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Abstract:

A dominating set D of a graph G = (V, E) is a nonsplit domi-
nating set if the induced subgraph (V — D) is connected. The
nonsplit domination number y,,(G) of G is the minimum cardi-
nality of a nonsplit dominating set. An edge e = uv of a graph G
is said to be subdivided if e is replaced by the edges uw and vw
for some vertex w not in V (G). The graph obtained from G by
subdividing each edge of G exactly once is called the subdivi-
sion graph of G and is denoted by S(G). In this paper, we study
the nonsplit domination number of subdivision graph. We de-
termine exact values of the nonsplit domination number of
subdivision graph for some standard graphs. We also obtain
bounds and relationship with other graph theoretic param-
eters for the y,,(S(G)).
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1. Introduction

In this paper,the graphs considered here are finite, undirected nontrivial
and connected without loop or multiple edges. Any undefined term in this
paper may be found in [1, 2] and the graph G has p vertices and ¢ edges.

Let G = (V,E) be a graph. A set D subset of V' is a dominating set
of G if every vertex in V — D is adjacent to some vertex in D. The domi-
nation number v(G) of G is the minimum cardinality of a dominating set.
The open neighborhood of a vertex v in the graph G is the set of vertices
adjacent to v. It is denoted by N(v) and the closed neighborhood of v is
N[v] = N(v) Uw.

The concept of nonsplit domination has been studied by V. R. Kulli
and B. Janakiram [4]. A dominating set D of a graph G = (V, E) is
a nonsplit dominating set if the induced graph (V — D) is connected.
The nonsplit domination number ~,5(G) is the minimum cardinality of a
non- split dominating set. For example, a ~,s-set in G represents a
minimum set of transformers that can communicate directly with other
vertices which are consider as post. But every post is must adjacent to at
least one trans- former. The concept of nonsplit domination is used to
find the minimum possibilities to cover all the post and make 24/7
electric supply in the city. Also, it has applied in communication
network, transport, railway, land surveying, etc.

The behavior of a network in the presence of a fault can be analyzed
by determining the effect that removing the edge and adding new vertex
along with two new edges. The subdivision graph is studied in [1],
[2], [3]: An edge e = uv of a graph G is said to be subdivided if e is
replaced by the edges ww and vw for some vertex w not in V(G). The
subdivision graph obtained from G by subdividing each edge of G and is
denoted by S(G).

We need the following theorems in [4].

Theorem 1.1. For any cycle Cy, ¥ns(Cp) =p — 2.

Theorem 1.2. For any complete graph K, with p > 2 vertices, Yns(Kp) =
1.

Theorem 1.3. For any path P, with p > 4 vertices, yns(P,) =p — 2.
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Theorem 1.4. For any graph G, v,s(G) < p—w(G) +1 where w(G) is the
clique number of G.

In this paper, we determine exact values of the nonsplit domination
number of subdivision graph for some standard graphs. We also obtain
bounds and relationship with other graph theoretic parameters for the non-
split domination number of subdivision graph.

2. Main Results

The following are immediate from Theorem 1.1 and Theorem 1.3 respec-
tively.

Proposition 2.1. (i) For any cycle Cp,, v,s(S(Cp)) = 2p — 2. (ii) For any
path P, with p > 3 vertices, vns(S(Pp)) = 2p — 3.

Theorem 2.2. For any star Kip_1, Yns(S(K1p-1)) =D.

Proof. Let G be any star and S(K7 1) is healthy spider. Let V(G) =
{vo,v1,v2,...,vp—1} be the verties of G and W = {w1,ws, ..., wy} be the
vertices in S(G) which subdivides the edges of G. Clearly, D contains all
the end vertices of S(G), say n = {v1,v2,v3, ..., Vp—1}.

Now, S(G) — n is a star. Then D contains at least one vertex in a star
for some w; (1 <1 < q) of S(G). So that, the nonsplit dominating set D
of S(G) is {v1,v2,v3, ..., vp—1} U{w;} for some w;, 1 <i<gq.

IDl=p—1+1

(|

Theorem 2.3. For any wheel graph W), with p > 4, ~v,s(S(W))) = ¢+ 1.

Proof. Let G be a wheel graph. Let V(G) = {wvo,vi,v2,...,0p-1}
be the vertices of G. Let W = {wi, w2, w3, ..., Wp—1, W, ..., wWg=2p—2} be
the vertices of S(W),) which subdivides the edges of G. Let vy be a
single vertex in W), then Nvg] = {wi,ws, ws,...,wp—1,v0}. Now, the
nonsplit dominating set of S(W)) is ({vo, v1, ..., Up—1, w1, w2, W3, ..., wg} —
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{wi,we, ws, ...,wp—1,v0}) U{w;} where w; € N(vp). That is, |[D| < p+q—
p+ 1. Hence, 7,s(S(Wp)) < ¢+ 1.

Also, let Dy be a minimum nonsplit dominating set of the cycle {v1, wp,
V2, Wpt 1, ..oy Up—1, Wop—2,01}. Then |Dy| = 2p — 2 = 2(p — 1), it follows
from Proposition 2.1. Thus D has at least one vertex other than the cycle
which is adjacent to a vertex of the cycle. Now, the nonsplit dominating
set is {v1, wp, V2, Wpi1, .., Vp—1, Wop—2 } U{wy } where 1 < k < p—1. That is,

D = Dy U {wy}
|D| > |Do| + 1

>2(p—1)+1
D] > q+ 1.

Thus v,s(S(Wp)) = ¢+ 1.
|

Theorem 2.4. For any complete graph K,, withp > 2 vertices, vns(S(K})) =
g+ 1.

Proof. Let G be a complete graph. Let V(G) = {vo, vi,v2, ..., vp—1}
be the vertices of G. Let W = {wy, wa, w3, ..., w,} be the vertices of S(K))
which subdivides the edges e; (1 < i < q). Let vy be a vertex in K, then
Nlvg] = {w1, wa, w3, ..., wp—1,v0}. For some w; € N(vp), the nonsplit domi-
nating set of G is {vo, v1, v2, ..., Up—1, W1, Wa, ..., wq }—{w1, wa, w3, ..., Wp—1, Vo }U
{w;}. Hence vps(S(Kp)) < g+ 1.

Also, any nonsplit dominating set of S(kK,) contains at least p — 1 ver-
tices from K, and at least ¢—p+2 vertices from V(S(K,))—V (K}), so that

Yns(S(Kp)) >p—1+qg—p+2
Yns(S(Kp)) > q + 1.

Hence, v,s(S(Kp)) = ¢+ 1.
d
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Corollary 2.5. If G be any complete graph, ~ns(S(G)) —vns(G) = gq.

Proof. It follows from Theorem 1.2 and Theorem 2.4.
O

Theorem 2.6. For any complete bipartite graph K, , with 2 < m < n,
’Yn8<S(Km7n)) = m(” + 1)'

Proof. Let Vi = {u1,u2,us,...,up} and Vo = {v1,v9,vs,...,v,} be
a bipartition of Ky, . Let W = {w;; : 1 < i < m, 1 < j < n} be
the vertices of S(K,,,) which is adjacent to u; and v; and also S(Kp, )
has p = m 4+ n vertices and ¢ = m x n edges. For some u; € Vi,
Nu;] = {wi1, w2, w3, ..., Win, u; }. The nonsplit dominating set of S(G)
is ({u1,uo,us, ..
.y U, V1, V2, U3, ...,’Un} — {wil,wig,wig, ...,wm,ui}) U {wij}, fOI‘ some wi]‘ €
N (u;) that is,
IDI<p+q—-n—1+1
=m-+n+mn-—n
=mn-+m
ns(S(G)) <m(n+1).
Also, any nonsplit dominating set of S(K,, ) contains at least n+ (m—
1) vertices from K, ,, and at least (m—1)n+1 vertices from V (S(Kpn)) —
V(Km,n), so that
Yns(S(Kmn)) Z2n+(m—1)+(m—1)n+1
=n+m-—-1+mn—-n+1
=mn-+m

Tns(S(G)) = m(n+1).

Hence, Yps(S(Kmn)) = m(n+1).
a
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Theorem 2.7. For any graph G, 7,s(S(G)) =p+q— A(G).

Proof. Let V' = {v1,v2,v3,...,0p} be a vertices of G and let W =
{w1, wa, w3,

...,wq} be the vertices of S(G) which subdivides the edges e; (1 < ¢ <
q). Let v; be a vertex of maximum degree A(G). Then v; dominates
Nv;] and the vertices in V(S(G)) — N[v;] dominate themselves. Hence,
(V(S(G)) — N[vj]) U {w;} where w; € N(v;) is a nonsplit dominating set
of cardinality p + ¢ — A(G) and so v,5(S(G)) < p+ g — A(G).

Now, let D be any nonsplit dominating set of S(G). Let v; and w; are
any two adjacent vertices in S(G).

Case (1) :
Ifwy € V—-D,thenvy € V—D or vy €D. Suppose v1 € V — D. Clearly
v1 = v;, v; is dominated by any one adjacent vertex w; where j # 1.

Suppose v1 € D, wi dominates v; and v;. Also v; dominates wy. So v; is
dominated by any one vertex of w; where j # 1. Thus, V—D < N[v;]—{w;}
is connected in S(G).

Case (i) :

If wy € D, then v1 € D or v1 € V — D. Suppose v1 € V — D. Clearly
v] = v;, since wy and v are adjacent vertices. Thus, V — D < N|v;] —{w;}
is connected in S(G). Suppose v; € D, w; is adjacent to v; or w; is not
adjacent to v;.

Subcase (i) :
Suppose w; is adjacent to v;. Clearly, w; dominates v;. Then V — D <
Nv;] — {w1} is the connected dominating set of S(G).

Subcase (i) :

Suppose wi is not adjacent to v;. Clearly, vy, w1 € D. Then v; is dominated
by any one adjacent vertex wy in D, where wy € N(v;) and k # 1 Thus,
V — D < Nlv;| — {wg} is connected.

From case (i) and case (ii), we get

V — D < Nlv;] — {w} where w € N(v;)

[V — D[ < A(G)
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V|- ID| < A(G)

|D| > [V] - A(G)
mms(S(G)) = [V(S(G))| - AG)
Yns(S(G)) > p+q— A(G).

Thus, 7,s(S(G)) =p+ g — A(G).
O

Corollary 2.8. If G is any connected graph, then
(@) s(S(G)) +ms(G) < 2p+ ¢ — A(G) —w(G) + 1 and
(i) ms(S(G)) = ms(G) 2 ¢ = A(G) +w(G) + 1.

Proof. It follows from Theorem 1.4 and Theorem 2.7.
O

Theorem 2.9. If GK> is any graph with §(G) > 1, v,s(S(G)) = 2.

Proof. Let GK> is any graph with §(G) > 1. Let W = {w1, w2, ws, ..., wq}
be a subdivision vertices. Let v and v be any two adjacent vertices in G and
that is not adjacent in S(G). Let w; subdivide v and v in S(G). Clearly,

wy dominates V(S(G)) — {u,v} vertex set in S(G). That is, NJwi] =
V(S(G)) — {u,v}. Now {wi} is a minimum nonsplit dominating set of

S(G) — {u,v}. Thus, 1,s(S(G) — {u,v}) = 1. Also, u and v are adjacent in

S(G). Thus, 7ns(S(G)) = 2.
|

Corollary 2.10. Let G be any graph with 6(G) > 1, v,s(S(G))+71s(S(G))
p+q—AG) + 2.

Proof. It follows from Theorem 2.7 and Theorem 2.9.
O

Theorem 2.11. Let G be any (p, q) graph having components G1, G2, Gs, ...

(1) if 6(G) > 1, then v,5(S(G)) = 2 and
(i7) if G has isolated vertices, then vps(S(G)) = 1.

7Gk7
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Proof. Let G be any graph having components G1, Gs, Gs, ..., Gk.

(i) It follows from Theorem 2.9.

(ii) Suppose G has isolated vertex for one or more components. Clearly,
Tns(S(G)) > 1. Let v be any one isolated vertex in G. Then, v dom-
inates all other vertices in S(G). That is, N[v] = V(S(G)). Thus, the
nonsplit dominating set of S(G) contains at most one isolated vertex from
G1,G2,Gs, ..., G, so that v,5(S(G)) < 1. Hence, v,5(S(G)) = 1.

|

Corollary 2.12. Let G be any graph with isolated vertices, vns(S(G)) +
'Yns(S(G)) =p+q— A(G) +1

Proof. It follows from Theorem 2.7 and Theorem 2.11.
Od
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