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Abstract

We find two fixed points differents of cero of the operator in an
Sobolev Spaces in L1(Ω) with Ω ⊆ Rn and they are solutions of Boltz-
mann equation.
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1. Introduction

Let u : Ω ×Rn −→ R+,with u(x, v) ≥ 0,Ω ⊆ Rn satisfying the following
problem:

v ·∇xu(x, v) = Q(u, u)(v) x ∈ Ω, v ∈ Rn

u(x, v) = e−|v|
2

x ∈ ∂Ω, v ∈ Rn

where Q(u, h)(v) =

⎧⎪⎨⎪⎩
Q(u, u)(v) if u = h

0 if u 6= h

Q(u, u)(v) =
R
Rn

R
S2+

B(n,w − v)[u(x, v0)u(x,w0)−u(x, v)u(x,w)]dndw be-
ing v0 = v+ [(w− v).n]n and w0 = w− [(w− v).n]n, n is the unitary vector
in the direction of the bisecting the angle formed by v−w and w0− v0 and
S2+ = {n ∈ Rn : knk = 1, [n.(w − v)] ≥ 0}, also B satisfies the following
conditions:

i) B(n,w − v) ≥ 0 yand B depends only of kw − vk and |(w − v, n)|.

ii) B ∈ L∞loc(R
n, S2+).

iii) B(n,w − v) ≤ b1
|(w−v,n)|
kw−vk [1 + kw − vkv].

iv)
R
Rn

R
S2+

B(w − v, n)dndw < ∞ being v ∈ [0, 1] and bi(i = 0, 1) are

positive constants.

v) Q(u, u)(v) = 0 if u is a maxwellian (u(x, v) = ke−|v|
2
, k = cte)

vi) Q(−u,−u)(v) = Q(u, u)(v)

The stationary Boltzmann equation has been studied in approach of L1

by the method of weak compactness see [1], [3]and [7] in the literature,in
[8] and [9] classic considerations of the stationary Boltzmann equation are
made, Leray-Schauder alternative was studied in the paper [7], where the
existence of solutions is demostrated, this paper is a continuation of [7]. In
[5] and [7], a problem is studied in L2 and in [10] in L∞.

2. Development

Definition: Let E = {u ∈ L1(Ω) : vi
du
dxi ∈ L1(Ω)}

kukE = max{ kukL1(Ω̄), kvi
du
dxi kL1(Ω)}; being kukL1(Ω) =

R
Ω |u(x, v)|dx for

any v ∈ Rn.
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Observation: (E, k.k) is a Banach Space.

Definition: C = {u ∈ E : v.∇xu(x, v) ≥ u(x, v) ≥ Q(u, u)(v) ≥ 0}.

Properties of C:

i) C 6= ∅. Indeed u(x, v) = x.hev2 , ev2 , ..., ev2i ∈ C, with vi ≥ xi, be-
cause u(x, v) =

Pn
i=1 xie

v2 , then ∇xu(x, v) = hev2 , ev2 , ..., ev2i, so
v.∇xu(x, v) =

Pn
i=1 vie

v2 ≥ x.hev2 , ev2 , ..., ev2i = Pn
i=1 xie

v2 ≥ 0 =
Q(u, u).

ii) If u ∈ C and −u ∈ C, then u = 0 ∈ C.

Proof: It we have that v ·∇xu(x, v) ≥ u(x, v) ≥ Q(u, u)(v) > 0 and
−v ·∇xu(x, v) ≥ −u(x, v) ≥ Q(−u,−u)(v) = Q(u, u)(v) > 0 and this
is true if and only if u = 0.

iii) Q is continuous inBE(0, R) if
R
Rn

R
S2+

b1
|(w−v,n)|
kw−vk [1+kw − vkv]dndw ≤

k
4R , with m(Ω) <∞. Indeed,
|Q(un, un)(v)−Q(u, u)(v)| =
|
R
Rn

R
S2+

B(n,w − v)[un(x, v
0)un(x,w0)− un(x, v)un(x,w)]dndw −R

Rn

R
S2+

B(n,w − v)[u(x, v0)u(x,w0)− u(x, v)u(x,w)]dndw]| ≤
|
R
Rn

R
S2+

B(n,w − v)[un(x, v
0)un(x,w0)− u(x, v0)u(x,w0)]dndw| +

|
R
Rn

R
S2+

B(n,w − v)[u(x, v)u(x,w)− un(x, v)un(x,w)]dndw| =

|
R
Rn

R
S2+

B(n,w−v)[un(x, v0)un(x,w0)−un(x, v0)u(x,w0)+un(x, v0)u(x,w0)−
u(x, v0)u(x,w0)]dndw| +
|
R
Rn

R
S2+

B(n,w−v)[u(x, v)u(x,w)−u(x, v)un(x,w)+u(x, v)un(x,w)−
un(x, v)un(x,w)]dndw| ≤
|
R
Rn

R
S2+

B(n,w − v)un(x, v
0)[un(x,w0)− u(x,w0)]dndw| +

|
R
Rn

R
S2+

B(n,w − v)u(x,w0)[un(x, v0)− u(x, v0)]dndw| +
|
R
Rn

R
S2+

B(n,w − v)u(x, v)[u(x,w)− un(x,w)]dndw| +
|
R
Rn

R
S2+

B(n,w − v)un(x,w)[u(x, v)− un(x, v)]dndw|

applying the hypothesis ii), iii) on B we get it:

|Q(un, un)(v)−Q(u, u)(v)| ≤
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|
R
Rn

R
S2+

b1
|(w−v,n)|
kw−vk [1+kw − vkv]un(x, v0)[un(x,w0)−u(x,w0)]dndw| +

|
R
Rn

R
S2+

b1
|(w−v,n)|
kw−vk [1+kw − vkv]u(x,w0)[un(x, v0)−u(x, v0)]dndw| +

|
R
Rn

R
S2+

b1
|(w−v,n)|
||w−v||

£
1 + ||w − v||v

¤
u(x, v) [u(x,w)− un(x,w)] dndw| +

|
R
Rn

R
S2+

b1
|(w−v,n)|
kw−vk [1 + kw − vkv]un(x,w)[u(x, v)− un(x, v)]dndw|

so
R
Rn |Q(un, un)(v)−Q(u, u)(v)|dv ≤ kkun − ukE, being

k ≥ 4R
R
Rn

R
S2+

b1
|(w−v,n)|
kw−vk [1 + kw − vkv]dndw

iv) C is closed. Indeed: let un −→ u in BE(0, R), with un ∈ C, see that
u ∈ C. As limn→∞ un = u, and v · ∇xun(x, v) ≥ Q(un, un)(v) > 0
then v ·∇xu = v ·∇x(u− un + un) = v ·∇x(u− un) + v ·∇x(un) ≥
v ·∇x(u− un) +Q(un, un)(v) so limn→∞ v ·∇xu(x, v) ≥
limn→∞ v ·∇x(u− un)(x, v) + limn→∞Q(un, un)(v) > 0, then
v · ∇xu(x, v) ≥ limn→∞Q(un, un)(v) = Q(u, u)(v) (Q is continuous
in BE(0, R)) so u ∈ C, and C is closed.

v) C is convex: let 0 ≤ t ≤ 1 and let u1 ∈ C and u2 ∈ C that is to
say v ·∇xu1(x, v) ≥ u1(x, v) ≥ Q(u1, u1)(v) > 0 and v ·∇xu2(x, v) ≥
u2(x, v) ≥ Q(u2, u2)(v) > 0 then:
v ·∇x[tu1+(1− t)u2](x, v) = tv ·∇xu1(x, v)+(1− t)v ·∇xu2(x, v) ≥
tQ(u1, u1)(v)+(1−t)Q(u2, u2)(v) ≥ t2Q(u1, u1)(v)+(1− t)2Q(u2, u2)(v) =
Q(tu1, tu1)(v) +Q((1− t)u2, (1− t)u2)(v) = Q(tu1 + (1− t)u2, tu1 +
(1− t)u2)(v), as Q(u, h) = 0 if u 6= h so C is convex.

Definition: If u, h ∈ E, u ≤ h if and only if h− u ∈ C.

Lema Let u, h ∈ C y u ≤ h, then kukE ≤ khkE.

Proof: As h− u ∈ C, we have:
v ·∇x(h)(x, v)− v ·∇x(u)(x, v) ≥ (h)(x, v)− (u)(x, v) ≥ 0 this is
v ·∇xh(x, v)− (h)(x, v) ≥ v ·∇xu(x, v)− (u)(x, v) ≥ 0 and v ·∇xh(x, v) ≥
(h)(x, v)
We have that kukE = max{kukL1(Ω), kvi

∂u
∂xi
k
L1(Ω)

}. That is, khkE ≥
khkL1(Ω)
If kukE = kukL1(Ω) then kukE ≤ khkE is valid.
Now, if kukE = kvi ∂u∂xi kL1(Ω), then kukE =

R
Ω vi

∂u
∂xi

dx and
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Pn
i=1 kukE =

Pn
i=1

R
Ω vi

∂u
∂xi

dx ≤ Pn
i=1

R
Ω vi

∂h
∂xi

dx ≤ Pn
i=1 khkE. Then

nkukE ≤ nkhkE , that is, kukE ≤ khkE.
Definition:

Let F : BE(0, R) ∩C −→ C

u −→ F (u) :=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u− v ·∇xu+Q(u, u) if u ∈ BE(0, r) ∩ C

1
2u− v ·∇xu+Q(u, u) if u ∈ ∂BE(0, r) ∩C

u+ v ·∇xu−Q(u, u) if u ∈ [BE(0, R)−BE(0, r)] ∩C

3
2u+ v ·∇xu−Q(u, u) if u ∈ ∂BE(0, R) ∩ C

being 0 < r < R

Properties of F :

i) If u ∈ ∂EB(0, r) ∩ C, then:
F (u) = 1

2u− v ·∇xu+Q(u, u), now v ·∇xu ≥ Q(u, u), so
F (u) + v ·∇xu−Q(u, u) = 1

2u ⇒ kF (u)k ≤ k12uk < kuk
if u ∈ C ∩ ∂BE(0, r).

ii) If u ∈ ∂BE(0, R) ∩C, then F (u) = 3
2u+ v ·∇xu−Q(u, u), as u ∈ C,

then kF (u)k ≥ k32uk > kuk

iii) u 6= F (u) for all u ∈ ∂EB(0, r)∩C. Indeed, if exist u0 ∈ ∂BE(0, r) ∩ C
such that F (u0) = u0 then u0 =

1
2u0−v·∇xu0+Q(u0, u0) ⇒ 1

2u0 =
−v ·∇xu0+Q(u0, u0), as u0 ∈ C, then v ·∇xu0 ≥ Q(u0, u0) > 0 that is
to say −v ·∇xu0+Q(u0, u0) < 0 and u0 > 0 which is a contradiction.

iv) F (u) ∈ C, with u ∈ BE(0, R) ∩ C. Indeed, if u ∈ BE(0, r) ∩ C, then
F (u) ≤ u, that is to say u − F (u) ∈ C, exist c ∈ C : u − F (u) =
c ⇒ F (u) = u − c ∈ C. If u ∈ BE(0, R) ∩ C, F (u) ≥ u, then
F (u)− u ∈ C, that is to say, there exist c0 ∈ C : F (u)− u = c0 ⇒
F (u) = u+ c0 ∈ C. In other cases we proceed identically.

Lema: There exist k0 ≥ 0 such that if
R
Rn

R
S2+
|B(n,w−v)|dn dw <∞,

then
|Q(u, u)(v)| ≤ k0kuk2E .
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Proof: |Q(u, u)(v)| ≤
R
Rn

R
S2+
|B(n,w−v)||u(x, v0)u(x,w0)−u(x, v)u(x,w)|dn dw

as u(x, v) ≥ 0,u(x,w) ≥ 0, u(x, v0) ≥ 0 and u(x,w0) ≥ 0 then
|Q(u, u)(v)| ≤

R
Rn

R
S2+
|B(n,w − v)||u(x, v0)u(x,w0)|dn dw +R

Rn

R
S2+
|B(n,w − v)||u(x, v)u(x,w)|dn dw

Integrating over x
|Q(u, u)(v)| ≤ 1

m(Ω)

R
Rn

R
S2+
|B(n,w − v)|dn dw

R
Ω u(x, v

0)u(x,w0)dx

. + 1
m(Ω)

R
Rn

R
S2+
|B(n,w − v)|dn dw

R
Ω u(x, v)u(x,w)dx

Now
0 ≤ [u(x, v0)− u(x,w0)]2 = u2(x, v0)− 2u(x, v0)u(x,w0) + u2(x,w0)

Then
u(x, v0)u(x,w0) ≤ 1

2u
2(x, v0) + 1

2u
2(x,w0)

Analogously
u(x, v0)u(x,w0) ≤ 1

2u
2(x, v) + 1

2u
2(x,w)

So
|Q(u, u)(v)| ≤ 1

m(Ω)

R
Rn

R
S2+
|B(n,w−v)|dn dw [

R
Ω
1
2u
2(x, v0)dx+

R
Ω
1
2u
2(x,w0)dx]

. + 1
m(Ω)

R
Rn

R
S2+
|B(n,w−v)|dn dw [

R
Ω
1
2u
2(x, v)dx+

R
Ω
1
2u
2(x,w)dx]

. = 2
m(Ω)

R
Rn

R
S2+
|B(n,w − v)|dn dw[u2E]

Then
|Q(u, u)(v)| ≤ k0u2E = k0u2E being k

0 = 2
m(Ω)

R
Rn

R
S2+
|B(n,w − v)|dn dw

Lema: F is continuous in BE(0, R), being valid the hypothesis about

B(n,w − v) <
R
Rn

R
S2+

b1
|(w−v,n)|
kw−vk [1 + kw − vkv]dn dw and m(Ω) <∞.

Proof:

i) Let u, h ∈ [BE(0, R)−BE(0, r)] ∩C, then
F (u) = u+ v ·∇xu−Q(u, u)
F (h) = h+ v ·∇xh−Q(h, h)
F (u)− F (h) = (u− h) + v ·∇x(u− h) +Q(h, h)−Q(u, u)
|F (u)− F (h)| ≤ |(u− h)|+ |v ·∇x(u− h)|+ |Q(h, h)−Q(u, u)|
|F (u)− F (h)| ≤ |(u− h)|+ |Pn

i=1 vi
d(u−h)
dxi |+ |Q(h, h)−Q(u, u)|

kF (u)− F (h)kE ≤ ku− hkE + nku− hkE + kkh− uk2E
and this shows that F is continuous in
[BE(0, R)−BE(0, r)]

ii) If u, h ∈ BE(0, r) ∩ C, then:
F (u) = u− v ·∇xu+Q(u, u)
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F (h) = u− v ·∇xh+Q(h, h)
|F (u)− F (h)| ≤ |(u− h)|+ |v ·∇xh− v ·∇xu|+ |Q(u, u)−Q(h, h)|
⇒ kF (u)− F (h)kE ≤ ku− hkE +

PN
i=1kvi

d(h−u)
dxi k

L1Ω
+ kkh− uk2E,

which also implies that F is continuous in BE(0, r).The other cases
are similar .

Lema: F is compact.

Proof: Apply the Dunford-Pettis’s criterion, see [4].
Let F = {F (u) ∈ C : u ∈ C ∩BR(0)}.
i) See that F is equintegrable.
Let Ω ⊆ Rn a mesurable set and calculate

R
Ω |F (u)|dx, for this, sup-

pose (1) that u ∈ [BR(0) − Br(0)] ∩ C, then
R
Ω |F (u)(x, v)|dx =R

Ω
|u(x, v) + v · ∇xu − Q(u, u)|dx, also u ∈ C, Q(u, u) > 0 thenR
Ω |F (u)(x, v)|dx ≤

R
Ω |u(x, v)|dx+

R
Ω |v ·∇xu|dx+

R
Ω |Q(u, u)|dx

⇒
R
Ω |F (u)(x, v)|dx ≤ kukE +NkukE + k0kuk2Em(Ω), is there exist

a δ > 0 such that m(Ω) < δ then
R
Ω |F (u)(x, v)|dx ≤ (1 +N)kukE +

k0δkuk2E, as u ∈ BR(0) then
R
Ω |F (u)(x, v)|dx ≤ (1 + N)R + k0δR2

and if we define
� = {(1+N)R+k0δR2}, it holds that ∀ε > 0,∃δ > 0

R
Ω |F (u)(x, v)|dx ≤

�.

Now, if u ∈ Br(0) ∩ C, then,R
Ω |F (u)(x, v)|dx ≤

R
Ω |u(x, v)|dx−

R
Ω |v ·∇xu|dx+

R
Ω |Q(u, u)|dx as u ∈ C,

we have that v ·∇xu > 0, we have
R
Ω |F (u)(x, v)|dx ≤

R
Ω |u(x, v)|dx+

R
Ω |v ·

∇xu|dx+
R
Ω |Q(u, u)|dx

If u ∈ ∂EB(0, r) ∩ C and u ∈ ∂EB(0, R) ∩ C,we proceed analogously.

As Ω is measurable, there is a closed subset Ω0,Ω0 ⊆ Ω with med(Ω −
Ω0) < δ, thenR
Ω−Ω0 |F (u)(x, v)|dx ≤ kukE +NkukE + k0kuk2Em(Ω− Ω0)
. ≤ (1 +N)kukE + k0δkuk2E
. ≤ (1 +N)r + k0δr2

We define � = {(1 +N)r + k0δr2} then ∀�,∃δ :
R
Ω−Ω0 |F (u)(x, v)|dx ≤ �

So,by Theorem 7.8 pag 84 [2], there exist to fixed points u0 and u1 with
u0 ∈ BE(0, r)∩C y u1 ∈ C∩[BR(0)−Br(0)] and this to fixed points are not

trivial. Also, if ∈ ∂Ω, v ∈ Rn, F (u) = u(x, v) = e−|v|
2
with u ∈ BE(0, r)∩C

and analogously F (u) = u(x, v) = e−|v|
2
if u ∈ [BE(0, R)−BE(0, r)] ∩C
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