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Abstract

In this paper we will investigate the complex-valued solutions and
stability of the generalized variant of Wilson’s functional equation

(B): flzy) +x(y)flo(y)z) =2f(x)g(y), =,y € G,

where G is a group, o is an involutive morphism of G and x is a char-
acter of G. (a) We solve (E) when o is an involutive automorphism,
and we obtain some properties about solutions of (E) when o is an
involutive anti-automorphism. (b) We obtain the Hyers Ulam stabil-
ity of equation (E). As an application, we prove the superstability of
the functional equation f(zy) + x(v)f(o(y)z) = 2f(2)f(y), =,y € G.
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1. Introduction

D’Alembert’s functional equation

(L.1) f@+y)+flz—y)=2f(2)f(y), z,y e R

also called the cosine functional equation has a long history going back to
J. d’Alembert. Equation (1.1) plays an important role in determining the
sum of two vectors in various Euclidean and non-Euclidean geometries.

The continuous solutions f: R — C of d’Alembert’s functional equa-
tion (1.1) are known: Apart from the trivial solution f = 0, they are
fa(z) = cos(Ax), = € R where the parameter A\ ranges over C (see for
example [1])

Several authors have determined the general solution on groups f:
G — C of the following generalization of d’Alembert’s functional equation

(1.2) flzy) + f(zo(y)) = 2f(2) f(y), =,y €G

in abelian case and in non abelian case, and where ¢ is an involution of G.

Probably the first result for non abelian groups was obtained by Kan-
nappan [20]. Under the condition f(xyz) = f(yxz) for all z,y,z € G, the
solutions of equation (1.2) with o(x) = 27!, for all 2 € G are of the form

flz) = ¢($)+g(fl , where ¢ is multiplicative.

There has been quite a development of the theory of d’Alembert’s func-
tional equation (1.1) during the last years, on non abelian groups, as shown
in works by Dilian Yang about compact groups [9, 10, 11], Stetkaer [29] for
step 2 nilpotent groups, Friis [15] for results on Lie groups and Davison [7,
8] for general groups, even monoids. The most comprehensive recent study
is by Stetkaer [28].

Recently, Stetkaer [26] obtained the complex valued solutions of the
following version of d’Alembert’s functional equation

(1.3) flay) + x) flay™) =2f(2)f(y), z,y € G,

where x : G — C is a character of G. The non-zero solutions of equation
(1.3) are the normalized traces of certain representation of the group G on



Solutions and stability of a variant of Wilson’s functional equation 319

Cc2

The year after Stetkser [25] obtained the complex valued solutions of
the following variant of d’Alembert’s functional equation

(1.4) f(xy) + flo(y)z)) = 2f(2)f(y), =,y € G,

where ¢ is an involutive homomorphism of G. The solutions of equation
(1.4) are of the form f(x) = w, x € G, where ¢ is multiplicative.

We refer also to Wilson’s first generalization of d’Alembert’s functional
equation:

(1.5) fle+y) + flz—y) =2f(2)9(y), z,y € R.
For more about the functional equation (1.5) see Aczél ([1], Section

3.2.1 and 3.2.2). The solution formulas of equation (1.5) are known.

In [12] Ebanks and Stetkeer studied the solutions f,g: G — C of
Wilson’s functional equation

(1.6) flzy) + flay™') = 2f(x)g(y), v,y € G

and the following variant of Wilson’s functional equation (see also [31])

(1.7) Flay) + fy~'w) = 2f(2)g(y), v,y € G.
They solved (1.7) and they obtained some new results about (1.6).

The stability of d’Alembert’s functional equation was first obtained by
Baker [4] when the following theorem was proved.

Theorem 1.1 (4). (Superstability of d’Alembert’s functional equation)
Let G be an abelian group. If a function f: G — C satisfies the in-
equality

| fle+y)+ flz—y) —2f(2)f(y) [<0

for some § > 0 and for all x,y € G, then either f is bounded on G or
f@+y)+ fle—y)=2f(x)f(y) for all z,y € G.

A different generalization of Baker’s result was given by L. Székelyhidi
[33, 34]. It involves an interesting generalization of the class of bounded
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function on a group or semigroup. For other stability and superstability
results, we can see for example [2], [3], [6], [13], [16], [17], [23] and [5] for
general groups.

Various stability results of Wilson’s functional equation and its gener-
alization are obtained. The number of papers in this subject is very high,
hence, it is not realistic to try to refer to all. The interested reader should
refer to [14], [18] and [19] for a thorough account on the subject of stability
of functional equations.

The main purpose of this paper is to study the solutions and stability
of the more general variant of Wilson’s functional equation

(1.8) flzy) + x(y) flo(y)z) = 2f(z)g(y), =,y € G,

where G is a group, x is a character of G such that x(zo(z)) = 1, for all
x € G, o is an involutive morphism of G. That is, o(zy) = o(y)o(z) and
o(o(z)) =z for all z,y € G or o(zy) = o(x)o(y) and o(o(z)) = z for all
xz,y € G.

On abelian groups the solutions and stability of the functional equation
(1.8) are known, so the contributions of the present papers to theory of
trigonometric functional equation and their stability in the non-abelian
case.

We solve (1.8) when o is an involutive automorphism, and we obtain
some properties of the solutions of equation (1.8) when o is an involutive
anti-automorphism. The solutions are expressed in terms of characters
and additive functions. Furthermore, we obtain the Hyers Ulam stability
of equation (1.8). As an application we prove the superstability of the
functional equation

(1.9) f@y) + x() flo(y)z) =2f(z)f(y), =,y € G.

Our results are natural extensions of the previous papers mentioned
above. In particular the structure and the form of the solutions follow the
same pattern as in the previous papers.
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2. Stability of the functional equation (1.8), where o is an
involutive anti-automorphism of G.

In this section o is an involutive anti-automorphism of G, that is o(xy) =
o(y)o(x) and o(o(x)) = z, for all z,y € G. The following theorem is one of
the main results of the present paper. Recalling that mj, for any complex-
valued function h on G is defined by my(z) = 2h(z)? — h(2?), z € G. We
have

Theorem 2.1. Let § > 0. Let o be an involutive anti-automorphism of
G. Let x be a unitary character of G such that x(xo(z)) =1 for allz € G.
Suppose that the functions f,g: G — C satisfy the inequality

(2.1) |f(zy) + x(y) flo(y)z) — 2f(z)g(y)| <6

for all x,y € G. Under these assumptions the following statements hold:
(1) If f is unbounded, then

(i) g is central. That is g(zy) = g(yx), for all x,y € G; mg: G — C* is
multiplicative.

(ii) If o(x) =a~", then g(x) = x(x)g(c(x)) for all x € G and

xmg(G) C {F1}, where x(z) = x(z71), z € G.

(iii) g(x)=mgy(z)g(xz~!) for all z € G

and

(iv)

(2.2) 9(zy) +my(y)g(zy~") = 2g(x)g(y) for all =,y € G.

(2) If g is unbounded and f # 0, then

(v) the pair (f,g) satisfies the functional equation (1.8). Furthermore,
(vi) my:G — C* is multiplicative. If o(z) = x~! then g(x) = x(z)g(c(x))
for all x € G and xmgy(G) C {F1}.

(vii) g(x) = my()g(z 1),

X(W) f(o(y)zy) = my(y)f(z) for all x,ye G.

(viii) The pair (f,g) satisfies the functional equation

(2.3) flay) +mg(y) f(ay™") =2f(x)g(y), v,y €G

and g satisfies equation ((2.2)).
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Proof.  All technical methods that are needed in our discussion are due
to Stetkaer [21]. (1) We let L and R denote respectively: the left and right
regular representation of G with respect to o on functions on G. That is,
[L(y)h](z) = h(c(y)z) and R(y)h(z) = h(zy) for z,y € G and h: G — C.
We notice here that L(z)R(y) = R(y)L(z) and L(yz)h = L(y)[L(2)h],
R(yz)h = R(y)[R(z)h] for all z,y € G and for all function h: G — C.

Thus, inequality (2.1) can be written as follows

(2.4) ITR(y) +x()LW)]f —29(y) fllo <0

for all y € G where for any bounded complex-valued function A on G the
norm | k||« is defined by ||kl = supzec|h(x)|. Applying the operator
R(z) + x(z)L(z) to the bounded function R(y)f + x(y)L(y)f — 29(y)f we
get after reduction that

I(R(2) + x(2) L(2)) [R(y) + x () L(W)]f = 29(y) (R(2) f + x(2) L(2)) f [l

(2.5)

= [[[(R(2y)+x(2y) L(2y)) f—29(zy) f+29(2y) f+Ix(y) R(2) L(2)+x(2) L(2) R(y)] f
—29(y)(R(2)f + x(2)L(2)f —29(2)f) — 49(2)9(y) f |l co-

By using (2.4) and that ||(R(z)+x(2)L(2))h|c < 2||h|/co for all complex
bounded functions h on G' we obtain

129(zy) f +[x(y) B(2) L(y) + x(2) L(2) R(y)l f = 49(2)9(y) flloo < 36+2[g(y)|0
(2.6)

for all z,y € G.

(1) (i) Interchanging z and y in (2.6) and substracting the result obtained
from (2.6) we get

1lg(zy) — 9(y2)] flloo < 19(2)]0 + |g(y)]d + 3.

Since f is assumed to be unbounded, then g is central.

Setting y = z in (2.6), we obtain
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27 12w —9W*)f —x@REY)LY) flleo < lg(m)]6 + gd
That is,

(2.8)  129(w)* — 9@ f(z) — x(W)f(o(y)zy)| < |g(y)]6 + 25

for all x,y € G. Which can be written as follows.

(29) Iy (9) = X()1(o) o < lo)l5 + 55
where [u(y)h](x) = h(o(y)zy). Noting that u(yz) = u(y)u(z) for all z,y €
G. By using inequality (2.8) we have

Img(y2)f () = x(W)x(2) f(o(2)o(y)zyz)| <lg(y2)|d + 25,

1241 2) = X)) < lo(w)lo+ 55,

and

Img(2) f(o(y)zy) — x(2)f(o(2)o(y)zyz)| < |g(2)]0 + %5-
So, by using the triangle inequality we get
Img(yz) f(x) —mg(y)mg(2) f(z)] < [mg(yz) f(x) — x(y)x(2) f(o(2)o(y)zy2)|
+ix(W)x(2) f(o(2)a(y)ryz) — my(y)mg(2) f(z)]
< Imy(yz) f(@) — x(v)x(2) f(o(2)o(y)ry=2)|
+Ix(W)x(2) f(o(2)o(y)zyz) — mg(2)x(y) f(o(y)zy)]
+mg(2)x(y) f(o(y)zy) — my(y)mg(2) f ()]

<g(y2)|d + 25 + Img(2)l[x(v) f (e (y)zy) —my(y) f(z)]

+IxW)[Ix(2) f(o(2)o(y)zyz) — me(2) f(o(y)zy)|

< lg(y2)I6 + 36+ Img(lgw)I5 + 501 + [x(w)lg(=)16 + 501

From the assumption that f is unbounded we get my(yz) = mgy(y)my(2)
for all y, z € G. On the other hand if m, = 0, then if we put y = e in (2.8)
we obtain f bounded. But f is unbounded, so m4(G) C C*.
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(ii) Now, let @ € G be arbitrary. First case: Assume that ¢ is a bounded
function on G. Setting = = e in (2.1), we obtain

[f () +xW)f(o(y)) —2f(e)g(y)| <6
for all y € G. Which implies that

(2.10) |f(y) + x@) flo()] < +2[f(e)|M

for all y € G and where M = supzec|g(z)|. Thus, from x(ac(a)) = 1,
2f(x)[g(a) — x(a)g(o(a))] can be written as follows

2f(z)[g(a) — x(a)g(o(a))] = 2f(x)g(a) — f(za) — x(a)f(o(a))

Since

2f(2)[g(a) = x(a)g(o(a)]] < 40 + 2[f(0(a))[M + 2|f(a)|M + 4[f(e)| M.

(2.11)

for all z € G. By using the unboundedness of f we get g(a) = x(a)g(o(a)).

Second case: If g is unbounded. For all z,y, z € G we have

129(2)[|f (xy) + x(v) f(o(y)z) — 2f(x)g(y)]
= [2f(2zy)g(2) +2x(v) f(o(y)z)g(2) — 4f(z)g(y)g(2)|
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<[ = flzyz) — x(2) f(o(2)zy) + 2f(zy)g(2)]
( )

+Hx(W) [~ flo(y)zz) — x(2) f(o(2)a(y)x) + 2f (o(y)x)g(2)]]
+| + f(zyz) + x(y2) f(o(2)o(y)x) — 2f(x)g(yz)|
+| = flzzy) — x(29) f(o(y)o(2)x) + 2f(x)g(2y)|

+Ix(2) f(o(z)zy) + x(2y) f(o(y)o(2)x) — 2x(2) f(o(2)z)g(y)]
+f(zzy) + x () f(o(y)z2) — 2f (22)g(y)]
+2|f(2)llg(yz) — 9(zy)| + 29(y)| f(z2) + x(2) f (0 (2)x) — 2 (x)g(2)].
<O+0+0+0+ x(2)|]0+0x2|f(2)]|d +2|g(y)|0 =60 + 2|g(y)]o.

Using that ¢ is unbounded, we get that the pair (f,g) satisfies the
functional equation (1.8). For the rest of the proof of (ii) we assume that
o(r) = 7! for all z € G. We discuss two subcases: First subcase: As-
sume either f(a) # 0 or f(e) # 0. The pair (f,g) satisfies equation (1.8)
with o(x) = 2! on the abelian subgroup (a) generated by a, then on
the abelian subgroup (a) we have f(zy~!) + x(y~ 1) f(zy) = 2f(z)g(c(y)),
since x(yy ') = 1 hence we get x(y) f(zy ™) + f(xy) = 2f (x)x(Y)g(y™ ") =
2f(z)g(y), =,y € G. Then we have g(y) = x(y)g(o(y)) for all y € (a). In
particular g(a) = x(a)g(o(a)).

Second subcase: Assume that f(a) =0 and f(e) = 0. Setting x = e in
(1.8) with o(z) = 27!, we obtain

(2.12) F@) +xw)fly™) =
for all y € G. In particular f(a~') = 0. By using the above computation
we get

2f(2)[g(a) — x(a)g(a )] = 2f(2)g(a) — f(za) — x(a)f(a"'z)
+x(a)[f(za™!) +x(a™) f(az) — 2f(2)g(a™")]
+f(za) + x(a) f(a™z) — x(a) f(za™") — f(az).

Since

f(wa) + x(a)f(a~ x) = x(a) f(za™") - f(az)
= f(za) +x(a)f(a™z) = x(a)[f(za™ ') +x(za™") f (a0 (2))] + x() f (a0 ()
~[f(az) + x(az)f(o(z)a™")] + x(az) f(o(z)a™")

(
(
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= x(@)[f(ac(z)) +x(o(x)) f(o(o(x))a) —2f(a)g(o(x))]+2x(z) f(a)g(o(x))
+x(@)[f(a”te) + x(@) f(o(x)a™) = 2f(a™N)g(2)] + 2x(a) f(a™ g ()
—x(a)[f(za™") + x(za™") f(ao(2))] = [f(az) + x(az) f(o(x)a™)].
So, we get 2f(x)[g(a) — x(a)g(a™")] = 0, which implies that g(a) =
x(a)g(a™).
On the other hand we have mg(y~1) = 29(y~1)2 — g((y™1)?)
= 2x(y™1)%9(y)” = x(y™")?9(y*) = x(y™)*my(y).

So, we get mgy(y)my(y~') = myle) = 1 = (x(y~")my(y))*>. Which
implies that xmy(G) C {F1}.
(iii) The formula 2f(x)[g(y) — my(y)(y~')] can be written as follows

2f(x)[g(y) —mg(y)gly™ )] =
[—f(zy) — x(y) f(o(y)z) + 2f(x)g(y)]
+mg()f(xy™") + x( ) foly ) — 2f(x)g(y™ )]
+f(zy) — x( " mg) f(o(yHz) + x(W) f(o(y)x) — mg(y) flzy ™).
Once again we have
Fy) = x(y™ mg(w) fo(y™")) + x () f(o(y)z) — mg(y) f(zy™")
= flo()oly Nzy) — x(y " I)mg) f(o(y™Hz) + x(m) f(o(y)zy'y)
—mg(y) f(zy ™)
= [uW) Aoy "z) — x(y mg) foly™)z) + x @) ) fllzy™")

—mg(y) f(zy ™)

and from inequality (2.8) and the triangle inequality we obtain

() fllo(y™Nz) — x(y mg(w) floly™Hz)) + x() ) fl(zy ™)

(2.13) —mg(y) f(zy™")|

< 2|g(y)[0 + 34.
Now, from inequalities (2.1) and (2.13) we get
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(2.14)  [2f(2)[g(y) — mg(n)g(y "I < Img(y)]0 + 2|g(y)|6 + 46

for all z,y € G. Since f is unbounded then we have g(y) = my(y)g(y!)
for all y € G.
(vi) Let us consider

(2.15) 2f(2)[g(zy) +mg(y)g(zy~") — 29(y)g(2)]

= [29(2y) f(z) —49(y)g(2) f (z) +x(v) (R(2) L(y) f) (@) +x(2)(L(2) R(y) f) (z)]
+2f(z)mg(y)g(zy™") — x(W)(R(2)L(y) f)(x) — x(2)(L(z)R(y) f) ().

Since
2f(x)my(y)g(zy~") — x(y) (R(z) L(y) f)(x) — x(2)(L(z)R(y) f) (z)

= 2f(x)mg(y)g(zy~") — x(W) floW)zzy~"y) — x(2) f(o(y)o(y o (2)y)
=2f(x)mg(y)g(zy~ ") —xW)f(o

)/ (
~x(2)f(e(y)o(y™ o (2)zy) + x(y~ Ix(2)mg(y) f(o(y™")o(2)2))
1

(
(Wzzy 'y)+mg(y) f(zzy™ ") —mg(y) f(zzy™")
)+
)

—x(u " x(2)mg(y) f(o(y™")o(2)x))
X)) zzy™) + mg(y) f(zzy™")
—x(2) @) 1oy o (2)z) + x(y™ x(2)mg(y) f(o(y™ o (2)z))

—mg(y)[f(zzy ™) + x(2y~ ) f(o(y™)o(2)z) — 2f (2)g(zy~)].
From inequalities (2.1), (2.6) and |x(z)| = 1 we obtain

12f (2)[g(zy) + mg(y)g(zy~") — 29(y)g(2)]| < 66 + 4|g(y)|6 + [mgy(y)|0

for all z,y,z € G. Since f is unbounded, then g satisfies the functional
equation ((2.2))

(2) We assume that g is unbounded and f # 0. By simple computations
we get that f is unbounded. Now, by using some computations used in (ii)

we get that the pair (f, g) satisfies the functional equation (1.8).

Now, by using (2.8) with 6 = 0 we get
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(2.16) my(y) f(z) = x(y) f(o(y)zy)

for all z,y € G.

So if we replace z by xy~! in(2.16) we obtain my(y) f(zy™1) = x(y) f (o (y)z)
and equation (1.8) can be written as follows f(xy) + my(y)f(zy™t) =
2f(x)g(y) for all z,y € G. For the proof of other properties we use case (1)
with 6 = 0. This completes the proof of theorem. O

Corollary 2.2. Let § > 0. Let o be an involutive anti-automorphism of
G.

Let x be a unitary character of G such that x(xo(z)) =1 for allz € G.
Suppose that the function f: G — C satisfies the inequality

(2.17) [f(@y) + x() flo(y)z) = 2f (@) f(y)| <6
for all x,y € G. Then, either f is bounded or f satisfies equation (1.9).

As an application we get some properties of the solutions of equation
(1.8), where o is an involutive anti-automorphism. By using the above
Theorem for 6 = 0, [12], Proposition 2, Theorem 3 and Corollary 6], [[39],
Theorem 6.1, Theorem 10.1 and Corollary 10.2] we obtain the following
theorem.

For later use, we recall (see for example [12] that a function f: G — C
is said to be abelian, if f(z,(1)Zs(2)-To@m)) = f(T122...7,) for all
1,9, ...,Tn € G, all permutations ¢ and all n = 1,2, ....

Theorem 2.3. Let o be an involutive anti-automorphism of G. Let x be
a unitary character of G such that x(zo(x)) =1 for all x € G. Let the pair
f,9: G — C be a solution of the variant of Wilson’s functional equation
(1.8) such that f # 0.

(1) If f is a nonzero central function. Then,

(i) f = f(e)g, when g is non abelian.
(ii) When g is abelian g has the form g = Mzi/ﬂ where ¢ : G — C* is a
character. If 1 # xy oo, then f = a(p — xoo)/2+ B(1 + xwo g)/2 for
some «, 3 € C. If Y = xy oo, then f = wa+ By for some additive map a:
G — C and some 3 € C.
(2) (i) g(e) =1, g is central, and g = xg o 0, g = mgg.
(ii) mg: G — C* is multiplicative.
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(iii) x(v) f(o(y)zy) = mg(y)f(z), x(y)f(o(y)z) = me(y)flzy™") for all
xz,y € G.

(iv) g(zy) + my(y)g(xy™t) = 2g9(x)g(y) for all z,y € G.

(v) f(zy) +mg(y)fley~) = 2f(2)g(y) for all z,y € G.

(vi) f = —xf oo if and only if f(e) =0

(vii) The even part and the odd part of f: fe(x) = w, folx) =
w and x f o o satisfy (1.8) with g unchanged.

(ix) fe = f(e)g. In particular fo =0 (f is odd) if and only if f(e) =0

(x) The odd part f, of f satisfies

(2‘18) fo(xy) + fo(yx) = 2f0(x)g(y) + 2fo(y)g(x)
for all z,y € G..

(8) For the rest we assume that o(x) = 2~! for all x € G.

(i) xmg(G) € {F1}
If my = x, then either

(i) g is non-abelian and f = f(e)g, or
(iii) f and g are both abelian, in which case (1) applies.
(4) If mg # x, then f = —xf oo (fis odd).

3. Solutions and Stability of the functional equation (1.8),
where o is an involutive homomorphism of G

In this section o is an involutive homomorphism of G, that is o(zy) =
o(x)o(y) and o(o(x)) = x, for all x,y € G. In the following theorem, we
obtain the solutions of the functional equation (1.8) on groups. It turns
out that, like on abelian groups, only multiplicative and additive functions
occur in the solution formulas.

Theorem 3.1. Let G be a groups, o0: G — G a multiplicative function
such that o oo = I, where I denotes the identity map, and x: G — C be
a multiplicative function on G such that x(xzo(z)) =1 for all z € G.

The solutions f, g of the functional equation (1.8) are the following pairs
of functions, where m: G — C denotes an homomorphism and o, c € C*.
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(i) f =0 and g arbitrary.
(ii) g = "X and f = ag.
(i) g = BHT and f = (c+9)m—(c—%)moo with (x—1)m = (x—1)moo.
(iv) g = m and f = (a + a)m, where m = xymoo and a: G — C is an
additive map which satisfies m(a o o + a) = 0.

Proof. It is elementary to check that the cases stated in the Theorem
define solutions, so it is left to show that any solution f,9: G — C of
(1.8) falls into one of these cases. We use in the proof similar Stetkeer’s
computations [25]. Let z,y,z € G. If we replace z by zy and y by z in
(1.8) we get

(3.1) flayz) + x(2) f(o(2)zy) = 2 (xy)g(2)-
On the other hand if we replace « by o(z)z in (1.8), we obtain

flo(z)zy) + x(y) f(o(y)o(2)z) = 2f(0(2)x)g(y)

=29(y)x(0(2))[2f (z)g(2) — f(x2)]].

x(W) flo(y)o(z)r) = x(y) f(o(yz)x) = x(y)x(0(y2))[29(y2) f(z) — f(xy2)]

= x(0(2)[29(y2) f (z) — f(zyz)],

so by using x(zo(z)) = 1 we have

x(2)f(o(2)zy) + [29(y2) f(z) — f(zyz)] = 29(y)[2f (x)g(2) — f(x2).
(3.2)

Subtracting this from (3.1) we get

(3.3) flzyz) = g(y2) f(z) + f(zy)g(2) + g(v) f(x2) — 29(y) f(z)g(2).

With the notation
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(3.4) fo(y) = f(xy) — f(x)g(y)

equation (3.3) can be written as follows

(3.5) fa(zy) = fa(@)g(y) + fa(y)g(x), z,y € G.

We will in the rest of the proof of Theorem 3.1 need to know the solu-
tions of the functional equation

(3.6) f@y) + x() flo(y)z) =2f(z)f(y); =,y €G.

They are obtained in the following lemma.

Lemma 3.2. Let G be a semigroup, 0: G — G an homomorphism such
that o o 0 = I, where I denotes the identity map, and x: G — C be a
multiplicative function on G such that x(xo(x)) = 1 for all x € G. The
solutions f of the functional equation (3.6) are of the form f = w,
where m: G — C is multiplicative.

Proof.  Verifying that f = "X where m: G — C is multiplicative,
is solution of equation (3.6) consists in simple computations. Let f satisfy
the functional equation (3.6), then by using the above computations the
pair f, f, satisfies equation

(3.7) fa(zy) = falz) f(y) + fa(y) f(2), 2,y € G.

If f, =0 for all @ € G then f is multiplicative. Substituting f into (3.6)
we get x(y)f(o(y)) = f(y) for all y € G. This implies that f = £XX£7,
where f = ¢ is multiplicative.

If f, # 0 for some a € GG. From the known solution of the sine addition
law (see for example [27], Theorem 4.1]) there exist two multiplicative func-
tions x1, x2: G — C such that f = X%l We can assume that x1 # xo.
Substituting f = % in (3.6) we get after reduction that

x1()[x(W)x1(e(y)) — x2(¥)] = xa(z)[x1(y) — x(¥)x2(0(y))].

Since x1 # X2 at least one of x1 and x32 is not zero. So, we get x1 = x X200,
and f = £ where p: G — C is multiplicative. This completely
describes the solutions of equation (3.6). O
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Now, we will find the solutions of equation (1.8). Let f,g: G — C
a solution of equation (1.8). The above computation shows that the pair
fa, g satisfies the sine addition formula (3.5) for any a € G. From the known
solution of the sine addition formula (see for example [27], Theorem 4.1])
we have the following possibilities.

If f = 0 we deal with case (i). So during the rest of the proof we will as-
sume that f # 0. If we replace a by e in (3.4) we get fe(z) = f(x)—f(e)g(x).
If fo =0, then f(x) = f(e)g(x) for all z € G. Since f # 0 then f(e) # 0.
Substituting f = f(e)g into (1.8) we find that g satisfies equation (3.6)
then there exists m: G — C multiplicative such that g = ZF"7  We
see that we deal with case (ii).

If fo # 0, the pair (fe, f) satisfies (3.5) and we known from [27], Theo-
rem 4.1] that there are only the following 3 possibilities:

(1) fe = em and g = m/2 for some m multiplicative. Here

f = fe+ f(e)g. Substituting f = (¢ + @)m, g = m/2 into (1.8) we find
(c+ %e))x(y)m(a:)m(a(y)) = 0 for all z,y € G. This case does not apply,
because f # 0.

(2) There exist two different characters m and M on G and a constant
c € C* such that

M
:m—i2— and fo = c(m — M)
then f = c(m — M) + f(e)ZEM = am — BM, where a = ¢ + @ and
B=c-1 (26). Substituting this into (1.8) we find after reduction that

(3.8) am(z)(x(y)m(o(y)) — M(y)) = BM(z)(x(y) M (c(y)) — m(y)).

If we replace y by o(y) in (3.8) and after we multiply equation obtained by
X(y) and using x(yo(y)) =1 we find

(3.9) am(x)(m(y) — x(y)M(o(y))) = BM (z)(M(y)) — x(y)m(o(y))).

Subtracting (3.8) from (3.9) we get after some simplifications that
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(am(z) + BM (x))(x(y)m(o(y)) — M(y))
(3.10) = (am(z) + BM (z))(x(y) M (o (y)) — m(y)).
M(y

Putting = e in (3.10) we find that x(y)m(o(y)) — )

= x(y)M (U()) m(y), because a + f = 2¢ # 0. If xM oo — m # 0,
then from (3.8) we get am(x) = M (z) for all x € G. So, for z = e
we obtain « = 8 which contradicts the assumption that f(e) # 0. Thus,

M = ymoo and m = yM oo from which we see that g = ZFXM%% and

f=(c+ @)m— (c— @)Xmoa. We conclude that we deal with case (iii).
(3) g = m and f. = ma, where m is multiplicative of G and a is an

additive map. From f. = f — f(e)g we get f = ma+ f(e)m = (a+ f(e))m
Substituting this into (1.8) we find after reduction that

(3.11) m(x)(a(y)m(y) + x(y)a(o(y))m(o(y)))

1) and after we multiply equation obtained
1 we find

m(z)(a(z) + f(e))(x(y)m(a(y)) —m(y)) = 0.
If we replace y by o(y) in (3.1
by x(y) and using x(yo(y)) =

(3.12) m(z)(x(y)alo(y))m(o(y)) + a(y)m(y))

+m(z)(a(z) + f(e))(m(y) — x(y)m(a(y))) = 0.
Subtracting (3.11) from (3.12) we get after some simplifications that

(3.13) 2m(z)(a(z) + f(e)) (x(y)m(o(y)) —m(y)) =0

for all z,y € G. Putting = = e in (3.13) we get m = xm o o, because

2m(e)(a(e) + f(e)) = 2.1.(0 + f(e)) = 2f(e) # 0. This means that g =

IMEXMOT - Substituting m = xmoo into (3.11) we deduce that m(aco+a) =

0. We see that we deal with case (iv) and this completes the proof. O
The formulas of Theorem 3.1 implies the following corollary.

Corollary 3.3. Let G be a group, 0: G — G a multiplicative function
such that 0 oo = I, where I denotes the identity map, and x: G — C be
a multiplicative function of G such that x(zo(z)) =1 forallz € G. If f;g :
G — C is a solution of variant of Wilson’s functional equation (1.8) such
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that f # 0, then g is a solution of the variant of d’Alembert’s functional
equation (3.6).

In the rest of this section we examine the Hyers-Ulam stability of the
functional equation (1.8). We shall first recall two variants of Székelyhidi
results because it will be useful in the treatment of stability of other func-
tional equations like sine addition formula. The proof of Theorem 3.3 and
Theorem 3.4 goes along the same lines as the one in [33] and [34].

Theorem 3.4 (33). Let V' be a vector space of C-valued functions on a
semigroup G, let V' be left invariant and suppose that f and m are C-valued
functions on G. If the function y — f(xy) — f(y)m(x) belongs to V for
all x € G. Then either f isin V or m is an exponential.

Theorem 3.5 (35). Let V' be a vector space of C-valued functions on a
semigroup G, let V' be invariant and suppose that f and g are C-valued
functions on G which are linearly independent modulo V.

If the function z — f(yx) — f(x)g(y) — f(y)g(x) belongs to V for all
y € G, then f(zy) = f(z)g(y) + f(y)g(z) for all z,y € G.

In the following theorem we obtain the Hyers-Ulam stability of the
functional equation (1.8). The following lemmas will be helpful in the
sequel.

Lemma 3.6. Let § > 0, let G be a semigroup with identity element, o:
G — G be an homomorphism such that c oo = I, and x: G — C be
a bounded multiplicative function such that x(zo(x)) = 1 for all x € G.
Suppose that the pair f,g: G — C satisfies

(3.14)  [f(zy) +x(y) f(a(y)z) — 2f(x)g(y)| < 6, for allz,y € G.

Under these assumptions the following statement hold:

falew) = Jal@)glw) — fal)g(@)] < lg(@)l5 + 5, forall 2,y € G,

(3.15)

where f, is the function defined in (3.4).
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Proof.  Forz,y € G we put F(z,y) = f(zy)+x(y)f(o(y)z) —2f(2)9(y).
By using similar computations used in the proof of Theorem 3.1 we get

(3.16) f(zyz) — f(x)g(yz) + 2f(x)g9(y)g(2) — f(zy)g(2) — 9(y) f(x2)

F(x,yz)  Flzy,z) Flo(z)z,y)

— —g()F(e,2) + =2 ZE 0

for all z,y,z € G. From inequality (3.14) and the definition of f, we get
the desired result. O
The second main result of this section is the next one.

Theorem 3.7. Let G be a semigroup with identity element, o: G — G
an involutive homomorphism of G and x: G — C be a unitary character
of G such that x(zo(x)) =1 for all x € G. Let the pair f,g : G — C be
given. Suppose that the function

(3.17) (z,y) — flzy) + x(y) f(o(y)z) — 2f(x)g(y)

is bounded. Under these assumptions the following statements hold:

(i) f =0 and g arbitrary.

(ii) f # 0 is bounded and g is bounded.

(iii) f is unbounded, g is bounded and G is an amenable group, then g # 0
is multiplicative, g = xg o o and there exists an additive map a: G — C
such that f —ag is bounded and (ag)(zy)+x(v)(ag)(o(y)z) = 2(ag)(x)g(y)
for all z,y € G.

(iv) f is unbounded, g is unbounded. In this case there are the following
three possibilities:

(1) g is multiplicative, g = xg o o, f = f(e)g. Furthermore, f,g satisfy
equation (1.8).

(2) g is multiplicative, g = xgoo, f = ag, where a is an additive map such
that a o 0 = —a. Furthermore, f, g satisfy equation (1.8).

(3) g = ZHM and f = (c+ %e))m —(c— @)m o o, where m is multi-
plicative.

Proof. If f =0 we deal with case (i). So during the rest of the proof
we will assume that f # 0. If f is bounded then by using (3.17) we get g
bounded. This is case (ii)

(iii) If f is unbounded and g bounded. We notice here that g # 0, because
if g = 0 then from (3.17) with y = e we get f bounded, which contradict
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our assumption that f is unbounded. We put h = f — f(e), so h(e)=0 and
the function

(3.18) (z,y) — h(zy) — h(z)g(y) — h(y)g(z)

is bounded. Thus, the function y — h(zy) — h(y)g(x) is bounded for all
x € G. So, by using Theorem 3.4 we get ¢ = m multiplicative and the
function defined in (3.18) remains bounded when the right side is mul-
tilied by m((zy)~") = m(z~)m(y~'), so that the function (z,y) —
h h h . . .

—(xy) — ;-(x) — = (y) is bounded. Since G is amenable then from [36]

we have L (z) = a(z) + b(z) for all z € G, where a: G — C is an un-

bounded additive map and b: G — C is bounded. On the other hand by
substituting this into B(z,y) = h(zy) + x(y)h(c(y)z) — 2h(x)g(y) we get
a(zy)m(zy)+b(zy)m(zy)+x(y)[a(o(y)z)m(o(y)x) +b(o(y)z)m(o(y)z)] =
2[a(x)m(z) + b(x)m(z)|m(y) + B(x,y) and we find after reduction that the
function

la(@)m(z)(x(y)m(a(y)) —m(y)) + aly)m(z)m(y)
(3.19) +x(y)a(a(y))m(z)m(o(y))| <o

for all z,y € G and for some § > 0. By replacing y by o(y) in ((3.19)) and
using x(yo(y)) = 1 we get

la(@)m(z)(m(y) — x(y)m(a(y))) + x(y)a(o(y))m(z)m(a(y))
(3.20) + a(y)m(z)m(y)| < 6.
Subtracting (3.19) from (3.20) we get after some simplifications that

(3.21) 12a(z)m(z)||(m(y) — x(y)m(o(y)))| < 26

(
for all z,y € G. Since |m(z)| = 1 and a is unbounded then we get m(y) =
x(y)m(o(y))) for all y € G.

Now, we will show that | = ag satisfies [(zy)+x(y)l(o(y)x) = 2l(x)m(y).
For all x,y € G we have

l(zy) + x(y)l(o(y)z) — 2l(x)m(y)
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Since

(3.22) |h(zy) + x(y)h(c(y)) — 2h(x)g(y)| < B

for some § >, h(e) = 0, h = m(a + b), m is multiplicative, |m(z)| = 1,
m = ym oo and b is bounded then if we put = e in (3.22) we get

Im(y)a(y) + m(y)b(y) + x(y)m(o(y))alo(y)) + x(y)m(o(y))b(o(y))| < B.

This means that the function y — |a(y) 4+ a(o(y))| is bounded. Since
a+aoo is an additive map then we get a(y) +a(o(y) = 0 for all y € G and
we conclude that [(zy) + x(y)l(o(y)z) = 21(z)g(y) for all z,y € G, and we
see that we deal with case (iii).

If f,g are unbounded, then by using (3.15) we get that either f, = 0
for all @ € G or f, is unbounded for all ¢ € G. Indeed, if there exists a € G
with f, # 0 and f, bounded, so from inequality (3.15) with z = z¢ where
fa(zo) # 0 we get g bounded which contradicts the assumption that g is
unbounded.

In this case we have the following possibilities:

If fo, =0 for all a € G then f(xy) = f(x)g(y) for all z,y € G and this
implies that g is multiplicative and f = f(e)g. Substituting this into (3.17)
we get after reduction that |g(z)|x(y)g(c(y)) — g(y)| < v for all z,y € G
and for some « > 0. Since ¢ is unbounded we deduce that g = xg o o. So,
g satisfies equation (1.9), and the pair f, g satisfies equation (1.8). We deal
with case (iv)(1).

If there exists a € G such that f, # 0, then by using the above notice
we get f, is unbounded for all a € G. For the rest of the proof we put a = e
and we will discuss two cases.

First Case: If fe, g are linearly dependent modulo the spaces of complex
bounded function on G (see [35]), then there exists a constant A € C* and
a bounded function b on G such that g = % fe + b. Substituting this into
inequality (3.15) we get

1eo)= o) Lo H0(0)] = oly) 5 elw) 4D € | folw) +(2)] 6450
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for all x,ye€ G, so we have

Feley) = (5 ele) + D) )] < el bw)] + |5 o) + b@]I5 + 55

Thus the function y — fe(zy) — (3 fe(x)+b(z)) fe(y) is bounded for all
x € G. Since f, is unbounded then from Theorem 3.4 (with V' is the space
of bounded function on G)) we get m = % fe+bmultiplicative, fo = Am — b,
g=2+%and f = fo+ fle)g = A+ LDym + (L2 — \)b = am + 8b
Substituting this into bounded function B(z,y) = f(xy) + x(v) f(o(y)z) —
2f(x)g(y) we find after reduction that

am(z)[x(y)m(o(y))—b(y)] = Bb(z)m(y)+8b(z)b(y)—Bx(y)b(o(y)z)+B(z, y)
(3.23)

for all z,y € G. Since b is bounded, m is unbounded and |x(y)| = 1 then
there exists a € G such that x(a)m(o(a)) — b(a) # 0. From (3.23) we
conclude that m is a bounded multiplicative and this case does not apply,
because m is unbounded. So we have the second case:

Case 2: f., g are linearly independent modulo the spaces of complex bounded
function on G. From inequality (3.15) and Theorem 3.5, (with V' is the
space of bounded function on G) reveals that the pair (fe, g) is a solution
of the sine addition formulas

(3.24) fe(wy) = fe(x)g(y) + fe(y)g(x)

for all z,y € G, so we known from [[40], Corollary 4.4] that there are only
the following possibilities:

(1) fe = cm and g = % for some multiplicative function m : G — C.
Here f = fo + f(e)g = (¢ + f?)m = m. Substituting this into bounded
function B(x,y) = f(zy) + x(y)f(o(y)x) — 2f(z)g(y) we find after reduc-
tion that Sx(y)m(o(y))m(x) = B(x,y). This means that m is a bounded
multiplicative and this case does not apply, because m is unbounded.

(2) g = m and f. = am for some multiplicative function m : G — C
and a : G — C an additive map. In this case f = (a + f(e))m, so we find
after reduction that the bounded function:

flzy) + x(y) flo(y)z) — 2f(z)g(y) = (a(x) + a(y) + f(e))m(z)m(y)
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+x(®)l(alo(y)) + a(z) + fe))mla(y))m(z) — 2(a(z) + f(e))m(z)m(y)]

= (a(@)+f(e))m(z)(x(y)m(a(y))—m(y))+m(z)[x(y)a(o(y))m(o(y))+aly)m(y)].

(3.25)

If we replace y with o(y) in (3.25), and after we multiply equation
obtained by x(y) and using x(yo(y)) = 1 we get

gg(gg;rf(e))m(x)(m(y)—x(y)m(a(y)))+m(9«°)(a(y)m(y)+x(y)a(0(y))m(a(y))
which is also a bounded function. Subtracting (3.25) from (3.26) we get af-
ter some simplifications that the function (x,y) — m(x)(a(z)+f(e))(m(y)—
x(y)m(o(y))) is bounded. Since f = m(a + f(e)) is unbounded then we
get m = ym o 0. Now, we will verify that the pair (f,g) is a solution of
equation (1.8). for all z,y € G we have

f(xy) + x(W) flo(y)z) — f(z)g(y)

= (a(z) + a(y) + f(e))m(z)m(y)
+x(¥)lalo(y)) + a(z) + f(e))m(o(y))m(z)] — 2(a(z) + f(e))m(z)m(y)
= (ay) + alo(y)))m(z)m(y).

Since (z,y) — f(zy)+x(y) f(o(y)z)— f(x)g(y) is a bounded function,
then we have (z,y) — (a(y) + a(o(y)))m(z)m(y) is also bounded. Since
m is unbounded then we get the desired result, so we see that we deal with
case (iv) (2).

(3) There exit two different characters m, M and a constant ¢ € C* such
that g = # and fo = ¢(m — M). In this case f = fo + f(e)g =
(c—i—@)m—(c—%e))m = am — BM, where o = c—l—%e) and 8 = c—%).

Substituting this into bounded function B(z,y) = f(zy)+x(y)f(o(y)x)—

2f(x)g(y) we find after reduction that

(82702) (x (y)m(o(y)) — M(y)) + BM (x)(m(y) — x(y) M (o (y))) = B(=,y).



340 Elqgorachi Elhoucien and Redouani Ahmed

If we replace y with o(y) in (3.27), and after we multiply equation
obtained by x(y) and using x(yo(y)) =1 we get

?Sfr;(;;)(m(y))—x(y)M(U(y)))+6M(x)(X(y)m(o(y))—M(y)) = x(y)B(z,0(y)).
If we add (3.27) to (3.28) we get after some simplifications that the func-

tion (z,y) — (am(z) + BM(2))[(m(y) — x(y)M (o (y))) + (x(y)m(o(y)) —

M (y))] is bounded. Since am + M = 2cg + ﬂ:—)fe and g, fo are lin-

early independent modulo the space of complex bounded functions on G,

am+pLM = 209+@fe is unbounded then we get m—yMoo = M —xmoo.

Now, the bounded function (3.27) can be written as follows

fay)+x) f(o(y)z)—2f(z)g(y) = (am(z)—BM (x))(x(y)m(c(y))—M(y))

(3.29)
= f(z)(x(y)m(o(y)) — M(y))

Since f is assumed to be unbounded then we get x(y)m(o(y)) = M(y)
for all y € G and ¢ take the expression: g = w Equation (3.29)
show that the pair (f, g) satisfies equation (1.8). We see that we deal with
case (iv) (3) and this completes the proof. O As an application we get the
superstability of the functional equation (3.6).

Corollary 3.8. Let § > 0. Let G be a semigroup with identity element,
o: G — G an involutive homomorphism and x: G — C be a unitary
character of G such that x(xo(x)) =1 for allx € G. Let f: G — C such
that

(3.30) [f(zy) + x (W) f(o(y)z) = 2f(2) f(y)] <6
for all x,y € G. Then either f is bounded or f satisfies equation (3.6)

In [23], the authors presented some rich ideas on the study of the su-
perstability of symmetrized multiplicative Cauchy equation

(3.31) flxy) + flyz) = 2f(x) f(y) =,y € G.

However, we have formulate the problem as an open problem. The
solutions of equation (3.31) are multiplicative functions (see for exapmle
[30]. In the following, we give the affirmative answer. If we put y = 1 and
o = I in Corollary 3.8, where I denotes the identity map we get
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Corollary 3.9. Let § > 0. Let G be a group with identity element. Let
f: G — C such that

(3.32) [f(zy) + flyz) — 2f(x) f(y)| < 6
for all x,y € G. Then either f is bounded or f is multiplicative.
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