In fact, if dimcl
g (M) = γ <∞, then dimcl

g (M) = sup{ht(C)|C
is graded classical prime submodule of M}. Where ht(C) is the greatest
non-negative integer n such that there exists a chain of graded classical
prime submodules of M , C0 ⊂ C1 ⊂ . . . . . . . . . ⊂ Cn = C, and ht(C) = ∞
if no such n exists.

Let X be a topological space and let x1 and x2 be two points in X. We
say that x1 and x2 can be separated if each lies in an open set which does
not contain the other point. X is a T1-space if any two distinct points in
X can be separated. A topological space X is a T1-space if and only if all
points of X are closed in X, (see [6].)

Theorem 2.4. Let R be aG-graded ring andM a graded R-module. Then
Cl.Specg(M) is T1-space if and only if dim

cl
g (M) ≤ 0.

Proof. First assume that Cl.Specg(M) is a T1-space. If Cl.Spacg(M) =
φ, then dimcl

g (M) = −1. Also, if Cl.Spacg(M) has one element, clearly

dimcl
g (M) = 0. So we can assume that Cl.Specg(M) has more than two

elements. We show that every graded classical prime submodules of M
is a graded maximal classical prime submodule. To show this, let C1 ⊆
C2, where C1, C2 ∈ Cl.Specg(M). Since {C1} is a closed set, {C1} =T
i∈I
(
niS
j=1

Vg
∗(Nij)), Where Nij ≤g M and I is an index set. So for each

i ∈ I, C1 ∈
niS
j=1

Vg
∗(Nij) so that there exists 1 ≤ ti ≤ ni such that

C1 ∈ Vg
∗(Niti). Since C1 ⊆ C2, C2 ∈ Vg

∗(Niti) for all i ∈ I. This implies that

C2 ∈
niS
j=1

Vg
∗(Nij), for all i ∈ I. Therefore, C2 ∈

T
i∈I
(
niS
j=1

Vg
∗(Nij)) = {C1} as

desired.

Conversely, suppose that dimcl
g (M) ≤ 0. If dimcl

g (M) = −1, then
Cl.Spacg(M) = φ, and hence it is a T1-space. Now let dimcl

g (M) = 0.
Then Cl.Spacg(M) 6= φ and for every graded classical prime submodule of
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M is a graded maximal classical prime submodule. Hence for each graded
classical prime submodule C of M , Vg

∗(C) = {C}, and so {C} is a closed
set in Cl.Spacg(M). Hence Cl.Spacg(M) is a T1-space. 2

The cofinite topology is a topology which can be defined on every set
X. It has precisely the empty set and all cofinite subsets of X as open sets.
As a consequence, in the cofinite topology, the only closed subset are finite
sets, or the whole of X (see [6].)

Now we give a characterization for a graded moduleM for which Cl.Specg(M)
is the cofinite topology.

Theorem 2.5. Let R be aG-graded ring andM a graded R-module. Then
the following statements are equivalent :

i) Cl.Specg(M) is the confinite topology.

ii) dimcl
g (M) ≤ 0 and for every graded submoduleN ofM eitherVg

∗(N) =
Cl.Specg(M) or V

g
∗(N) is finite.

Proof. (i) ⇒ (ii). Assume that Cl.Specg(M) is the cofinite topol-
ogy. Since every cofinite topology satisfies the T1 axiom, by Theorem
2.4, dimcl

g (M) ≤ 0. Now assume that there exists a graded submodule
N of M such that |Vg

∗(N)| = ∞ and Vg
∗(N) 6= Cl.Specg(M). Then

Ug
∗(N) = Cl.Specg(M)−Vg

∗(N) is an open set in Cl.Specg(M) with infinite
complement, a contradiction. (ii) ⇒ (i). Suppose that dimcl

g (M) ≤ 0 and
for every graded submodule N of M , Vg

∗(N) = Cl.Specg(M) or V
g
∗(N)

is finite. Thus every finite union
Sn
j=1V

g
∗(Nj) of graded submodules Nj

≤g M is also finite or Cl.Specg(M). Hence any intersection of finite
union

T
i∈I(

Sn
j=1V

g
∗(Nij)) of graded submodules Nij ≤g M is finite or

Cl.Specg(M). Hence every closed set in Cl.Specg(M) is either finite or
Cl.Specg(M). Therefore Cl.Specg(M) is the cofinite topology. 2

Suppose that X is a topological space. Let x1 and x2 be points in X.
We say that x1 and x2 can be separated by neighborhoods if there exists
a neighborhood U of x1 and neighborhood V of x2 such that U

T
V =

φ. X is a T2-space if any two distinct points of X can be separated by
neighborhoods (see [6].) It is well-known that if X is a finite space, then
X is T1-space if and only if X is the discrete space (see [6].) Thus we have
the following corollary.

Corollary 2.6. Let R be a G-graded ring andM a graded R-module such
that Cl.Specg(M) is finite. Then the following statements are equivalent:
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i) Cl.Specg(M) is T2-space.

ii) Cl.Specg(M) is T1-space.

iii) Cl.Specg(M) is the cofinite space.

iv) Cl.Specg(M) is discrete.

v) dimcl
g (M) ≤ 0.

Theorem 2.7. Let R be a G-graded ring and M a graded R-module such
that M has ACC on intersection of graded classical prime submodules.
Then, Cl.Specg(M) is a quasi-compact space

Proof. Suppose M is a graded R-module such that M has ACC on
intersection of graded classical prime submodules. Let be a family of open
sets covering Cl.Specg(M), and suppose that no finite subfamily of covers
Cl.Specg(M). Since V

g
∗(0) = Cl.Specg(M), then we may use the ACC on

the intersection of graded classical prime submodules to choose a graded
submoduleN maximal with respect to the property that no finite subfamily
of covers Vg

∗(N). We claim that N is a graded classical prime submod-
ule of M , for if not, then there exist mλ ∈ h(M) and rg, sh ∈ h(R), such
that rgshmλ ∈ N , rgmλ /∈ N and shmλ /∈ N . Thus NN + Rrgmλ and
NN + Rshmλ. Hence, without loss of generality, there must exist a finite
subfamily

0
of that covers both Vg

∗(N +Rrgmλ) and V
g
∗(N +Rshmλ). Let

C ∈ Vg
∗(N). Since rgshmλ ∈ N , rgshmλ ∈ C and since C is graded classi-

cal prime, rgmλ ∈ C or shmλ ∈ C. Thus either C ∈ Vg
∗(N+Rrgmλ) or C ∈

Vg
∗(N +Rshmλ), and hence V

g
∗(N) ⊆ Vg

∗(N +Rrgmλ)
S
Vg
∗(N +Rshmλ).

Thus, Vg
∗(N) is covered with the finite subfamily

0
, a contradiction. There-

fore, N is a graded classical prime submodule of M .

Now, choose W ∈ such that N ∈ W . Hence N must have a neigh-
borhood

Tn
i=1U

g
∗(Pi), for some graded submodule Pi of M and n ∈ N,

such that
Tn
i=1U

g
∗(Pi) ⊆ W. We claim that for each i (1 ≤ i ≤ n),

N ∈ Ug
∗(Pi + N) ⊆ Ug

∗(Pi). To see this, assume that C ∈ Ug
∗(Pi + N),

i.e., Pi +NC. So PiC, i.e., C ∈ Ug
∗(Pi). On the other hand, N ∈ Ug

∗(Pi),
i.e., PiN . Therefore, Pi + NC, i.e., C ∈ Ug

∗(Pi + N). Consequently,

N ∈
nT
i=1
Ug
∗(Pi +N) ⊆

nT
i=1
Ug
∗(Pi) ⊆W .
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Hence
Tn
i=1U

g
∗(P

0
i ), where P

0
i := Pi +N , is a neighborhood of N such

that
Tn
i=1U

g
∗(P

0
i ) ⊆ W. Since for each i (1 ≤ i ≤ n), then NP

0
i , V

g
∗(P

0
i )

can be covered by some finite subfamily
0
i of . But, V

g
∗(N)\[

nS
i=1
Vg
∗(P

0
i )] =

Vg
∗(N)\[

nT
i=1
Ug
∗(P

0
i )]

c = [
nT
i=1
Ug
∗(P

0
i )] ∩V

g
∗(N) ⊆ W, and so Vg

∗(N) can be

covered by
0
1

S0
2

S
...
S 0

n

S{W}, contrary to our choice of N . Thus, there
must exist a finite subfamily of which covers Cl.Specg(M). Therefore,
Cl.Specg(M) is a quasi-compact space. 2

3. Graded modules whose Zariski-like topologies are spectral
spaces

A topological space X is called irreducible if X 6= φ and every finite inter-
section of non-empty open sets of X is non-empty. A (non-empty) subset
Y of a topology space X is called an irreducible set if the subspace Y of X
is irreducible, equivalently if Y1 and Y2 are closed subset of X and satisfy
Y ⊆ Y1 ∪ Y2, then Y ⊆ Y1 or Y ⊆ Y2 (see [6].)

Let Y be a closed subset of a topological space. An element y ∈ Y
is called a generic point of Y if Y = cl({y}). Note that a generic point
of the irreducible closed subset Y of a topological space is unique if the
topological space is a T0-space (see [5].)

A spectral space is a topological space homomorphic to the prime spec-
trum of a commutative ring equipped with the Zariski topology. Spectral
spaces have been characterized by Hochster [5] as the topological space W
which satisfy the following conditions:

i) W is a T0-space.

ii) W is quasi-compact.

iii) the quasi-compact open subsets ofW are closed under finite intersec-
tions and form an open basis.

iv) each irreducible closed subset of W has a generic point.

Let M be a G-graded R-Module and Y a subset of Cl.Specg(M). We
will denote

T
C∈Y

C by =(Y ) (note that if Y = φ, then =(Y ) =M).

Lemma 3.1. Let R be a G-graded ring and M a graded R-module. Then
for each C ∈ Cl.Specg(M), V

g
∗(C) is irreducible.
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Proof. Suppose that Vg
∗(C) ⊆ Y1 ∪ Y2, where Y1 and Y2 are closed sets.

Since C ∈ Vg
∗(C), either C ∈ Y1 or C ∈ Y2. Without loss of generality we

can assume that C ∈ Y1. We have Y1 =
T
i∈I(

Sni
j=1V

g
∗(Nij)), for some I,

ni(i ∈ I), and Nij ≤g M . Thus C ∈ Sni
j=1V

g
∗(Nij), for all i ∈ I. It follows

that Vg
∗(C) ⊆

Sni
j=1V

g
∗(Nij), for all i ∈ I. Thus Vg

∗(C) ⊆ Y1. Therefore
Vg
∗(C) is irreducible. 2

Theorem 3.2. Let R be a G-graded ring, M a graded R-module and Y ⊆
Cl.Specg(M).

i) If Y is irreducible, then =(Y ) is a graded classical prime submodule.

ii) If =(Y ) is a graded classical prime submodule and =(Y ) ∈ cl(Y ),
then Y is irreducible.

Proof. (i) Assume that Y is an irreducible subset of Cl.Specg(M).
Clearly, =(Y ) = T

C∈Y
CgM and Y ⊆ Vg

∗(=(Y )). Let I, J be graded ideals

of R and N be a graded submodule ofM such that IJN ⊆ =(Y ). It is easy
to see that Y ⊆ Vg

∗(IJN) ⊆ Vg
∗(IN)

S
Vg
∗(JN). Since Y is irreducible,

either Y ⊆ Vg
∗(IN) or Y ⊆ Vg

∗(JN). If Y ⊆ Vg
∗(IN), then IN ⊆ C, for

all C ∈ Y . Thus IN ⊆ =(Y ). If Y ⊆ Vg
∗(JN), then JN ⊆ C, for all

C ∈ Y . Hence JN ⊆ =(Y ). Thus by [1, Theorem 2.1.], =(Y ) is a graded
classical prime submodule of M . (ii) Assume that C := =(Y ) is a graded
classical prime submodule of M and C ∈ cl(Y ). It is easy to see that
cl(Y ) = Vg

∗(C). Now let Y ⊆ Y1
S
Y2, where Y1, Y2 are closed sets. Then

we have Vg
∗(C) = cl(Y ) ⊆ Y1

S
Y2. Since V

g
∗(C) ⊆ Y1

S
Y2 and by Lemma

3.1, Vg
∗(C) is irreducible, V

g
∗(C) ⊆ Y1 orV

g
∗(C) ⊆ Y2. Hence either Y ⊆ Y1

or Y ⊆ Y2. Thus Y is irreducible. 2

Corollary 3.3. Let R be a G-graded ring, M a graded R-module and N
a graded submodule of M . Then the subset Vg

∗(N) of Cl.Specg(M) is
irreducible if and only if GrclM(N) is a graded classical prime submodule.
Consequently, Cl.Specg(M) is irreducible if and only ifGr

cl
M(M) is a graded

classical prime submodule.
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Proof. (⇒)Let Y := Vg
∗(N) be an irreducible subset of Cl.Specg(M).

Then we have =(Y ) = GrclM(N) so that Gr
cl
M(N) is a graded classical prime

submodule of M by Theorem 3.2(i).
(⇐) By [4, Proposition 3.4(1)], for each graded submodule N of M ,

Vg
∗(N) = Vg

∗(GrclM(N)). Now let GrclM(N) is a graded classical prime
submodule of M . Then GrclM(N) ∈ V

g
∗(N), and hence by Theorem 3.2 (ii),

Vg
∗(N) is irreducible. 2

Lemma 3.4. Let R be a G-graded ring and M a graded R-module. Then

i) Every C ∈ Cl.Specg(M) is a generic point of the irreducible closed
subset Vg

∗(C).

ii) Every finite irreducible closed subset of Cl.Specg(M) has a generic
point.

Proof.

i) is clear by Corollary 2.2(i).

ii) Let Y be an irreducible closed subset of Cl.Specg(M) and Y =
{C1, C2, ..., Cn}, where Ci ∈ Cl.Specg(M), n ∈N. By Lemma 2.1(i),
Y = cl(Y ) = Vg

∗(C1)
S
Vg
∗(C2)

S
....
S
Vg
∗(Cn). Since Y is irreducible,

Y = Vg
∗(Ci) for some i(1 ≤ i ≤ n). Now by (i), Ci is a generic point

of Y .

2

Theorem 3.5. Let R be a G-graded ring and M a graded R-module such
that Cl.Specg(M) is finite. Then Cl.Specg(M) is a spectral space (with
the Zariski-like topology). Consequently, for each finite graded R-module
M , Cl.Specg(M) is a spectral space.

Proof. Since Cl.Specg(M) is finite, every subset of Cl.Specg(M) is
quasi-compact. Hence the quasi-compact open sets of Cl.Specg(M) are
closed under finite intersection and form an open basis (note: this basis is
β = {Ug

∗(N1)
T
Ug
∗(N2)

T
...
T
Ug
∗(Nk) : Ni ≤g M , 1 ≤ i ≤ k, for some

k ∈ N}). Also by Theorem 2.3, Cl.Specg(M) a T0-space. Moreover, every
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irreducible closed subset of Cl.Specg(M) has a generic point by Lemma 3.4.
Therefore Cl.Specg(M) is a spectral space by Hochster’s characterization.
2

Let X be a topological space. By the patch topology on X, we mean
the topology which has as a sub-basis for its closed sets the closed sets and
compact open sets of the original space. By a patch we mean a set closed
in the patch topology. The patch topology associated to a spectral space
is compact and T2-space (see [5].)

Definition 3.6. Let R be a G-graded ring and M a graded R-module,
and let P g

∗ (M) be the family of all subsets of Cl.Specg(M) of the form
Vg
∗(N)

T
Ug
∗(K), where N, K ≤g M . Clearly P g

∗ (M) contains both
Cl.Specg(M) and φ because Cl.Specg(M) = Vg

∗(0)
T
Ug
∗(M) and φ =

Vg
∗(M)

T
Ug
∗(0). Let T

g
∗ (M) be the collection of all unions of finite inter-

sections of elements of P g
∗ (M). Then, T

g
∗ (M) is a topology on Cl.Specg(M)

and is called the patch-like topology of M , in fact, P g
∗ (M) is a sub-basis

for the patch-like topology of M .

Theorem 3.7. Let R be a G-graded ring and M a graded R-module.
Then, Cl.Specg(M) with the patch-like topology is a T2-space.

Proof. Suppose distinct points C1, C2 ∈ Cl.Specg(M). Since C1 6=
C2, then either C1C2 or C2C1. Assume that C1C2. By Definition 3.6,
P1 := Ug

∗(M)
T
Vg
∗(C1) is a patch-like-neighborhood of C1 and P2 :=

Ug
∗(C1)

T
Vg
∗(C2) is a patch-like-neighborhood of C2. Clearly,

Ug
∗(C1)

T
Vg
∗(C1) = φ, and thus P1

T
P2 = φ. Therefore, Cl.Specg(M) is a

T2-space. 2
The proof of the next theorem is similar to the proof of Theorem 2.7.

Theorem 3.8. Let R be a G-graded ring and M a graded R-module such
that M has ACC on intersection of graded classical prime submodules.
Then Cl.Specg(M) with the patch-like topology is a compact space.

Theorem 3.9. Let R be a G-graded ring and M a graded R-module such
that M has ACC on intersection of graded classical prime submodules.
Then every irreducible closed subset of Cl.Specg(M) (with the Zariski-like
topology) has a generic point.
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Proof. Let Y be an irreducible closed subset of Cl.Specg(M). By
Definition 3.6 for each C ∈ Y, Vg

∗(C) is an open subset of Cl.Specg(M)
with the patch-like topology. On the other hand since Y ⊆ Cl.Specg(M) is
closed with the Zariski-like topology, the complement of Y is open by this
topology. This yields that the complement of Y is open with the patch-
like topology. So Y ⊆ Cl.Specg(M) is closed with the patch-like topology.
Since Cl.Specg(M) is a compact space in patch-like topology by Theorem
3.8 and Y is closed in Cl.Specg(M), we have Y is compact space in patch-
like topology. Now Y =

S
C∈Y

Vg
∗(C) by Lemma 2.1(ii) and each V

g
∗(C) is

open in patch-like topology. Hence there exists a finite set Y1 ⊆ Y such
that Y =

S
C∈Y1

Vg
∗(C). Since Y is irreducible, Y = Vg

∗(C) = cl({C}) for

some C ∈ Y. Therefore, C is a generic point for Y. 2
We need the following evident lemma

Lemma 3.10. Assume τ1 and τ2 are two topologies onX such that τ1 ⊆ τ2.
If X is quasi-compact in τ2 , then X is also quasi-compact in τ1.

Theorem 3.11. Let R be a G-graded ring and M a graded R-module
such that M has ACC on intersection of graded classical prime submod-
ules. Then for each n ∈ N, and graded submodules Ni(1 ≤ i ≤ n) of M ,
Ug
∗(N1)

T
Ug
∗(N2)

T
...
T
Ug
∗(Nn) is a quasi-compact subset of Cl.Specg(M)

with the Zariski-like topology.

Proof. Clearly, for each n ∈ N, and each graded submodules Ni(1 ≤ i ≤
n) of M , Ug

∗(N1)
T
Ug
∗(N2)

T
...
T
Ug
∗(Nn) is a closed set in Cl.Specg(M)

with patch-like topology. By Theorem 3.8, Cl.Specg(M) is a compact space
with the patch-like topology and since every closed subset of a compact
space is compact,Ug

∗(N1)
T
Ug
∗(N2)

T
...
T
Ug
∗(Nn) is compact inCl.Specg(M)

with patch-like topology and so by Lemma 3.10, it is quasi-compact in
Cl.Specg(M) with the Zariski-like topology. 2

Corollary 3.12. Let R be a G-graded ring and M a graded R-module
such thatM has ACC on intersection of graded classical prime submodules.
Then Zariski-like quasi-compact open sets of Cl.Specg(M) are closed under
finite intersections.
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Proof. It suffices to show that the intersection Q = Q1
T
Q2 of two

Zariski-like quasi-compact open sets Q1 and Q2 of Cl.Specg(M) is Zariski-
like quasi-compact set. Each Qi, i = 1, 2, is a finite union of members of the
open base β = {Ug∗ (N1)

T
U
g
∗ (N2)

T
...
T
Ug
∗(Nn) : Ni ≤g M , 1 ≤ i ≤ n,

for some n ∈ N}. Hence Q = Sm
i=1(

Tni
j=1U

g
∗(Nj)). Let Γ be any open cover

of Q. So Γ also covers each
Tni
j=1U

g
∗(Nj) which is Zariski-like quasi-compact

by Theorem 3.11. Thus each
Tni
j=1U

g
∗(Nj) has a finite subcover of Γ and

so dose Q. 2

Theorem 3.13. Let R be a G-graded ring andM a graded R-module such
that M has ACC on intersection of graded classical prime submodules.
Then Cl.Specg(M) (with the Zariski-like topology) is a spectral space.

Proof. By Theorem 2.3, Cl.Specg(M) is a T0-space. Also, by Theorem
3.11., Cl.Specg(M) is quasi-compact and has a basis of quasi-compact open
subsets. Moreover, by Corollary 3.12, the family of quasi-compact open
subset of Cl.Specg(M) is closed under finite intersections. Finally, every
irreducible closed subset of Cl.Specg(M) has generic point by Theorem 3.9.
Thus Cl.Specg(M) is spectral space by Hochster’s characterization. 2
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