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Abstract

We find two fized points differents of cero of the operator in an
Sobolev Spaces in L*(Q)) with Q C R™ and they are solutions of Boltz-
mann equation.
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1. Introduction

Let u : © x R" — R, with u(z,v) > 0,Q C R" satisfying the following
problem:
v Vau(z,v) = Qu,u)(v) =z€Q, veR”
2 €0, veR”
Qu,u)(v) if u=h

u(z,v) =e

where Q(u,h)(v) =

0 if u#£h
Q(u,u)(v) = Jgn fSi B(n,w — v)[u(z,v")u(x,w') —u(x, v)u(z, w)|dndw be-
ing v/ = v+ [(w—v).n]n and v = w — [(w—v).n]n, n is the unitary vector
in the direction of the bisecting the angle formed by v — w and w’ — v’ and
52 ={neR": |n| =1, [n.(w—v)] > 0}, also B satisfies the following
conditions:

i) B(n,w —v) > 0 yand B depends only of ||w — v| and |(w — v, n)|.
B e Ly (R, 52).

1 loc

)
iii) B(n,w —v) < bll(”li;—_v{f‘?‘[l + [lw — |5,
iv) Jrn fSer B(w — v,n)dndw < oo being v € [0,1] and b;(i = 0,1) are
positive constants.
v) Q(u,u)(v) =0 if u is a maxwellian (u(z,v) = keI

Vi) Q(—U, —U)('U) = Q(uvu)(v)

The stationary Boltzmann equation has been studied in approach of L'
by the method of weak compactness see [1], [3Jand [7] in the literature,in
[8] and [9] classic considerations of the stationary Boltzmann equation are
made, Leray-Schauder alternative was studied in the paper [7], where the
existence of solutions is demostrated, this paper is a continuation of [7]. In
[5] and [7], a problem is studied in L? and in [10] in L.

, k= cte)

2. Development

Definition: Let F = {u € Ll(ﬁ) : Ui% € Ll(ﬁ)}

Jullp = max{ ullpxys ol o b being 1l ) = i u(ev)|do for

any v € R™.
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Observation: (E, ||.||) is a Banach Space.
Definition: C' = {u € E : v.Vyu(z,v) > u(z,v) > Q(u,u)(v) > 0}.

Properties of C:

i) C # 0. Indeed u(z,v) = z. (e¥ eV’ e > e C, Wlth v; > x;, be-
cause u(z,v) = Y7, x;e”, then qu( U) (e e”....e""), so
0.Vpu(z,v) = Y7, vie?” Z z.(e?, e, .. ey = Z * et >0 =

Q(u,u).

ii) Ifue C and —ue C, thenu=0¢C.

Proof: It we have that v - Vyu(z,v) > u(z,v) > Q(u,u)(v) > 0 and
—v-Vyu(z,v) > —u(z,v) > Q(—u, —u)(v) = Q(u,u)(v) > 0 and this
is true if and only if v = 0.

iii) @ is continuous in Bg(0, R) if [gn fsz by | ‘T}w UUT‘ [14]|w — v||5]dndw <
£, with m(Q) < co. Indeed,
|Q(un, un)(v) — Qu, u)(v)| =
| Jrn fsi B(n,w — )[un(x V) up (x, w') — up (2, v)up (2, w)]dndw  —
Jrn Js2 B(“,’w—v)[ (@, v")u(z,w’) — u(z,v)u(z, w)]dndw]| <
| Jrn Js2 B(n,w = v)un(z, v")up (2, w') — uz, ' )u(z, w)ldndw| +
| [Rn fsz B(n,w —U)[ (2, v)u(z, w) — up(z, v)u,(z, w)]dndw| =
| Jrn f52 B(n, w—v)[up(z, " )un (2, w" ) —uy (2, 0" ) u(z, w')+u, (z, v )u(z, w)—
u(z, v )u ( z,w)|dndw| +
| Jrn fsi B(n, w—v)[u(z, v)u(z, w)—u(z, v)u,(x, w)+u(z, v)u, (z,w)—
un(:n,v)un(x,w)]dndw| <
| frn Js2 B, w = v)un (2, ) [un (2, w') — u(z, w')|dndw| +
[

(

| i o2 Blnw = vyu(, w)[un(z, ') — u(a, o ldndw]| +
| S Sz Bln,w = v)u(a, 0)[u(z, ) — un(a, w)ldndu| +
[ i Sz Bl w = v)un(a, w) u(, v) — un(z, )} dndo]

applying the hypothesis ii), iii) on B we get it:

|Q<un7 ’U,n)(l)) - Q(uv u)(v)\ <
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| Jr» fs2 by =) [H‘HW—UH Jtn (2, V) [tn (2, w") —u(z, w")|dndw| +

[[w—v]|

| Jrn Js2 blﬂm[HHw—vH*] (@, w")[un (2, v') —u(x, v")]dndw| +

Hw vH

| Jrn Js2 bl 1+ [Jw — 0|5 (e, v) [, w) — wn (@, w)] dndw]| +

||w vll

(
| Jrn fsz by Lw—v.n) [1 + |lw = 0|5 un (2, w)[u(z, v) — un (2, v)]dndw|

[[w=v|

50 g |Q(tn, un)(v) — Q(u, u)(v)|dv < kl|uy — ul| g, being
k> AR [g. [s b=l 1 4 J|w — v S]dndw

iv) C is closed. Indeed: let u,, — u in Bg(0, R), with u,, € C, see that
u € C. As limy, 00 up = u, and v - Vyup(z,v) > Q(up, uy)(v) > 0
then v-Vou=v-Vy(u —up +up) =v-Vy(u—up) +v-Vy(uy) >
v+ Va(u —up) + Q(un, up)(v) 80 limy oo v - Vyu(z,v) >
limy, oo ¥+ Va(u — up) (2, v) + limy 00 Q(Un, uy)(v) > 0, then
v - Vau(z,v) > limy oo Q(tn, uy)(v) = Q(u,u)(v) (@ is continuous
in Bg(0,R)) so u € C, and C'is closed.

v) Cis convex: let 0 <t < 1 and let u; € C and ug € C that is to
say v - Vgui(z,v) > ui(z,v) > Q(ui,ur)(v) > 0 and v - Vyua(z,v) >
ug(z,v) > Q(u2,u2)(v) > 0 then:
v-Va[tur+ (1 —t)u 2](1: v) =tv-Vyur(z,v)+ (1 —t)v- Vyua(z,v) >
tQ(u1, u1) (V) +(1-1)Q(u2, u2) (v) > 2Q(u1, ur) (v)+(1 = £)*Q(uz, u2)(v) =
Q(tuy, tug)(v) + (( ug, (1 —t)uz)(v) = Q(tur + (1 — t)ug, tug +
(1 —t)ug)(v), as Q(u, h) =0 if u # h so C' is convex.

Definition: If u,h € F, u < h if and only if h —u € C.
Lema Let u,h € C y u < h, then |jul|; < ||k -

Proof: As h —u € C, we have:
v-Vy(h)(z,v) —v-Vy(u)(z,v) > (h)(x,v) — (u)(z,v) > 0 this is
1() -)Ymh()x,v) — (h)(z,v) >v-Vyu(z,v) — (u)(z,v) >0 and v- Vyh(z,v) >
h)(z,v

We have that ||ullp = ma:c{||u||L1

v

i b That s, (bl

T
1t [lull = lull 1 g then [[ul 5 < [|A] is valid.

Now, if ||u then ||u v; 22 dr and
E — E— Ja 890

.
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oh
D 1Hu||E = 1fQUza dr < 1vaza dv < Y7L 1||h||E Then
nlullg < nllhllg, that i is, ||ull p < ||h||E
Definition:

Let F: Bg(0,R)NnC — C
u—v-Vou+Qu,u) if u € Bp(0,r)NC

su—v-Vou+Qu,u) if uw € dBg(0,r)NC
u— F(u) =

u+v-Vyu—Qu,u) if we[Bg(0,R)— Bg(0,r)|nC

Su+v-Veu—Qu,u) if u€ 0Bg(0,R)NC

being 0 <r < R

Properties of F':

i) Ifue 8EB(0 r) N C, then:
F(u) = 3u—1v-Vou+ Qu,u), now v - Vou > Q(u, u), so
F(u) + v Vou—Qu,u) = gu = [|[F(u)] < ||gull < [ul
if ue CNIBE(0,r).

ii) If u € 9Bg(0, R)gﬁ C, then F(u) = 3u+v- Vyu— Q(u,u), as u € C,
then || F(w)[| > [[5ull > [u]

iii) u # F(u) for allu € 0gB(0,7)NC. Indeed, if exist ug € dBg(0,7) N C
such that F'(ug) = ug then wug = %uo—v-vmuo+Q(uo,uo) = %uo =
—v-Vyuo+Q(up, up), as ug € C, then v-Vyug > Q(ug, up) > 0 that is
to say —v - Vzup + Q(ug, ug) < 0 and ug > 0 which is a contradiction.

iv) F(u) € C, with u € Bg(0, R) N C. Indeed, if u € Bg(0,7) N C, then
F(u) < u, that is to say u — F(u) € C, exist c€ C : u— F(u) =
¢c = Fu)=u—ceC. Ifue Bg(0,R)NC, F(u) > u, then
F(u) —u € C, that is to say, there exist ¢ € C': F(u)—u=¢ =
F(u) =u+ ¢ € C. In other cases we proceed identically.

Lema: There exist &' > 0 such that if [gn fSer |B(n, w—v)|dn dw < oo,
then
1Q(u,w)(v)] < ¥ |lull
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Proof: |Q(u,u)(v)| < Jgn fSi | B(n, w—v)||u(z, v )u(z, w)—u(z, v)u(x,w)|dn dw
as u(x,v) > 0u(z,w) >0, u(z,v") >0 and u(z,w') >0 then
|Q(u, w) (V)] < Jre fs2 [B(n,w = v)[Ju(z, o' )u(z, w)|dn d

Jrn Js2 |B(n,w = v)[[u(z, v)u(z, w)|dn dw
Integrating over J:
|Qu, w)(v)] < iy fRn Js2 |Bn,w = v)ldn dw foulw, o' yu(w, w')dz

i S Sz Bl — )ldn dw fou(a, vyue, 0)ds
Now
0 < [u(x,v) —u(z,w)]? = u?(z,v') — 2u(z, v )u(z,w') + u?(z,w’)

Then

u(z, v )u(z,w') < 2u?(z,0') + Jud(z,w')

Analogously

u(z, v )u(z,w') < 2u*(z,v) + e (z,w)

So

|Qu, w)(v)] < gy fre Sz 1B(n, w—v)ldn dw [fg 50° (2, 0")do+ fq 3u(2, w')da]
+ﬁ Jrn fSi |B(n, w—v)|dn dw [ [ 3u?(z, v)dz+ [ 3u?(z, w)dz]

: i) Jrn fSi |B(n,w —v)|dn dw[u)]

Then

1Q(u, u)(v)] < k'u%, = k'u%, being k' = % Jrr fsi |B(n,w —v)|dn dw

Lema: F' is continuous in Bg(0, R), being valid the hypothesis about
B(n,w —v) < [gn fsi by [e—vn) [1+4 ||lw —v|5]dn dw and m(Q) < oo.

[[w—v]l

Proof:

i) Let u,h € [Bg(0,R) — Bg(0,7)]NC, then
Fu)=u+v-Vyu—Q(u,u)
F(h)=h+v-V,h—Q(h,h)
Fu)—F(h) = (u—h)+v-Vy(u—h)+Q(h,h) — Qu,u)
[F(u) = F(h)| < [(u—h)[+[v-V, (u - h)\ +|Q(h, h) = Q(u,u)|
[F(u) = F(h)] < |(u— h)] + | Sy vl + 1Q(A, h) = Q(u, )|
[1F(u) = F(h)|[ g < |lu—hllg+nlu- hllE + kl|h — w5
and this shows that F' is continuous in
[Be(0, R) — Bg(0,7)]

ii) If u,h € Bg(0,r) N C, then:
F(u) =u—v-Vyu+ Q(u,u)
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F(h) =u—v-Vzh+ Q(h,h)
[F(u) = F(h)] < [(u—h)[+|v-Vih—v- V:cuillvL |Q(u, u) — Q(h, h)2|
= ()~ ) < Al + SN )k —

which also implies that F' is continuous in Bg(0,7).The other cases
are similar .

Lema: F'is compact.

Proof: Apply the Dunford-Pettis’s criterion, see [4].
Let F = {F(u) € C:u e CnNBgr(0)}.

i) See that F is equintegrable.
Let Q2 C R™ a mesurable set and calculate [, |F(u)|dz, for this, sup-
pose (1) that u € [Bgr(0) — B-(0)] N C, then [ |F(u)(z,v)|dx =
[ |u(z,v) + v - Vyu — Qu,u)|dz, also u € C, Q(u,u) > 0 then
Q

Jo [F () (z,v)ldz < o |u(z,v)|de + [q |v- Veulds + [q [Q(u, u)|dx

= [olF(u)(z,v)|dz < ||[ullp + Nlull 5 + F|lul|3m(Q), is there exist
a 0 > 0 such that m(€2) < d then [, |F(u)(z,v)|dz < (1+ N)||ul g +
K'8||ul|%, as u € Bgr(0) then [o|F(u)(z,v)|dz < (1 + N)R + k'6R?
and if we define

¢ = {(1+N)R+k'0R?}, it holds that Ve > 0,36 > 0 [, |F(u)(z,v)|dz <

€.

Now, if u € B,(0) N C, then,
Jo |F(u)(z,v)|de < [ |u(z,v)|dz— [g |v-Veulde+ [o |Q(u,u)|dz as u € C,
we have that v-V,u > 0, we have [, |F(u)(z,v)|dz < [q |u(z,v)|dz+ [ |v-
Veuldr + [ |Q(u,u)|dz
If u e OgB(0,7) N C and u € JgB(0, R) N C,we proceed analogously.

As Q is measurable, there is a closed subset Q', Q) C Q with med(2 —
V) < 4, then
Jo—or |F()(z,v)|dz < ull g + Nllul g + K [u]zm(Q — )
< (1+ N)lullz + K6lul%
< (1+ N)r+Kér?

We define € = {(1 + N)r + k'6r2} then Ve, 30 : [ o |F(u)(z,v)|dz < €

So,by Theorem 7.8 pag 84 [2], there exist to fixed points ug and uy with
uo € Be(0,r)NC'y u; € CN[Bgr(0)— B,(0)] and this to fixed points are not
trivial. Also, if € 0Q,v € R", F(u) = u(z,v) = e~ I* with u € Bg(0,7)nC
* if u € [Bp(0, R) — Bp(0,r)] N C

and analogously F(u) = u(x,v) = e~V
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