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Appendix A

Results on semigroups

\We recall here some results on generation and regularity properties of a strongly
continuous semigroup by a second order, possibly degenerated, differential op-
ecrator.

We study essentially two cases: differential operators acting on a space of
“continuous functions™ and differential operators acting on a L2 space.

These results are perhaps not new hut it was impaossible to find a full proof
of all the properties we need of such semigroups in a few basic and accessible
references. Proofs essentially follow adapting arguments from [83]. The details
have been spelled out in [43].

We denote by C2*(IR%; IR) be the Banach space of bounded continuous func-
tions with bounded continuous partial derivatives up to the order n endowed

with the norm
1/2

Fllep = D 18%f1°

lof<n
o0
where a = (a1,...,ay) € IN? is a multindex and {o| = oy +... + aq, 8%f =
AN s

The closed subspace of continuous functions vanishing at infinity with con-
tinuous partial derivatives up to the order n vanishing at infinity will be denoted
by CF(R?; R).

The closed subspace of continuous functions having a limit as |x| tends to
infinity with continuous partial derivatives up to the order n having a limit as
|| tends to infinity will be denoted by C(IRY; IR).

Let @, (v > 0) be the functions

. pd _ 247/2
vyt RY — IR, Pl =04 [H .
We denote by Cz.).(ﬂ%d: IR) be the Banach space of bounded continuous functions
with bounded continuous partial derivatives up to the order n such that ¢, 0% f
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vanishes as [+ goes to infinity endowed with the norm

I 1/2]].

DI

o] <n '

|0

The linear manifold of infinitely differentiable functions with compact sup-
port will be denoted C2(RY: IR).

A similar notation will be used for spaces of continuous complex-valued
functions.

The following are the main results proved in the appendix

Theorem A.1 Lei n > 2 be a fized inicger. Forw e IRV, let (a(a)) 1<y hza be
a d x d symanetric non-negative maotrir, (b;)i<j<a o d-dimensionael vector and
e(z) a real number. Suppose that:

1. the functions o belong o C"(IRY IR) and their second order partiol
derivatives belong to C)) “HRY IR) for cvery johoe {1, .d}.

2. the functions b; are differentioble and their first order partial derivatives
belong to CF~' (IR R) for every j € {1... .. dy.

3. the function ¢ belongs to CP{IRY: IR).

Then, for every + = {). the closure mi C'g,}(lﬁ"f: IR} of the operator

o d
1 ; »
Af =5 E a;.0;0.f + E b;0;f +cf (A1)
= JJ,‘::] J=1

defined on the domain C2(IRYIR) is the infinitesimal generator of a strongly
continuous scmigroup (T(t))iz0 on CY_{IRY: IR). Moreover

1. for every t > O and cvery non-negative f £ C(_‘.’.j(ﬂ?.’j:ﬂ?) the function
T(t)f is also non-negative,

2. foreveryt > (0 and every b with2 < k < n the lincar manifold C'fﬁ,}(ﬂ?‘[: R)
is invariant under T{t) and the resolvent operators R{(AA) (A >0,

3. if v =0 the operators (T'(t))ez0 are contractive if and only if ¢ < 0.

Corollary A.2 Under the assumptions of Theorem A.1 suppose ¢ = 0. Let D
be the linear manifold generated by C2*(IRY; IR) and constant functions. Then
the closure in CY(IR?; R) of the operator A defined on the domain D by (A.1)
is the infinitesimal generator of a strongly continuous coniraction semigroup
(T(t))ez0 on CP(IRY R). Moreover the semigroup (T(t))ezo is Markov (i.e.
T =1).
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Theorem A.3 Suppose that the hypotheses of Theorem A.1 hold. Then the
closure in L2(IR%;@) of the operator

d d
Gf = % Z ajkajc’iku + ijaju +cu (AQ)

Fk=1 J=1

defined on the domain C(IR%Q) is the infinitesimal generator of a strongly
continuous semigroup (P(t))i>0 on L2(IR%,@). Moreover the semigroup (P(t))i>0
is contraction if and only if G is dissipative i.e.

2Re(u, Guy <0
for every u € C®(R*Q).

Remark. Notice that, under the assumptions of Theorem A.1, P(t)u = T({)u
for every v € L2(JR%@) N CY(RY R) and ¢t > 0. In fact P(t) and T'(t) are
bounded operators coinciding on the dense (in L?(R%;€) and C§ (R?; IR)) subset
O (R R):

We refer to [43] for the proofs of the above results.
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