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Abstract

For a graph G, let P(G,)\) denote the chromatic polynomial of
G. Two graphs G and H are chromatically equivalent (or simply
X—equivalent), denoted by G ~ H, if P(G,\) = P(H,\). A graph
G is chromatically unique (or simply x—unique) if for any graph H
such as H ~ G, we have H =2 G, i.e, H is isomorphic to G. In this
paper, the chromatic uniqueness of a new family of 6-bridge graph
O(a,a,b,b,b,c) where 2 < a < b < ¢, is investigated.
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1. Introduction

All graphs considered here are simple graphs. For such a graph G, let
P(G, \) denote the chromatic polynomial of G. Two graphs G and H
are chromatically equivalent (or simply y—equivalent), denoted by G ~
H, if P(G,\) = P(H,)\). A graph G is chromatically unique (or simply
x—unique) if for any graph H such as H ~ G, we have H = G, i.e, H
is isomorphic to G. The chromaticity of a graph G refers to questions
about the chromatic equivalence class or chromatic uniqueness of G. For
terminologies and notations which are not explained here, the reader is
referred to [6, 21].

Let k be an integer with £ > 2 and let a1, as,...,ar be natural numbers
with a; +a; > 3 for all 4,5 and 1 <14 < j < k. Let 0(ai1,as,...,a;) denote
the graph obtained by connecting two distinct vertices with k independent
(internally disjoint) paths of length ai,as, ..., ax, respectively. The graph
0(ay,az,...,a;) is called a multi-bridge (more spesifically k-bridge) graph.

Let G =0(ai1,a2,--,ax) and we then have (see [4])

k
P(G,\) = Yy Al_ T H (=1 4+ ()= (A - 1))
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where e(G) = Y8, a; and v(G) = YF_, a; — k + 2. Also define Q(G, z) for
any graph G and real number x as:

Q(G,z) = (-1)%DTH(1 — )DL PG 1~ 2).
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Given positive integers ai,as,...,ag, where k > 2, what is the necessary
and sufficient condition on aq,as,...,a; for 6(a,as,...,ar) to be chro-
matically unique? Many papers [4, 5, 16, 17] have been published on this
problem, but it is still far from being completely solved.

A 2-bridge graph is simply a cycle graph, which is y—unique. Chao and
Whitehead Jr. [2] showed that every 3-bridge graph 6(1, ag,as) (or a theta
graph) is y—unique. Loerinc [20] extended the above result to all 3-bridge
graphs by showing that all 3-bridge graphs (or generalized 6-graph) are
x-unique. For k = 4, Chen et al. [3] found that 6(aq, az, as, as) may not be
X-unique.

Suppose g (Gl, Ga, -, Gk) be the collection of edge-gluing of all G1, G, - - -
where k > 2 and e(G;) > 1 for all i.

Theorem 1.1. (Chen et al. [3]) (a) Let aj,a2,as3,as be integers with
2 <a; <ay <ag < ag. Then 6(ay,az,as,a4q) is x-unique if and only
if (a1, a9,as,a4) # (2,b,b+ 1,b+ 2) for any integer b > 2.

(b) The x-equivalence class of 6(2,b,b+ 1,b+ 2) is

{0(2,0,b+1,b+2)} Uge(0(3,b,b + 1), Cyy).

Thus the problem of the chromaticity of 6(aq,as,---,a;) has been com-
pletely settled for k& < 4.

The results on the chromaticity of some families of 5-bridge graphs have
been obtained by Bao and Chen [1], Li and Wei [19], Li [18], Khalaf [9], Kha-
laf and Peng [10], Khalaf et al. [15]. Ye [23, 24] proved that 6(2,2,2,2,a,b)
where3 <a+1<band§(2,2,...,2,a,b) where3 < a <band k > 5 are x-
unique, respectively. Khalaf and Peng [11] also proved that 6(a,a,...,a,b)
for a < b is x-unique. The study on the chromaticity of 6-bridge graphs,
0(a1, az,as,aq, as, ag) where a1, as, as, aq, as, ag assume exactly two distinct
values and 6(3, 3, 3, 3,b, ¢) was done by Khalaf and Peng [12, 14]. Later on,
Khalaf and Peng in [9, 13] solved the chromaticity of two types of 6-bridge
graph 0(a1, ag, as, a4, as, ag) where ay, as, as, a4, as, ag assume exactly three
distinct values, that is, the graphs 0(a,a,a,b,c,c) and 0(a,a,a,a,b,c), re-
spectively. Recently, Karim et al. [7] investigated the chromaticity of
another type of 6-bridge graphs, that is, 6(a, a, a,b, b, c). In this paper, we
continue to investigate the chromaticity of new type of such graphs, that
is, O(a,a,b,b,b,c) (see Figure 1).
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Figure 1 : 0(a,a,b,b,b,¢)

2. Preliminary Results and Notations

In this section, we cite some results to be used in sequel.

Lemma 2.1. (Xu et al. [22]) For k > 4, 6(a1,a2,...,ax) Is x-unique if
E—1<a1<as <...<a.

For each positive integer h, the graph G(h) is obtained from G by replacing
each edge of G by a path of length h, respectively and is called the h-uniform
subdivision of G. Xu et al. [22] showed that any h-uniform subdivision of
01 denoted as 0x(h), is x-unique, as stated in the following theorem.
Lemma 2.2. (Xu et al. [22]) For k > 2, the graph 0 (h) is x-unique.
Dong et al. [5] proved the following results.

Lemma 2.3. (Dong et al. [5]) If 2 <a; <a <...<ag < a + a where
k > 3, then the graph 0(a1,aq,...,a;) is x-unique.

Lemma 2.4. (Dong et al. [5]) For any k,a;,a2,...,a; € N,

k
Q(Q(al,ag,...,ak),x) = xl;Il (wai — 1) — H (w‘” —x).

=1
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Lemma 2.5. (Dong et al. [5]) For any graphs G and H,
1. If H ~ G, then Q(H,z) = Q(G, x),
2. IfQ(H,z) = Q(G,z) and v(H) = v(G), then H ~ G.

Lemma 2.6. (Dong et al. [5]) Suppose that 6(a1, ag, ..., ax) ~ 0(b1,ba,. .., bg)
where k > 3,2 < a1 <as <...<apand 2 < by < by < ... < b, then
a; =b; foralli =1,2,...,k.

Lemma 2.7. (Dong et al. [5]) Let H ~ 0(ay,a2,...,a;) where k > 3 and
a; > 2 for all i, then one of the following is true:

(i) H = 0(a1,az,...,a),

(ii) H € ge(G(bl,bg, 3 b), Chyr i1y - .,Cbkﬂ), where 3 <t < k—1 and
b;>2foralli=1,2,...,k.

Lemma 2.8. (Dong et al. [5]) Let k,t,b1,ba,..., by, € N, where 3 <t <
k—1andb; > 2 foralli =1,2,... k. IfH € ge(Q(bl,bg, o b0), Oy 415 - ,Cbk+1),
then

Lemma 2.9. (Koh & Teo [16]) If G ~ H, then
(i) v(G) = v(H),
(i) e(G) = e(H),
(iii) 9(G) = g(H),
(iv) G and H have the same number of shortest cycle.

where v(G), v(H), e(G), e(H), g(G) and g(H) denote the number of ver-
tices, the number of edges and the girth of G and H, respectively.

Lemma 2.10. (Khalaf & Peng [13]) A 6-bridge graph (a1, a2, ..., as) is
x-unique if the positive integers ai,as, ..., ag assume exactly two distinct
values.
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3. Main Results

In this section, we present our main result on the chromaticity of 6-bridge
graph 6(a,a,b,b,b,c).

Theorem 3.1. The graph 6-bridge 0(a,a,b,b,b,¢c), where a < b < ¢, is
x-unique.

Proof. Let G and H be two graphs such that G is a 6-bridge graph of
the form 6(a,a,b,b,b,c) where 2 < a < b < ¢. By Lemmas 2.1 and 2.3, G
is x-unique if ¢ < 2a and a > 5, respectively. Suppose H ~ G, then ¢ > 2a
and a < 5. We shall solve Q(G) = Q(H) to get all solutions. Let the lowest
remaining power and the highest remaining power be denoted by Lr.p. and
h.r.p., respectively.

Considering Lemmas 2.6 and 2.7, we have three cases of H to consider, that
are H € g, (9(51,52753)7Cb4+1,Cb5+1,Cb6+1> where 2 < by < by < b3 and

2 < by, bs,bs (Case A) or H € g, (e(bl,bg,bg,m),Cbsﬂ,cbﬁﬂ) where 2 <

b1 < by < bz < bgand2 < bs, b (Case B)or H € g (9(51,b2,53754,1?5)70176“)
where 2 < by < by < bz < by <bs and 2 < bg (Case C).
Since the method used is standard, long and rather repetitive, we shall not

discuss all of the cases here. In the following we shall only show the detail
proof for Cases A and B.

By Lemma 2.9, g(G) = g(H) = 2a and H and G shall have the same
number of cycles with length equal to their girth. We know that the size
of G is equal to the size of H. Then, we have the following.

(3.1) 2a + 3b+c=by + by + bg + by + bs + bg

70&56 A He Je (e(bla b25 b3)a Cb4+17 Cb5+17 Cb6+1) where 2 < bl < b2 < b3

and 2 < by, bs, bg. AsG = 0(a,a,b,b,b,c) and H € g, (Q(bl, b2,b3), Cpitt Chotts Cbﬁﬂ),
by Lemmas 2.4 and 2.8 we have the following.
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Considering Equation 3.1, Q(G) = Q(H) yields,

Q1(G)

Q1(H)

3x2a—|—2b+1 + 3x2a+b+6+1 + 3x2a+b+3 + $2a+c+3 + $2a+1 +
2$a+3b+1 + 6$a+2b+c+1 + 6$a+2b+3 + 6l,a+b+c+3 + 61‘a+b+1 +

2xa+c+1+2xa+5+x3b+c+1+x3b+3+3z2b+c+3+3x2b+1 +
3pbtetl 4 g5 4 pots (3x2a+2b+2 4 3glatbtet2 |
3x2a+b+1+x2a+c+1+$2a+4+2$a+3b+2+6xa+2b+c+2+
6xa+2b+1+6$a+b+c+1 +6$a+b+4+2$a+c+4+2$a+1 +

x3b+c+2+$3b+l +3$2b+c+1 +3$2b+4+3$b+c+4+3xb+1+
ot 4 ZL‘6>,

b1+b2+b3+b4+b5+xb1+b2+b3+b4+b6 +xb1+b2+b3+b4+1+
b1+b2+b3+b5+b6+xb1+b2+b3+b5+1+$b1+b2+b3+b6+1+
b1+b2+b3 +xb1+b4+b5+b6+1 +$b1+b4+b5+2+$b1+b4+b6+2+
b1+b4+1+xb1+bs+be+2+xb1+bs+l+xb1+bs+1+$b1+2+

8 8 &8 8 8

b2+b4+b5+be+1+xbz+b4+b5+2+$bz+b4+b6+2+$b2+b4+1+
xb2+b5+be+2+xb2+b5+1+xbz+be+1+xb2+2+xb3+b4+b5+b6+1+
ajb3+b4+b5+2+xb3+b4+b6+2+$b3+b4+1+$b3+b5+b(5+2+
xb3+b5+1+xb3+b6+1+xb3+2+xb4+b5+b6+3+xb4+b5+1+
I.b4+b6+l +$b4+3—|—$b5+bﬁ+l +xb5+3+xbﬁ+3_
($b1+b2+b3+b4+b5+1+xb1+b2+b3+b4+b6+1+xb1+b2+b3+b4+

xb1+b2+b3+b5+b6+1+$bl+b2+b3+b5 _I_:L.b1+b2+b3+b6+$bl+b2+b3+1+
xb1+b4+b5+b6+2+xbl+b4+b5+1+$b1+b4+b6+1+$b1+b4+2+
mb1+b5+b6+1+xb1+b5+2+xbl+b6+2+xbl+1+xb2+b4+b5+b6+2+
xb2+b4+b5+1+xb2+b4+b6+1+$b2+b4+2+$b2+b5+bﬁ+1+
$b2+b5+2+$b2+bﬁ+2+$b2+1+$b3+b4+b5+b6+2+xb3+b4+b5+1+
$b3+b4+b6+1+xb3+b4+2+xb3+b5+b6+1+xb3+b5+2+xb3+b6+2+
$b3+1+xb4+b5+b6+1 +$b4+bs+3+xb4+bﬁ+3+xb4+1 +xb5+bﬁ+3+

b5t +$b6+1 +x3).

Comparing the Lr.p. in Q1(G) and the Lr.p. in Qi(H), we have a = 2.
Therefore, g(G) = g(H) = 2a = 4. Without loss of generality, we have four
cases to consider, that are, by = bs = bg = 3 or by = b5 = 3,bg # 3 or
b4 :3,b5 7é3,b6 7é3 or b4 7'&3,[)5 7é3,b6 7é3
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Case 1 by = bs = bg = 3. Now H has three cycles of length 4 while H
shall has one cycles of length 4. Hence, a contradiction.

Case 2 by = bs = 3,bg # 3. Now H has two cycles of length 4 while H
shall has one cycle of length 4. Hence, a contradiction.

Case 3 by = 3,b5 # 3,bg # 3. Since g(H) = 4, then bs > 4 and bg > 4.
From Equation 3.1, we have

(3.2) 3b+c+1=>5by +by+ b3+ b5+ bg

Cancelling the equal terms in Q1(G) and Q1(H), we obtain the following.

Qa2(G) = 3a50F3 4 gp2bFet3 4 gp20HS 4 gy 20l 4 gpbhets | gabhetl 4
3btT 4 6abt3 £ 2ot 9ot L 9pT 4 5 (2x3b+4 4+ o3ty

6$2b+c+4+3$2b+c+1 +3$2b+6+3x2b+4+6$2b+3+3$b+c+6+
be+c+4+6$b+c+3+6xb+6+3xb+l +2$C+6+$C+1+$8+
28 + x3),

Q2(H) _ l.b1+b2+b3+b5+3+xb1+b2+b3+b5+1+$b1+b2+b3+b6+3+
pb14b2+b3+be+1 +xbl+b2+b3+4+$bl+b2+b3 +$b1+b5+be+4+
$b1+b5+b6+2+xb1+b5+5+xb1+b5+1+xb1+b6+5+xb1+b6+1+
$b1+4+xb1+2+xb2+b5+bﬁ+4+xb2+bs+bﬁ+2+xbz+b5+5+
$b2+b5+1 +$b2+b6+5+$b2+b6+1 +x52+4+$b2+2+$b3+bs+bﬁ+4+
$b3+b5+b6+2+xb3+b5+5+xb3+b5+1+xb3+b6+5+xb3+b6+l+
$b3+4+xb3+2+xb5+b6+6+xb5+b6+l +$b5+4+xb5+3+xb6+4+
$b6+3 + .’L'G _ ($b1+b2+b3+b5+4 + xb1+b2+b3+b5 + $b1+b2+b3+b6+4 +

$b1+b2+b3+b6 +$b1+b2+b3+3+xb1+b2+b3+1+$b1+b5+bﬁ+5+
$b1+b5+b6+1 +xb1+b5+4+xb1+b5+2+xb1+b6+4+xb1+b6+2+
$b1+5+xb1+1+xb2+b5+bﬁ+5+mb2+bs+bﬁ+1 +xbz+b5+4+xbz+b5+2+
mb2+b6+4+$b2+b6+2+$b2+5+$b2+1 +$b3+b5+b6+5+xb3+b5+b6+1 +
$b3+b5+4+$b3+b5+2+$b3+b6+4+xb3+b6+2+xb3+5+xb3+1 +
$b5+b6+4+$b5+b6+3+$b5+6+$b5+1 +$b6+6+$b6+1+$4).

Comparing the Lr.p. in Q2(G) and Q2(H), we have by = 2 or bg = 2 or
bg = 2.
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Case 3.1 b; = 2. Then, we have to consider for b = 4 or ¢ = 4.
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Case 3.1.1 b = 4. Since the term —xzt! has coefficient 3, then there

shall be another two terms in Q2(H) that are equal to —x°

. Hence, we

havebg:b3:4orb2:b5:4orb2:b6:4orb3:b5:4or

b3:b6:401“b5:b6:4.

Case 3.1.1.1 by = b3 = 4. From Equation 3.2, c+ 3 = bs + bg. Then, we

obtain the following after simplification.

Q3(G) = Tt 420010 4 3205 4 223 4 3015 4 813 4 320 4

87 _ (4xc+12 427010 4 pod8 o goetT | petl | 9 16

3214 4+ 3212 4 9221 4 6210 4+ 28 + x6),

Q3(H) — l’b5+b6+1—|—l’b5+13+$b5+11+21’b5+9+$b5+7+2$b5+5+
2$b5+3+$b6+13+l’b6+11+21’b6+9—|—1’b6+7+21’b6+5+
9pbet3 14 4 210 4 908 L 406 (xb5+14+$b5+10+

2$b5+8+4$b5+6+$b5+1+xb6+14+$b6+10+2$b6+8+

Jg:b6+6 +xb6+1 413 4 99 +ZL‘7).

Comparing the Lr.p. in Q3(G) and the L.r.p. in Q3(H), we have b5 = bg = 5.

Hence, ¢ = 7. However, Q3(G) # Q3(H), a contradiction.

Case 3.1.1.2 by = b; = 4. From Equation 3.2, ¢ + 3 = b3 + bg.

to Case 3.1.1.1, we obtain a contradiction.

Case 3.1.1.3 by = bg = 4. From Equation 3.2, ¢ + 3 = b3 + bs.

to Case 3.1.1.1, we obtain a contradiction.

Case 3.1.1.4 b3 = bs = 4. From Equation 3.2, ¢ + 3 = by + bg.

to Case 3.1.1.1, we obtain a contradiction.

Case 3.1.1.5 b3 = bg = 4. From Equation 3.2, ¢ + 3 = by + bs.

to Case 3.1.1.1, we obtain a contradiction.

Case 3.1.1.6 b5 = bg = 4. From Equation 3.2, ¢ + 3 = by + b3.

to Case 3.1.1.1, we obtain a contradiction.

Similar

Similar

Similar

Similar

Similar

Case 3.1.2 ¢ = 4. Simplifying Q2(G) and Q2(H), we obtain the follow-

ing.

Q4(G) = 32%0F3 492207 4 62205 4 32201 4 ggh Y 4 3045 4
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62013 4+ 211 4 527 — (2$3b+4 4 30+l | 20+8

30276 4 35204 4 6203 4 350F10 4 30H8 4 3047 4
62016 4 340+ 4 9,10 +xé;>7

ba+b3+b5+5 + $b2+b3+b5+3 + $b2+b3+b6+5 + xb2+b3+b6+3 +
ba+b3+6 + $b2+b3+2 + $b2+b5+b6+4 + $b2+b5+b6+2 +
ba+b5+4-5 + $b2+b5+1 + $b2+b6+5 + $b2+b6+1 + $b2+4 +
bao+2 + $53+b5+b6+4 + $b3+b5+b6+2 + xb3+bs+5 +

8 8 8 8 8

b3+bs+1 +$b3+b6+5+$b3+b6+1+$b3+4+$b3+2+
2$b5+b6+6+xb5+b6+1+xb5+7+2xb5+3+xb6+7+
2$b6+3 + 3$6 . (xb2+b3+b5+6 + xb2+b3+b5+2 + zb2+b3+b6+6 +

xb2+b3+b6+2+$b2+b3+5+$b2+b3+3+$b2+b5+b6+5+
xb2+b5+b6+1+$b2+b5+4+xb2+b5+2+$b2+b6+4+
$b2+b6+2+$b2+5+$b2+1+$b3+b5+b6+5+$b3+b5+b6+1_I_
$b3+b5+4+$b3+b5+2+$b3+b6+4+$b3+b6+2+l.b3+5+

$b3+1+xb5+b6+7+2$b5+b6+3+2xb5+6+xb5+1+2xb6+6+

xbﬁﬂ).

Considering the Lr.p. in Q4(H), we have by = b3 = b5 = 5 or by = b3 =
b6:50l”bg:b5:b6:5orbgzb5:b6:5.

Case 3.1.2.1 by = b3 = b5 = 5. We obtain the following after simplifica-

tion.

Q5(G)

Qs(H)

33013 4 920t 4 62015 4 3420 4 gpbt9 4 3015 4 b3 4

211 4327 — (2$3b+4 4 B | g2t 4 32046 | 32644 4
G2b+3 + 3.0+10 +3$b+8 + 307 +6$b+6 + bt +$8>’

2o t14 4 pbet13 4 9pbet10 | pbet6 4 opbetd 4 420 4 018

216 1 15 4929 4 9,8 (xb6+16 4 b6 t15 | 9pbet9 4 o betS 4

ghot7 4 gbotl o g2 4 J17 4 9,14 x13).

Consider the Lr.p. in Q5(G) and the Lr.p. in Q5(H). Then, we have b =6

or bg = 4.

If b = 6, since 2 < b < 4, a contradiction.
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If bg = 4, from Equation 3.2 we obtain b = 5%. However, b € N. Thus, a
contradiction.

Case 3.1.2.2 by = b3 = bg = 5. Similar to Case 3.1.2.1, we obtain a
contradiction.

Case 3.1.2.3 by = by = bg = 5. Similar to Case 3.1.2.1, we obtain a
contradiction.

Case 3.1.2.4 b3 = by = bg = 5. Similar to Case 3.1.2.1, we obtain a
contradiction.

Case 3.2 by = 2. So, by = 2. We obtain the following after simplification.

Qo(G) = 323013 4 gp2bFet3 4 gp20H5 4 gy 20H1 4 gbhets | gabhetl 4
30T 4 6203 L petT L9408 L9pT 4 b (2$3b+4 4+ g3t

6$2b+c+4+3$2b+c+1 +3.’L’2b+6+3$2b+4+6$2b+3+3$b+c+6+
Jpbtetd | gpbtetd 4 gpbt6 4 g 0+1 +2$c+6+$c+1+$8+x6),
QG(H) — $b3+b5+b6+4+xb3+b5+b6+2+xb3+b5+7+2xb3+b5+5+xb3+b5+1+
$b3+b6+7+2xb3+b6+5+mb3+b6+1 +xb3+8+2xb3+4+xb3+2+
be5+b6+6+xb5+b6+4+xb5+b6+l +2$b5+7+3$b5+3+2$b6+7+
be6+3+3x6+$4_ (xb3+b5+b6+5+mb3+b5+b6+1+xb3+b5+8+

2x53+b5+4+x53+b5+2+x53+b6+8+2xb3+b6+4+xb3+b6+2+

$b3+7+2$b3+5+$b3+1+2xb5+bﬁ+7+3xb5+b5+3+3$b5+6+
xb5+4+xb5+l+3xbﬁ+6+xba+4+xbﬁ+l+2$7+x3)‘

Note that the L.r.p. in Qg(H) is 3. Since b3 > 2 and bs, bg > 4, by comparing
the Lr.p. in Q¢(G) and the Lr.p. in Q¢(H), we have b= 2 or ¢ = 2.

Ifb=2, then G =6(2,2,2,2,2,c). By Lemma 2.10, G is x-unique.

Ifc =2, then b = 2 as well. Therefore, G = 6(2,2,2,2,2,2). By Lemma 2.2,
G is x-unique.

Case 3.3 b3 = 2. Therefore, by = by = 2. Similar to Case 3.2, we obtain
that G is x-unique.

Case 4 by # 3,b5 # 3,bg # 3. By Lemma 2.9, by > 4, bs > 4, bg > 4
and H shall has one cycle of length 4. Therefore, by + bo = 4 implying
b1 = by = 2. From Equation 3.1, we obtain 3b + ¢ = bg + by + b5 + bg.
Similar to Case 3.2, we obtain that G is y-unique.
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703.56 B He Je (9<b17b27b37b4)70b5+17cb6+1> where 2 < bl < b2 < b3 <

by and 2 < bs,bg. AsG = 0(a,a,b,b,b,c) and H € g, (G(bl, b2, b3, ba), Cpst1, Cb6+1),

by Lemmas 2.4 and 2.8, we obtain the following.

%(6) = oo =1)' (s -1)" (s -1) = (o - )" (s —2) (o - ),
Qn() = (s —1) (a2 = 1) (a2 — 1) (o — 1) (2 1) (s —1) -
(2 — ) (a - ) (& — ) (a2 — ) (& 1) (& - 1).

Similar to Case A, by considering Equation 3.1, let Q7(G) = Q7(H), we
obtain that the Lr.p. is 4 in Q7(H). Since 2 < a < b < ¢, by comparing
the Lr.p. in Q7(G) and the Lr.p. in Q7(H), we have a =2 or a = 3.

Case 1 a = 2. Therefore, we know that g(G) = g(H) = 2a = 4. Then,
without loss of generality, we have three cases to consider, that are bs =
bg = 3 or bs = 3,bg # 3 or by # 3,bg # 3.

Case 1.1 b5 = bg = 3. Since H shall has one cycle of length 4, then by

Lemma 2.9, this is a contradiction.

Case 1.2 bs; = 3,bg # 3. Since the girth of H is 4, then bg > 4. From
Equation 3.1, 3b + ¢+ 1 = by + by + b3 + by + bg. We obtain the following
after simplification.

Qs(G) = 3a3 4 9gtetd 4 9a2040 4 320 Hl 4 gpbtett y 3gbetl
320t7 L 6abt3 o potT popet3 LT 4 05 (2x3b+4 gL

6x2b+0+4+3x2b+0+1 +3$2b+6+3x2b+4+6$2b+3+3$b+6+6+
be+c+4+6xb+c+3_’_6xb+6+3xb+1 _’_2xc+6+xc+1+x8+
x6+23:3>,

Qg(H) _ l.b1+b2+b3+b4+3+xb1+b2+b3+b4+1+$b1+b2+b6+4+xb1+bz+be+2+
xb1+b2+5+xb1+b2+1_|_xb1+b3+be+4+xb1+b3+b6+2+$b1+b3+5+
:L.b1+b3+1_|_:L.b1+b4+b6+4+xbl+b4+b6+2+$bl+b4+5+$bl+b4+1+
$b1+be+6+xb1+be+1+$b1+4+$b1+3+$b2+b3+56+4+
xb2+b3+bﬁ+2+x52+b3+5+x52+b3+1 +xb2+b4+b6+4+zb2+b4+bﬁ+2+
$b2+b4+5+$b2+b4+1+xb2+b6+6+xb2+b6+1 +xbz+4+x52+3+

$b3+b4+bﬁ+4+xbs+b4+b6+2+xb3+b4+5+xb3+b4+1+xb3+bﬁ+6+
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$b3+b6+1 +$b3+4+$b3+3+$b4+b6+6+$b4+b6+1 +$b4+4+$b4+3+

2xb6+4 _ (xbl+b2+b3+b4+4 + xb1+b2+b3+b4 + $b1+b2+b6+5 +

$b1+b2+b6+1+xb1+b2+4+xbl+b2+2+xbl+b3+b6+5+zb1+b3+b6+1+
$b1+b3+4+xb1+b3+2+xb1+b4+b6+5+xb1+b4+b6+1+zbl+b4+4+
$b1+b4+2+xb1+b6+4+xb1+b6+3+xb1+6+xbl+1+xb2+b3+b6+5+
$b2+b3+bﬁ+1+x52+b3+4+xbz+b3+2+xbz+b4+b6+5+xb2+b4+bﬁ+l+
$b2+b4+4+$b2+b4+2+$b2+b6+4+xb2+b6+3+xb2+6+xb2+l +
$b3+b4+b6+5+xb3+b4+b6+1 +xb3+b4+4+xb3+b4+2+xb3+b6+4+

$b3+b6+3+$b3+6+$b3+1+$b4+b6+4+$b4+b6+3+$b4+6+$b4+1+

et +$b6+1 + 2$4>'

Since 2 < b < ¢, by comparing the Lr.p. in Qg(G) and the Lr.p. in Qs(H),
we have by = by = 2 or by = b3 =2 or by = by = 2 or by = b3 = 2 or
by = by = 2 or bg = by = 2. However, we obtain that H has more than one
cycle of length 4 for all cases. Then, by Lemma 2.9, this is a contradiction.

Case 1.3 b5 # 3,bg # 3. Since the girth of H is 4 and H shall has
one cycle of length equal to its girth, then we know that bs,bg > 4 and
b1 + by = 4. Therefore, by = by = 2. From Equation 3.1, we have

(33) 3b+c=bg+ by + bs + bg

Since the Lr.p. in Q7(H) is 4, by considering 2 < by < by and bs,bg > 4,
we have b= 3 or c = 3.

Case 1.3.1 b = 3. Since the coefficient of —z’*1 in Q7(G) is 3, then
there are another two terms in Q7(H) that equal to —x*. Hence, we have
b3 = by = 3. From Equation 3.3, ¢ + 3 = bs + bg. Then, we obtain the
following after simplification.

Qo(G) = &t 460" 4 20t 4 2243 4 8™ 4 507 — (6210 +
22T 4 6zt 4 potl 49218 4 12339)7

Qg(H) _ xbs—&-lO + $b5+8 + 3$b5+7 + 3xb5+4 + 2xb5+3 + :L‘bG'HO +
2068 4 30647 4 gabet4 4 9pbe+3 4 905 (4$b5+b6+7 +

gL 4 5t t6 | 3pbs D | pbstl | pbetll | 5o bet6
3glet5 4 ghetl 3:r7).
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Considering the Lr.p. in Q9(H), we have b5 = bg = 4. Therefore, ¢ = 5.
However, we obtain Qg9(G) # Qo(H), a contradiction.

Case 1.3.2 c¢=3. Therefore,2 <b<3. Ifb=2, thenG = 6(2,2,2,2,2,3).
By Lemma 2.10, G is x-unique. If b = 3, then G = 0(2,2,3,3,3,3). By
Lemma 2.10, G is x-unique.

Case 2 a = 3. We know that g(G) = g(H) = 2a = 6. Without loss
of generality, we have three cases to consider, that are bs = bg = 5 or
b5:5,1)67é5 Ol"b5 755,1)6755.

Case 2.1 by = bg = 5. Since H shall has only one cycle of length 6, then

by Lemma 2.9, this is a contradiction.

Case 2.2 bs = 5,bg # 5. Since the girth of H is 6, then bg > 6. From
Equation 3.1, we have

(3.4) 3b+c+1=0by+by+bs+bsy+bg

Note that the term with the Lr.p. is —x* in Q7(G). Since 3 < b < ¢, by
comparing the Lr.p. in Q7(G) and the Lr.p. in Q7(H), we have by = 3 or
by =3 or bg =3 or by = 3.

Case 2.2.1 b; = 3. We obtain the following after simplification.

Qu(G) = 2 g3b+4 | g 3b+3 | g 2btetd | g 2btedd | 3,204T | 62646
320 3pbtetT 4 gebtett 4 oggbtetl o 3pbH9 4 3045 4
6Pt pCH9 4 potd poopetd 4 98 L T (2x3b+5 +

$3b+1+6$2b+c+5+3$2b+c+1 +3x2b+8+9x2b+4+3$b+0+8+
Qpbtetd | gpbtT 4 gpbtl 4 g7 4 potd _i_xlﬂ)’

QlO(H) _ xb2+b3+b4+8+xb2+b3+b4+4+xb2+b3+bﬁ+6+xb2+b3+bﬁ+2+
xb2+b3+7+xbz+b3+1 +xb2+b4+be+6+xb2+b4+bﬁ+2+xb2+b4+7+
xbz+b4+1+xbz+b6+9+xb2+b6+8+xb2+b6+5+xb2+bﬁ+l+
xbz+10+xb2+6+xb2+4+xbz+3+xb3+b4+b6+6+xb3+b4+b6+2+
xb3+b4+7+xb3+b4+l+xb3+b6+9+xb3+b6+8+xb3+b6+5+
ZL‘b3+b6+1+£L‘b3+10+.’Eb3+6+.’Eb3+4+wb3+3+xb4+b6+9+
xb4+b6+8+xb4+b6+5+.,L.b4+b6+1+xb4+10+$b4+6+$b4+4+

pPat3 4 pbet1l o bstd 4 9090 | 06 (xb2+b3+b4+9 +

xb2+b3+b4+3+xb2+b3+b6+7+xb2+b3+b6+l +$b2+bs+6+
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xbz+b3+2+xbz+b4+b6+7+xb2+b4+b6+l+xb2+b4+6+
$b2+b4+2+xb2+b6+10+xb2+b6+6+xb2+b6+4+$b2+b6+3+
$b2+9+$b2+8+xb2+5+xb2+1 +$b3+b4+b6+7+xb3+b4+b6+1 +
xb3+b4+6+xb3+b4+2+xb3+b6+10+xb3+ba+6+xb3+ba+4+
$b3+b6+3+1‘b3+9+$b3+8+$b3+5+$b3+1 +$b4+b6+10+
xb4+be+6+xb4+bs+4+$b4+bs+3+$b4+9+$b4+8+xb4+5+

$b4+1 _|_2$ba+9 +xba+1 +$11).

Considering the Lr.p. in Qo(H), we have by =5 or b3 =5 or by = 5.
Case 2.2.1.1 by = 5. Simplifying the equal terms in Q10(G) and Q19(H),

we have b =6 or c = 6.
Case 2.2.1.1(a) b = 6. Since the coefficient of —z**! in Q19(G) is 3,

therefore, there are another two terms in Q9(H) that equal to —27. Hence,
Wehaveb3:b4:6orb3:b6:60rb4:b6:6.

Case 2.2.1.1(a-i) bs = by = 6. From Equation 3.4, c = bg+ 1. Then, we
obtain ¢ = 7 and bg = 6. However, Q10(G) # Q10(H), a contradiction.

Case 2.2.1.1(a-ii) b3 = bg = 6. From Equation 3.4, ¢ = by + 1. Then,
we obtain ¢ = 7 and by = 6. However, Q10(G) # Q1o(H), a contradiction.

Case 2.2.1.1(a-iii) b4 = bg = 6. From Equation 3.4, ¢ = bs + 1. Then,
we obtain ¢ = 7 and bs = 6. However, Q10(G) # Q1o(H), a contradiction.

Case 2.2.1.1(b) ¢ = 6. Then, we have to consider b3 = 5 or by = 5 since
3<b<6.

Case 2.2.1.1(b-i) b3 = 5. From Equation 3.4, 3b = by + bg + 6. We
obtain the following after simplification.

Q11(G) = 2237 4 6220710 4 322019 4 6 20F6 4 g 20H1 4 30413 4
620112 4 32019 4 32545 4 6207 4 2210 — (2$3b+5 +
aP0FL G201l 392048 | g2+ | gy bl 910
62017 4 301 +x13),

Qll(H) — 2xb4+b6+11+xb4+b6+8+2xb4+b6+7+$b4+b6+5+
$b4+b6+1+$b4+18+$b4+14+2$b4+12+$b4+10+3$b4+6+

xb4+4+xb4+3+xb6+16+2xbs+l4+2xb6+13+xb6+12+
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2610 4 9gb6H6 4 9gbetd o 17 4 215 4 gl 449 —
(2$b4+b6+12 4 gbatbe+10 | g,batbe+6 4 o batbetd |

$b4+b6+3+$b4+19+$b4+13+2$b4+11 +xb4+9+$b4+8+

2$b4+7+xb4+5+$b4+1+$b6+17+2$b6+15+2$b6+11+

4opbet9 4 9gbot8 4 pbetl | 216 4 9o ld | 412 4 410 4 z6>.

Since by > 5 and bg > 6, by considering the Lr.p. in Q11(G) and the Lr.p.
in Q11(H), we have b = 5 and by = 5. However, Q11(G) # Q11(H), a

contradiction.

Case 2.2.1.1(b-ii) by = 5. Then, we have b3 = 5 as well. From Equa-
tion 3.4, 3b = bg + 11. Similar to Case 2.2.1.1(b-i), we obtain Q11(G) #
Q11(H), a contradiction.

Case 2.2.1.2 b3 = 5. Simplifying the equal terms in Q10(G) and Q19(H),
we have b =6 or ¢ = 6.

Case 2.2.1.2(a) b = 6. Since the coefficient of —z**! in Q19(G) is 3,
then there are another two terms in Q10(H) that equal to —x". Considering
3 < by <5< by, we have by = bg = 6. From Equation 3.4, c = by + 1. We
obtain the following after simplification.

Q12(G) = 5a°H16 4 35015 | 5petI2 4 gok9 4 gpebd | 922 | 21
628 + 321 + 321! 4+ 3210 4 28 — (ch+17 + 3zt 4
9get10 4 potl 4 123 4 3,20 4 9,16 4 53313)7
Qua(H) = 2402715y gbotld 4 gbotT o oot | pbod | pbot3
223 49220 4 16 4 3012 L 409 (xb2+20 4 pbat16
9212 | 9 bat9 | 9 bat8 | abat5 4 bkl 4 24 22
218 4 415 +3$14+$11>‘
Considering the Lr.p. in Q12(G), we have ¢ = 7 and by = 6. However,
Q12(G) # Q12(H), a contradiction.

Case 2.2.1.2(b) ¢ = 6. Considering the term 8 in Q19(G) and 3 < b <
6, we have bo =4 or by =5 or by = 5.
Case 2.2.1.2(b-i) by = 4. From Equation 3.4, 3b = by + bg + 5. Then,

we obtain b = 4. After simplification, we obtain —2x° in Q19(G) but not
in Q19(H), a contradiction.
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Case 2.2.1.2(b-ii) by = 5. From Equation 3.4, 3b = by + bg + 6. Then,
we obtain b = 5. After simplification, we obtain —2x% in Q10(G) but not
in Q19(H), a contradiction.
Case 2.2.1.2(b-iii) b4 = 5. From Equation 3.4, 3b = by + bg + 6. Then,
we obtain by = 3. After simplification, we obtain —2x* in Q10(G) but not
in Qo(H), a contradiction.

Case 2.2.1.3 by = 5. Simplifying the equal terms in Q10(G) and Q1o(H),
we obtain b = 6 or ¢ = 6.

Case 2.2.1.3(a) b = 6. Since the coefficient of —x**! in Q19(G) is 3,
then there are another two terms in Q19(H) that equal to —z”. However,
3 < by < bg < 5. Therefore, there exist —2x7 in Q10(G) but not in Q1o(H),
a contradiction.

Case 2.2.1.3(b) ¢ = 6. Considering the term z® in Q19(G) and 3 < b <
6, we have bp = 4 or by =5 or b3 =4 or bg = 5.

Case 2.2.1.3(b-i) by = 4. From Equation 3.4, 3b = b3 + bg + 5. Then,
we obtain the following after simplification.

Q3(G) = % 4 622010 1 35209 4 62046 4 3. 20H L 3, 0H13 4
6bH12 4 3019 4 3abH5 4 gttt 11 (2x3b+5 +
620t 4 352048 g2t 4 gpbHld L gpbHI0 | 6 b T
30 t1 +a:13),

QlS(H) _ xba+b6+7 + xb3+b6+1 + zb3+17 + xb3+13 + $b3+6 + $b3+4 +
xb3+3 + 2$b6+13 + xb5+12 + $b6+11 + xb6+6 + xb6+5 + 2xb6+4 +
216 4929 4 4T (xb3+b6+12 4 phetbetd | pbatbet3 | bs+18
$b3+9 + $b3+8 + l'b3+7 + .flfb3+1 + xb@—l—lﬁ + xb@-}—lo + 2:L'b6+9 +
opbet8 | pbetT 4 pbetl 4 215 4 12 4 11 +:z:5).

Comparing the Lr.p. in Q13(G) and the Lr.p. in Q13(H), we have b = 4.

Since the coefficient of —a?*! is 3, then by = bg = 4. However, 3b = 12 #
b3 + bg + 5 = 13, a contradiction.

Case 2.2.1.3(b-ii) b2 = 5. From Equation 3.4, 3b = b3 + b + 6. Similar
to Case 2.2.1.3(b-1), we obtain a contradiction.

Case 2.2.1.3(b-iii) b3 = 4. From Equation 3.4, 3b = by + bg + 5. Similar
to Case 2.2.1.3(b-i), we obtain a contradiction.
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Case 2.2.1.3(b-iv) b3 =5. From Equation 3.4, 3b = by + b + 6. Similar
to Case 2.2.1.3(b-1), we obtain a contradiction.

Case 2.2.2 by = 3. We obtain the following after simplification.

Qu(G) = 2 g3 L 363 | g 2btetd | g 2btetB |y 302647 | 2046
320t 3pbtetT 4 gobhett oggbtetl 43 bH9 4 3045
Gbtd o pet9 4 peth L opctd 4 9 8 L T (2x3b+5 T

6$2b+0+5 +3$2b+6+1 +3$2b+8+9$2b+4+3$b+0+8+9xb+6+4+
9z T 4 30+l 4 3t T 4 potl +$10)7
Q14<H) _ bl+b3+b4+8+xb1+b3+b4+4+xb1+b3+b6+6+$b1+b3+bﬁ+2+

b1+b3+7+xb1+b3+1 +xb1+b4+b6+6+$b1+b4+b6+2+xb1+b4+7+
b1+b4+1+xb1+b6+9+.,L.b1+b6+8+xb1+b6+5+xb1+b6+1+

8 8 &8 8

b1+10+xb1+6+xb1+4+:L‘b1+3+:L‘b3+b4+b6+6+wb3+b4+b6+2+
xb3+b4+7+xb3+b4+1+$b3+bs+9+$bs+b6+8+$bs+b6+5+
xb3+be+1+xb3+10+$b3+6+$ba+4+$b3+3+xb4+bﬁ+9+
xb4+b6+8+xb4+b6+5+$b4+b6+1+$b4+10+$b4+6+$b4+4+

xb4+3+xbe+11+2xb6+4+2$9+x6 _ ($b1+b3+b4+9+
b1+b3+b4+3+xb1+b3+b6+7+xb1+b3+b6+1 +$b1+b3+6+
b1+b3+2+xb1+b4+b6+7+xb1+b4+b6+l+$b1+b4+6+$b1+b4+2+
b1+b6+10+$b1+b6+6+$b1+b6+4+$b1+b6+3+xb1+9+$b1+8+

8 8 &8 8

bl+5_|_xb1+1+xb3+b4+b6+7+xb3+b4+b6+1+$b3+b4+6+
xba+b4+2+xba+b6+10+$b3+b6+6+$b3+be+4+xb3+be+3+
xba+9+xb3+8+xb3+5+xb3+1+$b4+be+10+xb4+b6+6+
xb4+b6+4+xb4+b6+3+xb4+9+xb4+8+xb4+5+xb4+1+

2xb6 9 4 phetl 4 xll)

Considering the term x% in Q14(H) and 2 < by < 3 < bg < by, we have
b3 =5 or by = 5.

Case 2.2.2.1 b3 = 5. Comparing the L.r.p. in Q14(G) and the Lr.p. in
Q14(H), we have b =6 or ¢ = 6.

Case 2.2.2.1(a) b = 6. Since the coefficient of —z"*1 is 3, then by =
bg = 6. From Equation 3.4, ¢ = by + 1. After simplification, we obtain
c =T and by = 6. However, 2 < b; < 3, a contradiction.
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Case 2.2.2.1(b) c¢= 6. Simplifying Q14(G) and Q4(H), we have by = 2
or by = 5.

Case 2.2.2.1(b-i) b = 2. From Equation 3.4, 3b = by + bg + 3. Then,

we obtain b = 2. However, 3 < b < 6, a contradiction.

Case 2.2.2.1(b-ii) by = 5. From Equation 3.4, 3b = by + bg + 6. Since
2 < by <3, we have by =2 or by = 3.

If by = 2, similar to Case 2.2.2.1(b-i), we obtain a contradiction.
If by = 3, similar to Case 2.2.2.1(b-i), we obtain a contradiction.

Case 2.2.2.2 by = 5. Comparing the Lr.p. in Q14(G) and the Lr.p. in
Q14(H), we have b= 6 or ¢ = 6.

Case 2.2.2.2(a) b = 6. Considering the coefficient of —x** is 3, we have
b1 = 2 and bg = 6. From Equation 3.4, ¢ + 3 = bsg. Then, we obtain the
following after simplification.

Q15(G) = 5z 4 3gcH15 1 6pet12 4 getS oggetd 922 4 g2l
6218 + 3215 4 3211 4 510 — (6l‘c+17 4+ 3pctl4 4o gpetl0 |

2 4 207 4 3220 4 9210 4 521%),

Q15(H) —_ $b3+17 + :L‘b3+15 + 21,173—}—14 + $b3+11 + :L‘b3+6 + 21‘b3+3 + 1;17 +
2210 4 212 4 32% 4 ¥ 4 20 4 2® — (2l 18 4 2ghet10 4 gheti2 4
220519 4 oghe 8 4 b tB 4 gbatl g g21 g g8 4 15 4 30 4
2zt + :c?’).

Since ¢ > 6, 3 < bg < 5 and bg > 6, we know that —a> is in Q15(H) but
not in Q15(G), a contradiction.

Case 2.2.2.2(b) c¢= 6. Simplifying Q14(G) and Q4(H), we have by = 2
or b3 =4 or bg = 5.
Case 2.2.2.2(b-i) b; = 2. From Equation 3.4, 3b = b3 + bg + 3. Similar

to Case 2.2.2.2(a), we obtain a contradiction.

Case 2.2.2.2(b-ii) b3 = 4. From Equation 3.4, 3b = by + bg + 5. Similar
to Case 2.2.2.2(a), we obtain a contradiction.

Case 2.2.2.2(b-iii) b3 = 5. From Equation 3.4, 3b = by + bg + 6. Sim-
plifying Q14(G) and Q14(H), we obtain by = 2 or by = 3.
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If by = 2, similar to Case 2.2.2.2(a), we obtain a contradiction.
If by = 3, similar to Case 2.2.2.2(a), we obtain a contradiction.

Case 2.2.3 b3 = 3. Then, we have by = 5. Cancelling the equal terms,
we have b= 6 or c = 6.

Case 2.2.3.1 b = 6. Since —a’*! has coefficient 3, by considering 2 <
b1 < by <3, we have by = by =2 or by =2,bg =6 or by = 2,bg = 6.

Case 2.2.3.1(a) by = by = 2. Then, we obtain the following after sim-
plification.

Q16(G) = 62716 4 35+ | GgeHI2 4 potd 4 petd | gpetd | 9,22 |
1’21 + 2$19 + 6£U18 + 2.%,15 +3$11 + 6%’10 o (6$C+17 + 3.’L’C+14 +
9qetI0 4 getl 4 9223 | 3,20 4 16 4 4x13),

3$b6+13 + $b6—|—11 + 4$bﬁ+10 + 21,1764—7 + 21,176-1—4 + 2$b6+3 +

21T M 12 4 09 308 4 064 3,5 (xb6+15 4+ gbet14 4

Qi6(H)

200012 4 gbe 9y pgbot® 4 3gbett 4 ghetl I8 4 g1l 4
3210 4 2m3).
Since ¢ > 6 and bg > 6, we know that —2x3 is in Q16(H) but not in Q16(G).
Then, Q16(G) # Q16(H ), a contradiction.

Case 2.2.3.1(b) by = 2,bg = 6. Similar to Case 2.2.3.1(a), we obtain a
contradiction.

Case 2.2.3.1(c) by = 2,bg = 6. Then, by = 2 as well. Similar to Case
2.2.3.1(a), we obtain a contradiction.

Case 2.2.3.2 ¢ = 6. Cancelling the equal terms, we have by = 2 or
by = 2.

Case 2.2.3.2(a) by = 2. From Equation 3.4, 3b = by + bg + 3. Similar to
Case 2.2.3.1(a), we obtain a contradiction.

Case 2.2.3.2(b) by = 2. Then by = 2 as well. From Equation 3.4,
3b = be + 5. Similar to Case 2.2.3.1(a), we obtain a contradiction.

Case 2.2.4 by = 3. We obtain the following after simplification.
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Qir(G) = 2 g3 363 | g 2btetd | g b ety 302647 | 2046
320 3abtetT 4 gobhett oggbtetl 43 bH9 4 3045
Gbtd o pet9 4 peth L opctd 4 9 8 L T (2x3b+5 T

6$2b+c+5+3$2b+c+1+3$2b+8+9$2b+4+3$b+c+8+9xb+c+4+
9zbtT 4 30+l 4 3t T 4 potl +$10)7
Q17<H) _ bl+b2+b3+8+xb1+b2+b3+4+xb1+b2+b6+6+$b1+b2+bﬁ+2+
b1+b2+7+xb1+b2+1 +xbl+b3+b6+6+$b1+b3+b6+2+xb1+b3+7+
b1+b3+1+xb1+b6+9+.,L.b1+b6+8+xb1+b6+5+xb1+b6+1+
b1+10+xb1+6+xb1+4+:L‘b1+3+:L‘b2+b3+b6+6+xb2+b3+b6+2+
b2+b3+7+xb2+b3+1+$b2+b6+9+$b2+b6+8+$b2+b6+5+

52+be+1+x52+10+J;bz+6+$bz+4+$bz+3+xb3+ba+9+

8 8 8 8 8 8 8

b3+be+8+xb3+b6+5+$b3+ba+1+$b3+10+$b3+6+$b3+4+

pb3t3  pbetll | oobetd 909 4 06 ($b1+b2+b3+9+
xb1+b2+b3+3+xb1+b2+b6+7+xb1+b2+b6+1 +xb1+bz+6+
xb1+b2+2+xb1+b3+b6+7+xb1+b3+b6+l+$b1+b3+6+xb1+b3+2+
xb1+b6+10+$b1+b6+6+$b1+b6+4+$b1+b6+3+xb1+9+$b1+8+
xbl+5_|_xb1+1+xb2+b3+b6+7+xb2+b3+b6+l+$b2+b3+6+
x52+b3+2+x62+b6+10+xb2+b6+6+xb2+be+4+xb2+be+3+
xbz+9+x62+8+xb2+5+xb2+1+$b3+b6+10+xb3+b6+6+

xbg+b6+4+xbg+b6+3+xb3+9+xbg+8+xbg+5+xb3+1+

2xb6 9 4 ghetl 4 xll)

Considering the term with the Lr.p. in Q17(H), that is 2%, since 2 < b; <
by < b3 <3,bg>6and 3 <b< c, we know that % is in Q17(H) but not
in Q17(H), a contradiction.

Case 2.3 bs # 5,bg # 5. Since g(H) = 6, we have bs,bg > 6 and by +by =
6. Then, by = 2,bs =4 or by = by = 3.

Case 2.3.1 b =2,by =4. From Equation 3.1, 3b 4 ¢ = bs + by + b5 + bg.
Then, since 4 < b3 < 4 and 3 < b < ¢, after simplification, we obtain —z>
in Q7(H) but not in Q7(H), a contradiction.

Case 2.3.2 by = by = 3. From Equation 3.1, 3b 4+ ¢ = bz + by + b5 + bg.
Then, we obtain the term with the Lr.p. is —z* in Q7(H). Since 3 < b3 <
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by, by comparing the Lr.p. in Q7(G) and the Lr.p. in Q7(H), we have b =3
orc=3.

If b = 3, then G = 0(3,3,3,3,3,¢). By Lemma 2.10, we know that G is
X-unique.

If ¢ = 3, then G = 6(3,3,3,3,3,3). By Lemma 2.2, we know that G is
X-unique.

70356 C He Je (e(bhb27b37b45b5)7cb6+1> where 2 < bl < b2 < b3 < b4 <
b5 and b6 2 2.

The proof for Case C is similar to that of Cases A and B. The detail proof
can be obtained by e-mail from the first author [§].

Thus, this completes the proof. 1

4. Conclusion

Reviewing the literature results on the chromaticity of k-bridge graphs, for
example k = 6, we understand that the only technique to sovle this problem
is by comparing the chromatic polynomial of graphs under investigation.
The technique leads, of course, to quite a number of cases and subcases
and very routine. Therefore, it is challenging problem for next researchers
to apply new and effective technique to solve the chromaticity of 6-bridge
graphs.

It is also natural to ask the following question: for which choices (a1, az, - -, ag)
where a1 < ag < --- < ag, the graph 6(ay,ag,---,ag) is x-unique? In gen-
eral, this problem still remains open. Also the chromaticity of other types
of the graph 6(ay,as, - -,ag) where aj,as,- - -, ag assume exactly three dis-
tinct values is still worth for further investigation.

Acknowledgement The authors are thankful to the anonymous referee
for his/her comments and suggestions.
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