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Abstract

The Lorenz Attractor has been a source for many mathematical
studies. Most of them deal with lower dimensional representations of
its first return map. An one dimensional scenario can be modeled by
the standard two parameter family of contracting Lorenz maps. The
dynamics, in this case, can be modeled by a subshift in the Lexico-
graphical model. These subshifts are the maximal invariant set for
the shift map in some interval. For some of them the extremes, of
the interval, are a minimal periodic sequence and a mazximal periodic
sequence which is an iteration of the lower extreme (by the shift map).
For some of these subshifts the topological entropy is zero. In this case
the dynamics (of the respective Lorenz map) is simple. Asso-
ciated to any of these subshifts (let call it A) we consider an extension
(let call it T') of it that contains A which also can be constructed by
using an interval whose extremes can be defined by the extremes of
A. For these extensions, we present here a computer verification of
a result that compute its topological entropy. As a consequence, we
can affirm: the longer the period of the periodic sequence is, then the
lower complezity in the dynamics of the extension the associated map
has.
2000 AMS Classification : Primary 37B10, 37B40, Secondary
3TE05.
Key words and phrases : Lexicographical world, topological en-
tropy, maximal and minimal sequences, shift map, Lorenz Maps.
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1. Introduction

The topological theory of Dynamical Systems is a mathematical theory that
started in the first quarter of the 20th century due, mainly, to the pioneer
work by Poincaré which introduced the definition of the rotation number
associated to an homeomorphism of the circle.

The main task of this topological theory is to study the dynamical behavior
of a continuous map f: X — X, where X is a compact topological space.
In the 1960’s and in a remarkable article by R. L. Adler, A. G. Konheim
and M. H. McAndrew (see [1]) these authors introduced the topological
entropy of a map f: X — X.

Let us assume that (X,d) is a compact metric space. Let C°(X, X) be
the set of continuous maps f : X — X endowed with the topology given
by the metric do(f,g) = Sup{d(f(z),g(z));z € X}. The topological en-
tropy is a map hiep : CO(X, X) — [0, 0o[ that is not continuous (see [30]).
The number hyp(f) indicates the complexity of the dynamic of the map
f:X — X. In fact, the number eor(f) = ) 7 has the following property:
Given a minimal open covering of the space X, say A = {41, As,... 4,}.
Let A, = {Aj, N YA N...nf~=D(4; );A; € A} be the open
covering AV f7HA) V...V 7" D(A). Let N(A,, f) be the small car-
dinality of an open subcover of A,, then N(A,, f) ~ (ehfop(f))n. That is:
the number of different orbits of length n, zg, x1,...,zn; xiy1 = f(z;) such

n
that z; € A;;,j =0,1,...,n — 1 is approximately equal to (ehtop(f)> .

So, the greater entropy the map f has then the greater number of
different orbits the map has. Hence, to compute the topological entropy
defined by a map f : X — X is an interesting problem.

The present paper is related with the computation of the topological
entropy associated to certain subshifts of the shift map o : ¥y — Yo (here
Yo =40 : NU{0} — {0,1}}) and o(6o,b1,02,...) = (01,02,03,...). In
fact, let us consider a € A (see section 2 for the definition of the set
AZ) be a minimal periodic orbit. Accordingly with Aranzubia (see [4])
for Yja_b,bra]l = {0 € Lo;a_b < 0%(0) < bya,Vi € N} and U‘Z[a7é7b+g] :
Yla_b,bia] — Xla_b,byal, we have:

(hiop(0lsia_pra)) = @ In(2):

here #(a) = per(a)

= period of the periodic sequence a.
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In this paper we compute hiop(0|5ja_pb,q) for a € A such that #(a)
is a prime number such that 2 < #(a) < 10.000 and we verify, in these
cases, that the equation (k) is true.

2. Preliminaries

2.1. General Theory

It is well known that one of the purposes of the topological theory of Dy-
namical Systems is to find universal models describing the topological dy-
namics of a large class of systems (see for instance [3], [9], [33]).

One of these universal models is the shift on n-symbols o : ¥, — X,
where ¥, is the set of sequences {6 : Ng — {0,1,2,...,n—1}} and o is
the shift map defined by (0(6))(i) = 6(i + 1). Here %, is endowed with a
certain topology and certain order.

In fact, several signed orders can be defined in X,,. Let us doing this
here. Let 0 = 29 < 1 < 22 < ... < X2,_1 = 1 be 2n points in the unit

n—1
interval [0, 1]. Let I; = [xgj, xoj41] for j =0,1,2,...,n—1;and T": U I; —

§=0
[0,1] be a map such that its restriction to I; is linear and onto [0, 1], for any
j=0,1,...,n — 1. The restriction of the map T to any interval I; can be

either orientation preserving or orientation reversing. Hence, we may define
n—1

2" piecewise linear maps 1" : U I; — [0,1] as before. Let Lin(n) denote
j=0

the set formed by these 2" maps. Associated to any T' € Lin(n) we have
n—1 n—1

its maximal invariant set Ay =<z € U I T ( ‘ U I, foralli € N
Jj=0 J=0

In this set, we consider the topology induced by the euclidean topology of

the interval [0, 1].

It is not hard to see that the set Ap is bijective to X,. In fact, the
itinerary map It : Ay — %, defined by I7(z)(i) = j if and only if T%(z) €
I; is bijective. Its inverse map Ifl 3n — Ap is given by IEI(G) =

Iy, NT (Ip)NT2(Ip,) N ... = ﬂ T J Ig , where, from now and on, we

denote 6 = (60105 . ..). Hence, by usmg the bijective map Ir : Ap — X,
we can induce in X,:

(a) A topology 77 : U C %, is open if and only if 1.} (U) C Ar is open,
and
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(b) An order: 6 <7 § in ¥, if and only if I () < I:}(3) in Ar.

Let us denote by X,,(T") the ordered, compact topological space
(X, 77, <7). In this way, we have introduced 2" of these ordered compact
metric spaces.

These models has been extensively used to obtain a great amount of
information about maps defined in an interval (see for instances [3, 8, 9,
14, 17, 18, 19, 20, 29, 25]); vector fields on three dimensional manifolds
(see for instance [2, 7, 12, 13, 15, 21, 22, 32, 34]) among other kinds of
dynamical systems.

In the special case of one dimensional dynamics, the shift of two sym-
bols may be used to study increasing (decreasing) map with one discon-
tinuity like the Lorenz maps, unimodal maps like the quadratic family or
increasing-decreasing (decreasing-increasing) maps with one discontinuity.
Namely, for n =2 the ordered metric compact space (X2, 77, <7)
corresponding to the increasing-increasing map T is known as the lexico-
graphical space which generates the lexicographical world (see for instance
[17, 18, 19, 20, 23, 24]) which is denoted LW.

In this work we deal with the lexicographical world. That is, here we
consider the set ¥ with the topology induced by the map T': IoUl; — [0, 1]
such that 7" |;, and 7' |7, are increasing maps.

Let o : ¥9 — Y9 be the shift map o(0y,61,602,...) = (61,02,...).
Let g and¥; denote the sets {# € Yo ; 0y = 0}and{f € Xy ; 6y =
1} respectively. It is clear that 3o = 3o U 3.

In X5 the order induced by T', <7, is the lexicographical order: 0 < «
for any 6 € ¥y and a € X1 or € < « if there is n € N such that 0; = «; for
1=0,1,2,...,n—1and 0, =0 and o, = 1.

For a < b in X9 let [a,b] denote the interval {# € ¥3ja < 6 <
b}. Xla,b] will denote the invariant set (,—go "(la,b]).

Let a denote the finite string a = agpay...a, and @ be the infinite
sequence @ = agdj ...dy = agai .. .0y, a0d] - . . dp, . ... For example, if a =
0011 then ¢ = 0011 = 00110011001100110011....

Let Maxy = {0 € X9;0%(0) < 0,Vi € Ny} and Ming = {a € ¥g;a <
o'(a),Vi € No} denotes the sets of mazimal and minimal sequences in the
lexicographical order.

Definition 2.1. Theset LW = {(a,b) € MinaxMazxs ;{a,b} C Xa,b|}
will be called the lexicographical world.
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The lexicographical world may be used to model the standard two pa-
rameter family of Lorenz maps given by

—22+v z <0
= ’ >
F(u,u)(x) { $2_M , x>0 p,v 20

In fact, let us consider the restriction of the dynamics of the map F{,, ,
to the interval I(p,v) = [=p,v]. That is F, )« I(g,v) — I(p,v). Let

m (u l,) v) \ {0}). For any = € A(u,v) let us consider its

itinerary I(u, v)(xz) € ¥g = {0 : Ng — {0,1}} given by I(u,v)(z)(i) =
j e F(iuw)(w) € Ij(p,v); where Io(p,v) = {z € Alp,v);z < 0} and
Li(p,v) ={x € A(u,v);x > 0}.

I(p,v) : A(p,v) — X9 is a continuous map whose image I(u, U)(A(M, v)) =

{1 ) ()50 € A, v)} = S, o] satisfies S, 7] ﬂ o ([al, ), b1, )
where a(p,v) = Illiljlﬂl(u, v)(x) and b(p,v) = hm I(u, )( ); here the limit

is taken over elements x € A(p,v). The sequences a(p,v) and  b(p,v)
satisfies o' (a(p,v)) > a(y,v) and o(b(p,v)) < b(u,v) for any i € Np.
Now we can consider the map a : {(y,v);n > 0,v > 0} — Ming
and S : {(u,v);pn > 0,v > 0} — Maxy defined by a(u,v) = a(u,v)
and S(p,v) = b(p, v), which associate to any (u,v) its kneading sequences
a(p,v) and b(p, v). These maps are not continuous (see [20]).
It is clear that we can parameterize the positive (u,)—plane by using the
map « or the map (. In this way we have an a and a S—decomposition of
the positive (u,v)—plane.
Also, we have a map L : {(u,v);u > 0,v > 0} — LW given by L(u,v) =
(a(p,v), B(p,v)) = (a(p, v),b(p,v)). This map is not continuous (see [20]).
Let us consider hip @ {(p,v); 0 > 0, > 0} — [0,In(2)] the topological
entropy Niop(ts V) = hiop(Tlsa(uu)p(up)))- 1t is unknown if this map is
continuous or not. Also, it is unknown if the set {(u,v) : hyop(p,v) = 0}
is a connected set. For us this set (the entropy zero set) seems to be arc
connected but not locally connected.

Observation 2.2. Let us now establish some notations.

1- If a € Ming, a # 0 then b(a) = sup{o'(a);i € N} € Maxy and
if d € Maxs,d # 1 then a(d) = inf{c'(d);i € N} € Mingy, if

M = b1by...b, then we will denote b(a) = biba...by,.
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2.- Ifa =0aqas...apn—11 thena_ = Oaqas...ap—10 and ifb = 1b1by ... b,—10
then b+ = 1b1b2 “e bnfll.

3.- If a1, ay are two sequences then we define m(ay,az) by m(a,az) =
aiay. For instance for a; = 001 and as = 01 we have m(ay,a2) =

2.2. The set A

Let us define the set A

Definition 2.3. Let Ag = {0"1,01™; n,m € N}, that is:

Let Ay = {m(a1, a2), a1 < ag are consecutive sequences in Ag} U Ay and
App1 = {m(a1,a2);a1 < ag are consecutive sequences in Ap} U A,. So,
we have:

Ag = ...00001, 0001, 001, 01, 011, 0111, 01111 ...
Ay =...0001, 000&001, 001, 00101, 01, 01811, 011, 0113111, 0111...

mOOLOO) (OO mLOL) w0

Ay =...00L, 00100101, 00101, 0010101, 01, 0101011, 01011, 01011011, 011...

Let Ay = U A,,. For a € Ay let
n=0
Ao(a) = {a—(b(a))"*b(a) , a_b(a)4a"""; n,m € N};
Ai(a) = {m(a1,a2);a1 < ag are consecutive sequences in Ag(a)} U Ap(a);
and

Apti1(a) = {m(a1, a2); a1 < ag are consecutive sequences in Ap(a)} U Ay (a)

and let Ao (a) = Ej An(a).

=0
Example: For a :nm € A, we have:
Ap(a) ={...00101011,001011,0011,001101,00110101, ...}
Aq(a) =4{...001011,0010110011,0011,0011001101,001101,00110100110101, .. .}.

Let us consider AY, = Ao and AL, = | ] Aco(a)U A%
a€Aoo
Now, associated to any a € Aéo we construct:

Aj(a) = {a—(b(a))™ 1 (b(a))+ , a—bla)ra" "t n,m € N};
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A2 (a) = {m(a1,a2);a1 < ag are consecutive sequences in A2(a)} U
A (a);

A2,(a) = | A2(@) and A2, = | AZ(a)UAL.
n=0

ac AL,
e}
Similarly, for any n > 2, we may define: A and AR = U AL
=0
Observation 2.4. e We note that all the elements in A3 are minimal
periodic sequences.

e There are minimal periodic sequences a € Mingy such that a ¢ AYL.
For instance: ¢ = 00111, = 000111 and @ = 001011011.

As part of his PH.D. Thesis Solange Aranzubia (see [4]) proved the
following:

Theorem 2.5. Forany a € AL we have that , hyop(a_b,bia) = ﬁm) In(2).

So, from this result we conclude that: For elements in A3 the longer the

period of the periodic sequence is then the lower complexity in the dynamics
of the extension the associated map has.
This fact is not true for any minimal periodic sequence g € Mino. In fact,
let us consider a = 041, = 1,0 and @ = a(p,q) = a_B1 = Og411p41 €
Mins. For this sequence and for b = b(a) = b(p, q) = 1,+104+1 we have that
pllrgo qlirgo hiop(a—b,bya) =1n2 and plirgo qllrgo = j_ TE) In2 =0.

In the present paper we compute the value of the topological entropy,

for all the periodic sequences a € A whose period is a prime number, p,
between 3 and 9973, by using an algorithm associated to graphs. We also
verify that the cost of the algorithm is O(p?). These computations can be
considered as a computer verification of this theorem for prime period in
this range.

2.3. Computation of the topological entropy for the map
o : Xla_b(a),bya] — Xla_b(a),bia]; for a € AY such that Per(a) =

p is a prime number.

Initially, let us consider a, = 0,11 = 0...010...01... the sequence of
N N —

p—1 p—1
period p which has (p — 1)—zeroes and one one.
Associated to a, we will construct a discontinuous map f : [0,1]\{c,} —

[0, 1] that satisfies:
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i) For ap = 0 we have If(ao) = (ap)-b(ap)

ii) For 8 =1 we have I¢(3) = (b(ap))+ap

iii) fl[ag,c,] 18 increasing and continuous and f(c, ) = 3
iv)

flic,,5) 1s increasing and continuous and f (c; ) =

To construct the map f let us consider numbers g = 0 < a1 < as <
<oy < <a<fB=1

For the map f we have: f(ag) = a1, f(on) = ag,..., f(ap-1) =
ap, f(cp) =1, f(oyp) = a1, f(B) = a2 and, in between two of these numbers,
the map f is linear. We have figure 1:

g 61 82 ag...0y1q, 1Cp ap 3

Figure 1: Function f.

Concerning the itineraries associated to these points we have I¢(cog) =
Oplop_ll,ff(al) = Op_ll,ff(ag) = Op_210,If(a3) = Op_3100, .o ,If(ap_l)
Olop,Q,If(Ozp) = 1Op,1,If(ﬁ) = 10,—210,11.

Now, let us denote by I} = [ap—2,p—1], 12 = [ap 1,cp] I3 = [cp,ap), Iy =
lap, Bl, Is = [, 1], Ig = [on, aa], I7 = [a2, @3], . . ., [py2 = [ap—1, ap-2].
The map [ satisfies: f(I1) = Ip U Is, ( 2) = 14, fIs) = Is, f(Is) =
Is, f(Is) = Is, f(Is) = Ir, f(I7) = Ig...,f(Ip+2) = I1. Hence we have
the A—graph (Figure 2) see [4] or [16].
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Figure 2: A-graph

Associated to these graph we have the incidence matrix M given by

OO OO oo
SO OO O
SO O OO
OO OO = O
oo o ~H OO
O == O OO
_ o0 oo oo
SO OO oo
SO O O oo

O =

0 0
00

)
Oo...
o o

00
00

o O

This matrix has A = 0 as eigenvalue and hiop(0|x(0,10, 11,10, 510, 11]) =
In(Apr) where Ay is a greatest eigenvalue of M; Ay €]1, 2] (see [4] or [16]).

Now, by using a, = 0,—11 and an algorithm, we are able to construct
p — 2 sequences ai, ag, - - -, ap—2 such that period(a;) = p and a; € A, for
any ¢t =1,2,---,p— 2.

Accordingly with Theorem 3.1.5 in [4], for any other minimal sequence
d € ¥y such that period(d) = p we have that d ¢ AZ.

Hence, our algorithm give us all the minimal periodic sequences a with
period(a) = p and a € AY.

The general construction of the algorithm may be found in section 3.1.1
in [4], pages 57-76, and will appear elsewhere.
Here, for the sake of completeness, we will show the algorithm for the cases
period(a) = 3,5, and 7.

Let us begin with the case p = 3.
For a = 001, b = 100, we have a_b = 000100 = 0001 and b;a

01 =1

1010, 50 a_b = 0001 = 0 — (0001) = 001 = 1 — &(001) = 010 = 2 —
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0(010) = 100 = 3 — ¢(100) = 001 = 1;

bra = 1010 = 4 — ¢(1010) = 010 = 2.

Now we construct a permutation associated the iteration (under o) of
the elements
a—b = 000100 = 0001 and bya = 101001 = 1010,

This permutation allows us to define a discontinuous map of the interval
(like the previous f).

o 1 2 3 4

This map represents the dynamics of o |[a,§7b .a] Where a_b = 0001 and
bya = 1010
Now, multiplying the permutation P by itself we have P - P

(012 | 3 4 012 ] 3 4
PP_<1231 12)(12 3]12)

(01 234\
(23| 23>P

Using P? we can define a discontinuous map of the interval:

L)
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O 1 2 3 4
This map represent the dynamics of o |[a71_)7b +a] Where a_b = 01011
and bia = 1110, therefore, for the sequence a, we have: a = 011 and
Per(a) = 3.
Let us now consider the multiplication P - P?, we have:
2 _ [0 2 | 3 4 (01 | 2 3 4
p-pPr= < 1 3| 1 2 23| 123

1

2
0| 1 2 3 4 3
a < 3 112 31 ) =r

Using this permutation we cannot construct a dynamics that represents
some subshift of the lexicographical world.

As we known, there are only two minimal periodic orbits of period three
and both of them are in AY. These sequences are: 001 and 011. So, the
proof in the case p = 3 is complete.

e Let us work now with the case p = 5.

Let a = 00001, b = 10000, then a_b = 0000010000 = 000001 and bi;a =
1000100001 = 100010. Therefore:

a—_b = 000001 = 0 — ¢(000001) = 00001 = 1 — ¢(00001) = 00010 =2 —
o(00010) = 00100 = 3 — ¢(00100) = 01000 = 4 — ¢(01000) = 10000 =
5 — ¢(10000) = 00001 = 1;

bya = 100010 = 6 — ¢(100010) = 00010 = 2.

So, associated to the iterations (by o) of the sequences a_p and bia we
have the following permutation:

4 | 5 6
5 |1 2

0
(!

This permutation allows us to define a discontinuous map of the interval
(like in the previous case p = 3)

DN =

3
4

W N
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0 1 2 3 4 5 6

This map represent the dynamics of o |[a,g,b a]» Where a_b = 000001
and bya = 100010. Therefore, for the sequence a, we have: a = 00001 and
Per(a) = 5.

Now, let us compute P - P

(

Using P? we can define a discontinuous map of the interval:

01
P-P(1 9

DO W
W = Ot

0 1 2 3 4 5 6

This map represent the dynamics of o |[a_ bbya)s With a_b = 001001 and
bya = 101010, where a = 00101 and per(a) = 5.

Now, let us continuous with P3:


Marisol Martínez
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3 2 ] 4 5 6
. p2
P-P 4 A )

2 0 1

3 2 3
2 345 6 .

( 5 ] 1 34>P

Using P? we can define a discontinuous map of the interval:

_= O

4 )
) 1

I
/N
DN =

—_
[\)
w

w%v

0 1 2 3 4 5 6
This map represent the dynamics of o ’[G—QbJrQ] with a_b = 0101011
and bya = 110110, where a = 01011 and Per(a) = 5.
Now, let us continuous with P*:
2
5

01 2 0 1
. p3—
pr-( L TS50
45 6 .
(14 345)P

Using P* we can define a discontinuous map of the interval

4
5

—_ W
DO W~
W Ot

3
4

[N

=
N~

2
1

0o 1 2 3 4 5 6

This map represent the dynamics of a_b = 011101 and b;a = 111110,
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where a = 01111 and Per(a) = 5.
Now, for P® we have:

01 2 0 1 23 456
. pA =
p-r (123 )(45 12345)
4 5 6
4 5 1

(0] 123 ;
—<5y123 )P

Using this permutation we cannot construct a map whose dynamics
represents some subshift of the lexicographical world.

Now, these four sequences are minimal periodic sequences with period
5 in AZ. These sequences are: 00001, 00101, 01011 and 01111.

There are another two minimal periodic sequences of period 5. These
are: 00111 = a_d4 with ¢ = 01,d = 110 and 00011 = a_dy with a =
001, d = 10. S

Accordingly with section 3.1.1 in [4] we have
hitop(00111,11100) = hip(00011, 11000) = htop(01,110) = hiep(00
0.

1,10) >

We observe, accordingly with section 3.1.1. in [4] that for any a € A
we have that hyp(a,b(a)) = 0. Hence, we conclude that 00111 and 00011
are minimal periodic sequences not in AZ.

e Let us now consider minimal periodic sequences with period p = 7.
Let a = 0000001 = 0gl, b = 1000000 = 10¢. We have: a_b = 00¢l and
bya = 10510. Hence:
a_b=00s1 =0 — 0(0061) =06l =1 — 0(061) = 0510 = 2 — 0(0510) =
04100 = 3 — 0(04100) = 03103 = 4 — 0(03103) = 02104 =5 — 0(02104) =
0105 = 6 — o(0105) = 105 = 7
bra=10510 = 8 — 0(10510) = 0510 =

So, associated to the iterations (by o) of the sequences a_p and bia we
have the following permutation:
6 | 7 8
7011 2

0
P—(1

This permutation allows us to define a discontinuous map of the interval
(like in the previous cases p = 3,5)

2 345
3 45 6

DN =
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01 2 3 4 5 6 7 8

This map represent the dynamics of o |[a,g,b +a]s With a_b = 0061 and
bia = 10510, where a = 0000001 and Per(a) = T7.
Let us now consider P?:

01 2345 | 6 78
2 — . =
PPP<234567]123>
This permutation allows us to define a discontinuous map of the interval
(like in the previous case p = 3,5)

012 3 45 6 7 8

This map represent the dynamics of o |(q_pyp,q With a_b = 00010001
and bya = 10010010, where a = 0001001 and Per(a) = 7.
8
4

Let us now consider P3:
This permutation allows us to define a discontinuous map of the interval
(like in the previous cases p = 3,5)

01234567
3_p.p2_
pr=r-r (34567\123
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01 2 3 4 56 7 8

This map represents the dynamics of o [[,_pp, o With a_b = 00101001
and bya = 10101010, for a = 0010101 and Per(a) = 7.
Let us consider P*:

01 23| 456 738
4_ p. p3_
pr=pr-p (4567|12345>
This permutation allows us to define a discontinuous map of the interval
(like in the previous cases p = 3,5)

01 2 3 4 56 7 8
This map represents the dynamics of o [,_p 4.4 With a_b = 01010101

and bya = 11010110, where a = 0101011 and Per(a) = 7.
Let us now consider P°:

0123456738
5_ p.pd_
Pr=r-r (567|123456>

This permutation allows us to define a discontinuous map of the interval
(like in the previous cases p = 3,5)
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01 2 3456 7 8

This map represents the dynamics of o [,_p 4.4 With a_b = 01101101
and bya = 11101110, where a = 0110111 and Per(a) = 7.
Let us now consider PS:

01 ] 23456 738
6 _ p.pd5_
pr=r.r (67|1234567>

This permutation allows us to define a discontinuous map of the interval
(like in the previous cases p = 3,5)

01 2 3456 7 8

This map represents the dynamics of o |[a_Q,b+g] with a_b = 01111101
and bia = 1140,
where a = 0l and Per(a) = 1.

Let us now consider P7:

0| 1 23456 78
T_ p.pb_
pr=pr-p (7\12345671)
Using this permutation we cannot construct a dynamics that represents
some subshift of the lexicographical world.
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Now, these six sequences are minimal periodic sequences with period 7
in AZ. These are: 0g1, 0001001, 0010101, 0101011, 0110111 and 01s.

We observe that the other minimal sequences of period seven are:

1. M:%Withazm,d:m
2. 0001111 = a—d4 with a = 001,d = 1110
3. 0000101 = a_d4 with a = 0001, d = 100
4. M:wwitha:ﬂ,d:m
5. Mz%wi’chaz@,d:m
6. 0001101 = a_d4 with a = 001,d = 1100
7. 0010111 = a_d4 with a = 0011,d = 110
8. 0011111 = a—dy with a =01,d = 11110
9. 0011011 = a_dy with a = 01,d = 11010
10. 0000011 = a_d; with a = 00001, d = 10
11. 0010011 = a_d4 with a =00101,d = 10

12. 0101111 = a_d4 with a =011,d = 111

ja)

Accordingly with theorem A in [4] all of these sequences satisfies
hiop(c, b(cr)) = hiop(a,d) and, from observation 2.0.10 at [4] we have:
htop(Qy Ql) > 0.

We also observe that for any a € A we have hyop(a, b(a)) = 0.

Now, let us consider a sequence a € A such that per(a) = p.
Accordingly with the proof of Theorem C (in [4]) for any a € A3 as be-
fore, we can construct a discontinuous map f, : I\ {c.} — I,I = [0,1]
(like the previous f) such that Iy, (0) = a_b(a) and Iz, (1) = (b(a))+a.

p+2
For this map, f,, we have a decomposition of the interval I = U I;,
1

such that the associated graph to the dynamics of f, under this décom—
position of the interval, G(f,), is equal to the graph associated to the
previous f (=G(f) associated to 0,—11). This, in particular, implies that
hiop(0s(a_b(a),(b(a))+a) = Ptop(]5[0,10,-11,10, 210, 11]) = In(Aar).
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|O
[y
m

Observation 2.6. The result is also true for p = 2. In this case a =
AZ.

In fact, fora = 01, b = b(a)10, we have a_b = 0010 = 001 and bya = 110, so
0=a-b=001 —0(001)=01=1—0(01) =10=2 — 0(10) =01 = 1;
bya=110=3 — 0(110) = 10 = 2.

Then we can define a discontinuous map of the interval

0 1 2 3

The characteristic polynomial associated to the respective graph is p(\) =
A —2)\2 then p(\) = 0 for A = 0 or A = /2, hence hiop(Ols[a_bbia]) =

log(v/2) = % log(2)

3. The Algorithm

In this section the algorithm that computes the entropy is described. The
figure 3 shows the instructions of the algorithm. The first step consist in
to generate the permutations p°,p!,...,p" !, each permutation has n + 2
elements indexed between 0...n + 1. The generation of p°, p!,...,p" ! is
performed by the instructions between lines 1 and 11.

In the second step (line 12), the algorithm generates the graph asso-
ciated to the permutation p' and then computes the maximum eigenvalue
associated to it (line 13). The algorithm returns its natural logarithm (line
15).
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Algorithm Entropy

Input: n € N, n a prime number
Output: e € R, e entropy value if exists
—1 if not exists such entropy value

1.-
2.-
3.-
4.-

5.-
6.-
7.-
8.-
9.-
10.-
11.-

12.-
13.-
14.-
15.-

Py —0 Vi, 0<i<n, Vj, 0<j<n+1
Fori+—0Oton—1do
p—i+1
phe—i+1
EndFor
py — 1
p2+1 —2
py 1
prlwrl =2
For i — 2 ton do
For j —0ton+1do
; i+1
P pp§
EndFor
EndFor
g + GenerateGraphFrom(p!)
u «— MaxEigenValue(g)
e «— log(u)
Return e

Figure : The Algorithm.
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3.1. Cost of the Algorithm

We analyze the efficiency of the algorithm in terms of the memory space
and the number of operations. Both parameters are related with the value
of n. In terms of space it is necessary to store the permutations, the graphs
and the auxiliary vectors to compute the maximum eigenvalue.

Steps Required Space Number of Operations
Permutations (n+1)x(n+2) O(n?)
Graphs (n—1)x ((n+2) x (n+2)) O(n?)
Eigenvalues (n—1)xnx(nxn) O(n?)

Figure 3.1: Cost of the Algorithm

Figure 4 shows the required space and the number of operations of the
different sections of the algorithm. The maximal number of operations
correspond to compute the maximum eigenvalue that uses the method QR
[10] (line 13) with a cost O(n3).

4. Experimental Results

The algorithm was implemented in C language under Linux OS. The com-
putation of the maximum eigenvalues was performed with the GNU Sci-
entific Library (GSL) [11]. The hardware we used is a Intel 3.60GHz with
4 Gib of RAM. Because the GSL function that computes the maximum
eigenvalue of a matrix require 8 bytes (double) per element. The maximum
value of n is 20,123 because the space needed is 20,123 x 20,123 x 8 =
3,239,481,032 bytes. In the appendix A are reported the entropy values
for prime numbers from p = 3 and up to p = 9973.
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5. Discussion

The main motivation for our studies, concerning the standard quadratic
family of Lorenz maps, is to prove the isentrope conjecture for this family.
This conjecture were established by John Milnor ([28]) in a different con-
text. Essentially it consists in to prove that the set Hy = { (1, ); htop(pt, V) =
0} is a connected set.

The main result, that we have verify here, allows us to advance a step
further in to find the boundary of the set Hy in the region, B, bounded
by the curves {(0,v);0 < v < 1}, {(u,v);v = @,O < p < 2}
{(1r,0);0 < < 1}, {(p,v); 0 = b@,o < v < 2}. We note that for any
(u,v) € {(p,v);v = @,0 < p < 2}, we have b(u,v) = 1 and for any
(,v) €{(p,v);p= b@,o < v <2} we have a(p,v) = 0.

In fact, accordingly with [5] we have the following results in the quadratic
family.

Let us consider a € AL and b = b(a) = sup{o?(a);j € N}.

Let B1(0,a-b,b1a,1) = {(1,v) € B;0 < I(—p) < a-b,bya < I(v) <
l}> B2(a*bag7 b+Qvl) = {(/.L, l/) € B;a,b S I(_lu) S a, b+Q < I(V) S l}?
b,b < I(v) < bjya}. For

K, a
any (p,v) € By U By U Bg let A(p,v) = ﬂ F(=nv])
=0

Proposition 5.1. For (u,v) € B; U By U Bg we have that
htOP (FMV |A(p,,1/)) >0

|
=

o

B3 (Q: a—b; ba b-l—@)

Figure 5: Regions By U Bs U B3
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Observation 5.2. 1. The set By(a—b, a,bia, 1) include the region L, =
{(pt,v); I(—p) = a,bya < I(v) < 1} which has a non-empty interior

(see [20]).

2. The set B3(0,a_b,b,bya) include the region Ry, = {(u,v);1(v) =
0,0 < I(—p) < a_b} which has a non-empty interior.

3. The explanation of the figures in this section were given at [20] and

[31]
ForaeroletCl(b a) = {(p,v) € B;I(—p) = a,1(v) = bra},
Ca(a,b) = {(u,v) € BiI(—p) = a,I(v) = b}, C3(a-bb) = {(u,v) €

B;I
BiI(—p) = a_b, I(v) = b}

Proposition 5.3. For any (u,v) € C; U Cy U Cs, we have that
htop(FmV |A(u,l/)) =0

Figure 6: Region C Uy U5

Now, let us denote by B(a,b), for a € AL and b = b(a) the region
bounded by the curves g5, 4 = {(1t,v); a(pt, v) = a;b(p,v) = byal, Ya_pp =
{(w,v);alp,v) = a_b;b(p,v) = b}, Yo,a = {(1,v);a-b < a(p,v) < a}, and
Ya_b = {(1,v); b < b(p,v) < bya}.
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[Meure 7: Recion DB(a,b
& &

The maximal value for the topological entropy in the region B(a,b) is
obtained at the intersection of the curves 73 4 and ~,_p and this value is
exactly hiop(a—b,bia) = ﬁ(a)ln@). That is, our values are an upper
bound for the values for the topological entropy hop(p,v) for (u,v) €
B(a,b).

Now, let us consider the doubling period sequences a; = a_b; and
b1 =bia_ = b(a1). Let us define the corresponding regions Cy (a1, (b1)+a1),

02(a17b1) (( ) b17b1) (0 ( ) b17 (b1)+ﬂal)7 BQ((al)*haﬂa (b1)+ﬂal)a
B3(0, (a1)—-b1,b1, (b1)+a1) and B(aq,b1). All of these regions are included
in B(a,b) (see figure 8)

h= g li)

Figure 8: Region B(ay.by)

In this case for the parameter value (%, 7) = v,_p N Vb, and (f1,77) =

1
V(ar)—bs N V(br)1ar We have that hp (i1, 71) = Ln(2) = §ht0p(ﬁ, 7).

2#(a)
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o7 7).
Moreover, for (p1,v) € B1(0, (a1)-b1, (b1)+a1,1)UBs((a1)-b1, a1, (b1)4.a1, LU
B3(0, (a1)-b1,b1, (b1)+a1) we have hyop(p, v) > 0.

Also for any (u,v) € Ci(a1, (b1)+a1) U Ca(ai, bi) U Cs((a1)—b1,b1) we have
hiop(pe, v) = 0.

That is for any element (p,v) € B(a1,b1) we have hyop(p, v) <

Therefore, we can connect any point of Cs(a,b) with any point of
Ci(ai, (b1)+a1) U Ca(ar,b1) U C3((a1)—b1,b1) with a path completely con-
tained in the region {(u,v); heop(p, v) = 0}.

In a similar way we can consider ag = (a1)—(b1)4 and by = (b1)4(a1)— =
b(az) and to proceed to construct regions Ci,Co, Cs, B, Ba, B3, B associ-

ated to (ag,bz) and so on. We observe that for elements (i, v) € B(ag, ba)

1 1
we will have hiop (i, V) < ——In(2) = ———Ln(2); that is we have a
plit¥) < g In(2) = g In(2)

Lower bound for the topological entropy than in B(aq, b1).

Successively, for an11 = (an)—(bn)+, bpt1 = (bp)+(an)— = blany1) we
construct similar regions C1,Csy,Cs, By, B2, B3, B.
Moreover, any element in
C1(an+t1, (bnt1)+an41)UC2(an 11, bny 1) UC3((an+1) —bnt1, buy1) can be con-
nected to any element of Ca(a,b) by an arc 7 completely contained in the
region {(u, v); hiop(p,v) = 0}. In this way we observe that there is a good
chance to obtain a proof that the isentrope {(u, v); hiop(pt,v) = 0} is a arc
connected set.

6. Materials and Methods

The algorithm for the computation of the topological entropy is know, see
for instance [6] or [16].
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A. Entropy Values for Prime Numbers Between 3 and 9923

Entropy Values for Prime Numbers Between 3 and 751

Value

Entropy

Value

Entropy

Value

Entropy

Value

Entropy

13

29

43

61

79
101
113
139
163
181
199
229
251
271
293
317
349
373
397
421
443
463
491
521
957
LY
601
619
647
673
701
733

0.231048000
0.053322700
0.023902100
0.016119400
0.011365200
0.008771420
0.006866370
0.006131170
0.004987540
0.004250950
0.003832650
0.003483920
0.003025420
0.002766170
0.002556730
0.002367200
0.002187610
0.001988020
0.001858270
0.001748470
0.001648640
0.001568770
0.001498880
0.001409010
0.001329120
0.001249220
0.001199280
0.001149340
0.001119370
0.001069430
0.001029470
0.000989510
0.000949549

17

31

47

67

83
103
127
149
167
191
211
233
257
277
307
331
353
379
401
431
449
467
499
923
963
087
607
631
653
677
709
739

0.138631000
0.040777200
0.022358200
0.014750700
0.010346300
0.008355000
0.006727320
0.005455090
0.004649180
0.004151370
0.003633390
0.003284600
0.002975570
0.002696360
0.002506860
0.002257450
0.002097800
0.001968060
0.001828330
0.001728510
0.001608710
0.001538820
0.001488890
0.001389030
0.001329120
0.001229240
0.001179300
0.001139350
0.001099400
0.001059440
0.001019480
0.000979520
0.000939558

19

37

53

71

89
107
131
151
173
193
223
239
263
281
311
337
359
383
409
433
457
479
503
541
569
593
613
641
659
683
719
743

0.099021500
0.036486200
0.018733400
0.013074200
0.009762190
0.007789580
0.006478970
0.005295950
0.004589450
0.004001980
0.003593540
0.003105170
0.002895800
0.002636520
0.002466950
0.002227520
0.002057880
0.001928140
0.001808360
0.001698560
0.001598720
0.001518850
0.001448950
0.001379050
0.001279180
0.001219260
0.001169320
0.001129360
0.001079420
0.001049450
0.001019480
0.000959539
0.000929568

11

23

41

99

73

97
109
137
157
179
197
227
241
269
283
313
347
367
389
419
439
461
487
509
047
o71
599
617
643
661
691
727
751

0.063012400
0.030141200
0.016906300
0.011750700
0.009494780
0.007144420
0.006359730
0.005057190
0.004410260
0.003872490
0.003513820
0.003055330
0.002875860
0.002576680
0.002447000
0.002217540
0.001998000
0.001888220
0.001778420
0.001658620
0.001578750
0.001498880
0.001418990
0.001359080
0.001269190
0.001209270
0.001159330
0.001119370
0.001079420
0.001049450
0.000999500
0.000949549
0.000919577
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Entropy Values for Prime Numbers Between 757 and 1697

Value | Entropy Value | Entropy Value | Entropy Value | Entropy

757 | 0.000919577 761 | 0.000909586 769 | 0.000899595 773 | 0.000899595

787 | 0.000879613 797 | 0.000869622 809 | 0.000859630 811 | 0.000859630

821 | 0.000839647 823 | 0.000839647 827 | 0.000839647 829 | 0.000839647

839 | 0.000829656 853 | 0.000809672 857 | 0.000809672 859 | 0.000809672

863 | 0.000799680 877 | 0.000789688 881 | 0.000789688 883 | 0.000789688

887 | 0.000779696 907 | 0.000759711 911 | 0.000759711 919 | 0.000749719

929 | 0.000749719 937 | 0.000739726 941 | 0.000739726 947 | 0.000729734

953 | 0.000729734 967 | 0.000719741 971 | 0.000709748 977 | 0.000709748

983 | 0.000709748 991 | 0.000699755 997 | 0.000699755 | 1009 | 0.000689762
1013 | 0.000679769 | 1019 | 0.000679769 | 1021 | 0.000679769 | 1031 [ 0.000669776
1033 | 0.000669776 | 1039 | 0.000669776 | 1049 | 0.000659782 [ 1051 | 0.000659782
1061 | 0.000649789 | 1063 | 0.000649789 | 1069 | 0.000649789 [ 1087 | 0.000639795
1091 | 0.000639795 | 1093 | 0.000629802 | 1097 | 0.000629802 [ 1103 | 0.000629802
1109 | 0.000629802 | 1117 | 0.000619808 | 1123 | 0.000619808 | 1129 [ 0.000609814
1151 | 0.000599820 | 1153 | 0.000599820 | 1163 | 0.000599820 | 1171 | 0.000589826
1181 | 0.000589826 | 1187 | 0.000579832 | 1193 | 0.000579832 | 1201 | 0.000579832
1213 | 0.000569838 | 1217 | 0.000569838 | 1223 | 0.000569838 | 1229 [ 0.000559843
1231 | 0.000559843 | 1237 | 0.000559843 | 1249 | 0.000559843 | 1259 [ 0.000549849
1277 | 0.000539854 | 1279 | 0.000539854 | 1283 | 0.000539854 | 1289 [ 0.000539854
1291 | 0.000539854 | 1297 | 0.000529860 | 1301 | 0.000529860 | 1303 | 0.000529860
1307 | 0.000529860 | 1319 | 0.000529860 | 1321 | 0.000519865 | 1327 | 0.000519865
1361 | 0.000509870 | 1367 | 0.000509870 | 1373 | 0.000499875 [ 1381 | 0.000499875
1399 | 0.000499875 | 1409 | 0.000489880 | 1423 | 0.000489880 | 1427 | 0.000489880
1429 | 0.000489880 | 1433 | 0.000479885 | 1439 | 0.000479885 | 1447 | 0.000479885
1451 | 0.000479885 | 1453 | 0.000479885 | 1459 | 0.000479885 | 1471 | 0.000469890
1481 | 0.000469890 | 1483 | 0.000469890 | 1487 | 0.000469890 | 1489 [ 0.000469890
1493 | 0.000459894 | 1499 | 0.000459894 | 1511 | 0.000459894 | 1523 | 0.000459894
1531 | 0.000449899 | 1543 | 0.000449899 | 1549 | 0.000449899 | 1553 | 0.000449899
1559 | 0.000439903 | 1567 | 0.000439903 | 1571 | 0.000439903 | 1579 | 0.000439903
1583 | 0.000439903 | 1597 | 0.000429908 | 1601 | 0.000429908 | 1607 | 0.000429908
1609 | 0.000429908 | 1613 | 0.000429908 | 1619 | 0.000429908 | 1621 [ 0.000429908
1627 | 0.000429908 | 1637 | 0.000419912 | 1657 | 0.000419912 [ 1663 | 0.000419912
1667 | 0.000419912 | 1669 | 0.000419912 | 1693 | 0.000409916 | 1697 | 0.000409916
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Entropy Values for Prime Numbers Between 1699 and 2719

Value | Entropy Value | Entropy Value | Entropy Value | Entropy
1699 | 0.000409916 | 1709 | 0.000409916 | 1721 | 0.000399920 | 1723 | 0.000399920
1733 | 0.000399920 | 1741 | 0.000399920 | 1747 | 0.000399920 | 1753 | 0.000399920
1759 | 0.000389924 | 1777 | 0.000389924 | 1783 | 0.000389924 | 1787 | 0.000389924
1789 | 0.000389924 | 1801 | 0.000379928 | 1811 | 0.000379928 | 1823 [ 0.000379928
1831 | 0.000379928 | 1847 | 0.000379928 | 1861 | 0.000369932 | 1867 | 0.000369932
1871 | 0.000369932 | 1873 | 0.000369932 | 1877 | 0.000369932 [ 1879 | 0.000369932
1889 | 0.000369932 | 1901 | 0.000359935 | 1907 | 0.000359935 [ 1913 | 0.000359935
1931 | 0.000359935 | 1933 | 0.000359935 | 1949 | 0.000359935 [ 1951 | 0.000359935
1973 | 0.000349939 | 1979 | 0.000349939 | 1987 | 0.000349939 | 1993 | 0.000349939
1997 | 0.000349939 | 1999 | 0.000349939 | 2003 | 0.000349939 [ 2011 | 0.000339942
2017 | 0.000339942 | 2027 | 0.000339942 | 2029 | 0.000339942 | 2039 | 0.000339942
2053 | 0.000339942 | 2063 | 0.000339942 | 2069 | 0.000339942 | 2081 | 0.000329946
2083 | 0.000329946 | 2087 | 0.000329946 | 2089 | 0.000329946 | 2099 | 0.000329946
2111 | 0.000329946 | 2113 | 0.000329946 | 2129 | 0.000329946 | 2131 | 0.000329946
2137 | 0.000319949 | 2141 | 0.000319949 | 2143 | 0.000319949 | 2153 | 0.000319949
2161 | 0.000319949 | 2179 | 0.000319949 | 2203 | 0.000309952 | 2207 | 0.000309952
2213 | 0.000309952 | 2221 | 0.000309952 | 2237 | 0.000309952 | 2239 | 0.000309952
2243 | 0.000309952 | 2251 | 0.000309952 | 2267 | 0.000309952 | 2269 | 0.000309952
2273 | 0.000299955 | 2281 | 0.000299955 | 2287 | 0.000299955 | 2293 | 0.000299955
2297 | 0.000299955 | 2309 | 0.000299955 | 2311 | 0.000299955 | 2333 | 0.000299955
2339 | 0.000299955 | 2341 | 0.000299955 | 2347 | 0.000299955 | 2351 | 0.000289958
2357 | 0.000289958 | 2371 | 0.000289958 | 2377 | 0.000289958 | 2381 | 0.000289958
2383 | 0.000289958 | 2389 | 0.000289958 | 2393 | 0.000289958 | 2399 | 0.000289958
2411 | 0.000289958 | 2417 | 0.000289958 | 2423 | 0.000289958 | 2437 | 0.000279961
2441 | 0.000279961 | 2447 | 0.000279961 | 2459 | 0.000279961 | 2467 | 0.000279961
2473 | 0.000279961 | 2477 | 0.000279961 | 2503 | 0.000279961 | 2521 | 0.000269964
2531 | 0.000269964 | 2539 | 0.000269964 | 2543 | 0.000269964 | 2549 | 0.000269964
2551 | 0.000269964 | 2557 | 0.000269964 | 2579 | 0.000269964 | 2591 | 0.000269964
2593 | 0.000269964 | 2609 | 0.000269964 | 2617 | 0.000259966 | 2621 | 0.000259966
2633 | 0.000259966 | 2647 | 0.000259966 | 2657 | 0.000259966 | 2659 | 0.000259966
2663 | 0.000259966 | 2671 | 0.000259966 | 2677 | 0.000259966 | 2683 | 0.000259966
2687 | 0.000259966 | 2689 | 0.000259966 | 2693 | 0.000259966 | 2699 | 0.000259966
2707 | 0.000259966 | 2711 | 0.000259966 | 2713 | 0.000259966 | 2719 | 0.000249969
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Entropy Values for Prime Numbers Between 2729 and 3803

Value

Entropy

Value

Entropy

Value

Entropy

Value

Entropy

2729
2753
2791
2819
2851
2887
2917
2957
2999
3023
3061
3089
3137
3181
3209
3251
3271
3313
3331
3361
3391
3449
3467
3511
3533
3557
3583
3617
3643
3677
3709
3739
3779

0.000249969
0.000249969
0.000249969
0.000249969
0.000239971
0.000239971
0.000239971
0.000229974
0.000229974
0.000229974
0.000229974
0.000219976
0.000219976
0.000219976
0.000219976
0.000209978
0.000209978
0.000209978
0.000209978
0.000209978
0.000199980
0.000199980
0.000199980
0.000199980
0.000199980
0.000189982
0.000189982
0.000189982
0.000189982
0.000189982
0.000189982
0.000189982
0.000179984

2731
2767
2797
2833
2857
2897
2927
2963
3001
3037
3067
3109
3163
3187
3217
3253
3299
3319
3343
3371
3407
3457
3469
3517
3539
3559
3593
3623
3659
3691
3719
3761
3793

0.000249969
0.000249969
0.000249969
0.000239971
0.000239971
0.000239971
0.000239971
0.000229974
0.000229974
0.000229974
0.000229974
0.000219976
0.000219976
0.000219976
0.000219976
0.000209978
0.000209978
0.000209978
0.000209978
0.000209978
0.000199980
0.000199980
0.000199980
0.000199980
0.000199980
0.000189982
0.000189982
0.000189982
0.000189982
0.000189982
0.000189982
0.000179984
0.000179984

2741
2777
2801
2837
2861
2903
2939
2969
3011
3041
3079
3119
3167
3191
3221
3257
3301
3323
3347
3373
3413
3461
3491
3527
3541
3571
3607
3631
3671
3697
3727
3767
3797

0.000249969
0.000249969
0.000249969
0.000239971
0.000239971
0.000239971
0.000239971
0.000229974
0.000229974
0.000229974
0.000229974
0.000219976
0.000219976
0.000219976
0.000219976
0.000209978
0.000209978
0.000209978
0.000209978
0.000209978
0.000199980
0.000199980
0.000199980
0.000199980
0.000199980
0.000189982
0.000189982
0.000189982
0.000189982
0.000189982
0.000189982
0.000179984
0.000179984

2749
2789
2803
2843
2879
2909
2953
2971
3019
3049
3083
3121
3169
3203
3229
3259
3307
3329
3359
3389
3433
3463
3499
3529
3547
3581
3613
3637
3673
3701
3733
3769
3803

0.000249969
0.000249969
0.000249969
0.000239971
0.000239971
0.000239971
0.000229974
0.000229974
0.000229974
0.000229974
0.000219976
0.000219976
0.000219976
0.000219976
0.000209978
0.000209978
0.000209978
0.000209978
0.000209978
0.000199980
0.000199980
0.000199980
0.000199980
0.000199980
0.000199980
0.000189982
0.000189982
0.000189982
0.000189982
0.000189982
0.000189982
0.000179984
0.000179984
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Entropy Values for Prime Numbers Between 3821 and 4943

Value | Entropy Value | Entropy Value | Entropy Value | Entropy
3821 | 0.000179984 | 3823 | 0.000179984 | 3833 | 0.000179984 | 3847 | 0.000179984
3851 | 0.000179984 | 3853 | 0.000179984 | 3863 | 0.000179984 | 3877 | 0.000179984
3881 | 0.000179984 | 3889 | 0.000179984 | 3907 | 0.000179984 | 3911 | 0.000179984
3917 | 0.000179984 | 3919 | 0.000179984 | 3923 | 0.000179984 | 3929 | 0.000179984
3931 | 0.000179984 | 3943 | 0.000179984 | 3947 | 0.000179984 | 3967 | 0.000169986
3989 | 0.000169986 | 4001 | 0.000169986 | 4003 | 0.000169986 | 4007 | 0.000169986
4013 | 0.000169986 | 4019 | 0.000169986 | 4021 | 0.000169986 | 4027 | 0.000169986
4049 | 0.000169986 | 4051 | 0.000169986 | 4057 | 0.000169986 | 4073 | 0.000169986
4079 | 0.000169986 | 4091 | 0.000169986 | 4093 | 0.000169986 | 4099 | 0.000169986
4111 | 0.000169986 | 4127 | 0.000169986 | 4129 | 0.000169986 | 4133 | 0.000169986
4139 | 0.000169986 | 4153 | 0.000169986 | 4157 | 0.000169986 | 4159 | 0.000169986
4177 | 0.000169986 | 4201 | 0.000169986 | 4211 | 0.000159987 | 4217 | 0.000159987
4219 | 0.000159987 | 4229 | 0.000159987 | 4231 | 0.000159987 | 4241 | 0.000159987
4243 | 0.000159987 | 4253 | 0.000159987 | 4259 | 0.000159987 | 4261 | 0.000159987
4271 | 0.000159987 | 4273 | 0.000159987 | 4283 | 0.000159987 | 4289 | 0.000159987
4297 | 0.000159987 | 4327 | 0.000159987 | 4337 | 0.000159987 | 4339 | 0.000159987
4349 | 0.000159987 | 4357 | 0.000159987 | 4363 | 0.000159987 | 4373 | 0.000159987
4391 | 0.000159987 | 4397 | 0.000159987 | 4409 | 0.000159987 | 4421 | 0.000159987
4423 | 0.000159987 | 4441 | 0.000159987 | 4447 | 0.000159987 | 4451 | 0.000159987
4457 | 0.000159987 | 4463 | 0.000159987 | 4481 | 0.000149989 | 4483 | 0.000149989
4493 | 0.000149989 | 4507 | 0.000149989 | 4513 | 0.000149989 | 4517 | 0.000149989
4519 | 0.000149989 | 4523 | 0.000149989 | 4547 | 0.000149989 | 4549 | 0.000149989
4561 | 0.000149989 | 4567 | 0.000149989 | 4583 | 0.000149989 | 4591 | 0.000149989
4597 | 0.000149989 | 4603 | 0.000149989 | 4621 | 0.000149989 | 4637 | 0.000149989
4639 | 0.000149989 | 4643 | 0.000149989 | 4649 | 0.000149989 | 4651 | 0.000149989
4657 | 0.000149989 | 4663 | 0.000149989 | 4673 | 0.000149989 | 4679 | 0.000149989
4691 | 0.000149989 | 4703 | 0.000149989 | 4721 | 0.000149989 | 4723 | 0.000149989
4729 | 0.000149989 | 4733 | 0.000149989 | 4751 | 0.000149989 | 4759 | 0.000149989
4783 | 0.000139990 | 4787 | 0.000139990 | 4789 | 0.000139990 | 4793 | 0.000139990
4799 | 0.000139990 | 4801 | 0.000139990 | 4813 | 0.000139990 | 4817 | 0.000139990
4831 | 0.000139990 | 4861 | 0.000139990 | 4871 | 0.000139990 | 4877 | 0.000139990
4889 | 0.000139990 | 4903 | 0.000139990 | 4909 | 0.000139990 | 4919 | 0.000139990
4931 | 0.000139990 | 4933 | 0.000139990 | 4937 | 0.000139990 | 4943 | 0.000139990
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Entropy Values for Prime Numbers Between 4951 and 6079

Value

Entropy

Value

Entropy

Value

Entropy

Value

Entropy

4951
4973
5003
5023
o077
5101
5147
5179
5227
5261
5297
5333
5387
9413
5437
5471
5501
5521
5563
5591
5647
5659
5693
5737
o779
5807
5839
5857
5879
5923
5981
6029
6053

0.000139990
0.000139990
0.000139990
0.000139990
0.000139990
0.000139990
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000109994
0.000109994

4957
4987
5009
5039
5081
5107
5153
5189
5231
9273
5303
5347
5393
o417
5441
o477
5503
5527
5569
5623
5651
5669
5701
5741
o783
5813
5843
5861
5881
5927
5987
6037
6067

0.000139990
0.000139990
0.000139990
0.000139990
0.000139990
0.000139990
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000109994
0.000109994

4967
4993
5011
5051
5087
5113
5167
5197
5233
5279
5309
5351
5399
5419
5443
5479
5507
9531
5573
5639
5653
5683
5711
5743
5791
5821
5849
5867
9897
5939
6007
6043
6073

0.000139990
0.000139990
0.000139990
0.000139990
0.000139990
0.000139990
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000109994
0.000109994

4969
4999
5021
5059
5099
5119
5171
5209
5237
5281
5323
5381
5407
5431
5449
5483
5519
5557
5581
5641
5657
5689
o717
5749
5801
5827
5851
5869
5903
5953
6011
6047
6079

0.000139990
0.000139990
0.000139990
0.000139990
0.000139990
0.000139990
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000129992
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000119993
0.000109994
0.000109994
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Entropy Values for Prime Numbers Between 6089 and 7237

Value | Entropy Value | Entropy Value | Entropy Value | Entropy
6089 | 0.000109994 | 6091 | 0.000109994 | 6101 | 0.000109994 | 6113 | 0.000109994
6121 | 0.000109994 | 6131 | 0.000109994 | 6133 | 0.000109994 | 6143 | 0.000109994
6151 | 0.000109994 | 6163 | 0.000109994 | 6173 | 0.000109994 | 6197 | 0.000109994
6199 | 0.000109994 | 6203 | 0.000109994 | 6211 | 0.000109994 | 6217 | 0.000109994
6221 | 0.000109994 | 6229 | 0.000109994 | 6247 | 0.000109994 | 6257 | 0.000109994
6263 | 0.000109994 | 6269 | 0.000109994 | 6271 | 0.000109994 | 6277 | 0.000109994
6287 | 0.000109994 | 6299 | 0.000109994 | 6301 | 0.000109994 | 6311 | 0.000109994
6317 | 0.000109994 | 6323 | 0.000109994 | 6329 | 0.000109994 | 6337 | 0.000109994
6343 | 0.000109994 | 6353 | 0.000109994 | 6359 | 0.000109994 | 6361 | 0.000109994
6367 | 0.000109994 | 6373 | 0.000109994 | 6379 | 0.000109994 | 6389 | 0.000109994
6397 | 0.000109994 | 6421 | 0.000109994 | 6427 | 0.000109994 | 6449 | 0.000109994
6451 | 0.000109994 | 6469 | 0.000109994 | 6473 | 0.000109994 | 6481 | 0.000109994
6491 | 0.000109994 | 6521 | 0.000109994 | 6529 | 0.000109994 | 6547 | 0.000109994
6551 | 0.000109994 | 6553 | 0.000109994 | 6563 | 0.000109994 | 6569 | 0.000109994
6571 | 0.000109994 | 6577 | 0.000109994 | 6581 | 0.000109994 | 6599 | 0.000109994
6607 | 1.00E-004 6619 | 1.00E-004 6637 | 1.00E-004 6653 | 1.00E-004
6659 | 1.00E-004 6661 | 1.00E-004 6673 | 1.00E-004 6679 | 1.00E-004
6689 | 1.00E-004 6691 | 1.00E-004 6701 | 1.00E-004 6703 | 1.00E-004
6709 | 1.00E-004 6719 | 1.00E-004 6733 | 1.00E-004 6737 | 1.00E-004
6761 | 1.00E-004 6763 | 1.00E-004 6779 | 1.00E-004 6781 | 1.00E-004
6791 | 1.00E-004 6793 | 1.00E-004 6803 | 1.00E-004 6823 | 1.00E-004
6827 | 1.00E-004 6829 | 1.00E-004 6833 | 1.00E-004 6841 | 1.00E-004
6857 | 1.00E-004 6863 | 1.00E-004 6869 | 1.00E-004 6871 | 1.00E-004
6883 | 1.00E-004 6899 | 1.00E-004 6907 | 1.00E-004 6911 | 1.00E-004
6917 | 1.00E-004 6947 | 1.00E-004 6949 | 1.00E-004 6959 | 1.00E-004
6961 | 1.00E-004 6967 | 1.00E-004 6971 | 1.00E-004 6977 | 1.00E-004
6983 | 1.00E-004 6991 | 1.00E-004 6997 | 1.00E-004 7001 | 1.00E-004
7013 | 1.00E-004 7019 | 1.00E-004 7027 | 1.00E-004 7039 | 1.00E-004
7043 | 1.00E-004 7057 | 1.00E-004 7069 | 1.00E-004 7079 | 1.00E-004
7103 | 1.00E-004 7109 | 1.00E-004 7121 | 1.00E-004 7127 | 1.00E-004
7129 | 1.00E-004 7151 | 1.00E-004 7159 | 1.00E-004 7177 | 1.00E-004
7187 | 1.00E-004 7193 | 1.00E-004 7207 | 1.00E-004 7211 | 1.00E-004
7213 | 1.00E-004 7219 | 1.00E-004 7229 | 1.00E-004 7237 | 1.00E-004
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Entropy Values for Prime Numbers Between 7243 and 8447

Value | Entropy Value | Entropy Value | Entropy Value | Entropy

7243 | 1.00E-004 | 7247 | 1.00E-004 | 7253 | 1.00E-004 | 7283 | 1.00E-004
7297 | 9.00E-005 | 7307 | 9.00E-005 | 7309 | 9.00E-005 | 7321 | 9.00E-005
7331 | 9.00E-005 | 7333 | 9.00E-005 | 7349 | 9.00E-005 | 7351 | 9.00E-005
7369 | 9.00E-005 | 7393 | 9.00E-005 | 7411 | 9.00E-005 | 7417 | 9.00E-005
7433 | 9.00E-005 | 7451 | 9.00E-005 | 7457 | 9.00E-005 | 7459 | 9.00E-005
7477 | 9.00E-005 | 7481 | 9.00E-005 | 7487 | 9.00E-005 | 7489 | 9.00E-005
7499 | 9.00E-005 [ 7507 | 9.00E-005 | 7517 | 9.00E-005 | 7523 | 9.00E-005
7529 | 9.00E-005 | 7537 | 9.00E-005 | 7541 | 9.00E-005 | 7547 | 9.00E-005
7549 | 9.00E-005 | 7539 | 9.00E-005 | 7561 | 9.00E-005 | 7573 | 9.00E-005
7577 | 9.00E-005 | 7583 | 9.00E-005 | 7589 | 9.00E-005 | 7591 | 9.00E-005
7603 | 9.00E-005 | 7607 | 9.00E-005 | 7621 | 9.00E-005 | 7639 | 9.00E-005
7643 | 9.00E-005 | 7649 | 9.00E-005 | 7669 | 9.00E-005 | 7673 | 9.00E-005
7681 | 9.00E-005 | 7687 | 9.00E-005 | 7691 | 9.00E-005 | 7699 | 9.00E-005
7703 | 9.00E-005 | 7717 | 9.00E-005 | 7723 | 9.00E-005 | 7727 | 9.00E-005
7741 | 9.00E-005 | 7753 | 9.00E-005 | 7757 | 9.00E-005 | 7739 | 9.00E-005
7789 | 9.00E-005 | 7793 | 9.00E-005 | 7817 | 9.00E-005 | 7823 | 9.00E-005
7829 | 9.00E-005 | 7841 | 9.00E-005 | 7853 | 9.00E-005 | 7867 | 9.00E-005
7873 | 9.00E-005 | 7877 | 9.00E-005 | 7879 | 9.00E-005 | 7883 | 9.00E-005
7901 | 9.00E-005 | 7907 | 9.00E-005 | 7919 | 9.00E-005 | 7927 | 9.00E-005
7933 | 9.00E-005 | 7937 | 9.00E-005 | 7949 | 9.00E-005 | 7951 | 9.00E-005
7963 | 9.00E-005 | 7993 | 9.00E-005 | 8009 | 9.00E-005 | 8011 | 9.00E-005
8017 | 9.00E-005 | 8039 | 9.00E-005 | 8053 | 9.00E-005 | 8059 | 9.00E-005
8069 | 9.00E-005 | 8081 | 9.00E-005 | 8087 | 9.00E-005 | 8089 | 9.00E-005
8093 | 9.00E-005 | 8101 | 9.00E-005 | 8111 | 9.00E-005 | 8117 | 9.00E-005
8123 | 9.00E-005 | 8147 | 9.00E-005 | 8161 | 8.00E-005 | 8167 | 8.00E-005
8171 | 8.00E-005 | 8179 | 8.00E-005 | 8191 | 8.00E-005 | 8209 | 8.00E-005
8219 | 8.00E-005 | 8221 | 8.00E-005 | 8231 | 8.00E-005 | 8233 | 8.00E-005
8237 | 8.00E-005 | 8243 | 8.00E-005 | 8263 | 8.00E-005 | 8269 | 8.00E-005
8273 | 8.00E-005 | 8287 | 8.00E-005 | 8291 | 8.00E-005 | 8293 | 8.00E-005
8297 | 8.00E-005 | 8311 | 8.00E-005 | 8317 | 8.00E-005 | 8329 | 8.00E-005
8353 | 8.00E-005 | 8363 | 8.00E-005 | 8369 | 8.00E-005 | 8377 | 8.00E-005
8387 | 8.00E-005 | 8389 | 8.00E-005 | 8419 | 8.00E-005 | 8423 | 8.00E-005
8429 | 8.00E-005 | 8431 | 8.00E-005 | 8443 | 8.00E-005 | 8447 | 8.00E-005




472 Solange Aranzubia, Rubén Carvajal and Rafael Labarca

Entropy Values for Prime Numbers Between 8461 and 9697

Value | Entropy Value | Entropy Value | Entropy Value | Entropy

8461 | 8.00E-005 | 8467 | 8.00E-005 | 8501 | 8.00E-005 | 8513 | 8.00E-005
8521 | 8.00E-005 | 8527 | 8.00E-005 | 8537 | 8.00E-005 | 8539 | 8.00E-005
8543 | 8.00E-005 | 8563 | 8.00E-005 | 8573 | 8.00E-005 | 8581 | 8.00E-005
8597 | 8.00E-005 | 8599 | 8.00E-005 | 8609 | 8.00E-005 | 8623 | 8.00E-005
8627 | 8.00E-005 | 8629 | 8.00E-005 | 8641 | 8.00E-005 | 8647 | 8.00E-005
8663 | 8.00E-005 | 8669 | 8.00E-005 | 8677 | 8.00E-005 | 8681 | 8.00E-005
8689 | 8.00E-005 | 8693 | 8.00E-005 | 8699 | 8.00E-005 | 8707 | 8.00E-005
8713 | 8.00E-005 | 8719 | 8.00E-005 | 8731 | 8.00E-005 | 8737 | 8.00E-005
8741 | 8.00E-005 | 8747 | 8.00E-005 | 8753 | 8.00E-005 | 8761 | 8.00E-005
8779 | 8.00E-005 | 8783 | 8.00E-005 | 8803 | 8.00E-005 | 8807 | 8.00E-005
8819 | 8.00E-005 | 8821 | 8.00E-005 | 8831 | 8.00E-005 | 8837 | 8.00E-005
8839 | 8.00E-005 | 8849 | 8.00E-005 | 8861 | 8.00E-005 | 8863 | 8.00E-005
8867 | 8.00E-005 | 8887 | 8.00E-005 | 8893 | 8.00E-005 | 8923 | 8.00E-005
8929 | 8.00E-005 | 8933 | 8.00E-005 | 8941 | 8.00E-005 | 8951 | 8.00E-005
8963 | 8.00E-005 | 8969 | 8.00E-005 | 8971 | 8.00E-005 | 8999 | 8.00E-005
9001 | 8.00E-005 | 9007 | 8.00E-005 | 9011 | 8.00E-005 | 9013 | 8.00E-005
9029 | 8.00E-005 | 9041 | 8.00E-005 | 9043 | 8.00E-005 | 9049 | 8.00E-005
9059 | 8.00E-005 | 9067 | 8.00E-005 [ 9091 | 8.00E-005 | 9103 | 8.00E-005
9109 | 8.00E-005 | 9127 | 8.00E-005 | 9133 | 8.00E-005 | 9137 | 8.00E-005
9151 | 8.00E-005 | 9157 | 8.00E-005 | 9161 | 8.00E-005 | 9173 | 8.00E-005
9181 | 8.00E-005 | 9187 | 8.00E-005 | 9199 | 8.00E-005 | 9203 | 8.00E-005
9209 | 8.00E-005 | 9221 | 8.00E-005 | 9227 | 8.00E-005 | 9239 | 8.00E-005
9241 | 8.00E-005 | 9257 | 7.00E-005 | 9277 | 7.00E-005 | 9281 | 7.00E-005
9283 | 7.00E-005 | 9293 | 7.00E-005 | 9311 | 7.00E-005 | 9319 | 7.00E-005
9323 | 7.00E-005 | 9337 | 7.00E-005 | 9341 | 7.00E-005 | 9343 | 7.00E-005
9349 | 7.00E-005 | 9371 | 7.00E-005 | 9377 | 7.00E-005 | 9391 | 7.00E-005
9397 | 7.00E-005 | 9403 | 7.00E-005 | 9413 | 7.00E-005 | 9419 | 7.00E-005
9421 | 7.00E-005 | 9431 | 7.00E-005 | 9433 | 7.00E-005 | 9437 | 7.00E-005
9439 | 7.00E-005 | 9461 | 7.00E-005 | 9463 | 7.00E-005 | 9467 | 7.00E-005
9473 | 7.00E-005 | 9479 | 7.00E-005 | 9491 | 7.00E-005 | 9497 | 7.00E-005
9511 | 7.00E-005 | 9521 | 7.00E-005 | 9533 | 7.00E-005 | 9539 | 7.00E-005
9547 | 7.00E-005 | 9551 | 7.00E-005 | 9587 | 7.00E-005 | 9601 | 7.00E-005
9613 | 7.00E-005 | 9619 | 7.00E-005 | 9623 | 7.00E-005 | 9629 | 7.00E-005
9631 | 7.00E-005 | 9643 | 7.00E-005 | 9649 | 7.00E-005 | 9661 | 7.00E-005
9677 | 7.00E-005 | 9679 | 7.00E-005 | 9689 | 7.00E-005 | 9697 | 7.00E-005
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Entropy Values for Prime Numbers Between 9719 and 9973

Value | Entropy Value | Entropy Value | Entropy Value | Entropy

9719 | 7.00E-005 | 9721 | 7.00E-005 | 9733 | 7.00E-005 | 9739 | 7.00E-005
9743 | 7.00E-005 | 9749 | 7.00E-005 | 9767 | 7.00E-005 | 9769 | 7.00E-005
9781 | 7.00E-005 | 9787 | 7.00E-005 | 9791 | 7.00E-005 | 9803 | 7.00E-005
9811 | 7.00E-005 | 9817 | 7.00E-005 | 9829 | 7.00E-005 | 9833 | 7.00E-005
9839 | 7.00E-005 | 9851 | 7.00E-005 | 9857 | 7.00E-005 | 9859 | 7.00E-005
9871 | 7.00E-005 | 9883 | 7.00E-005 | 9887 | 7.00E-005 | 9901 | 7.00E-005
9907 | 7.00E-005 | 9923 | 7.00E-005 | 9929 | 7.00E-005 | 9931 | 7.00E-005
9941 | 7.00E-005 | 9949 | 7.00E-005 | 9967 | 7.00E-005 | 9973 | 7.00E-005
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