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Abstract

Let D be a mapping from an alternative ring R into itself satisfying
D(a-ba) = D(a) -ba+ a-D(b)a+ a-bD(a) for all a,b € R. Under
some conditions on R, we show that D is additive.
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1. Introduction

In this paper, R will be a ring not necessarily associative or commutative
and consider the following convention for its multiplication operation: xy -
z = (zy)z and x - yz = x(yz) for z,y,z € R, to reduce the number of
parentheses. For z,y,z € R we denote the associator by (z,y, z) = (xy)z —
x(yz).

A ring R is called k—torsion free if kx = 0 implies x = 0, for any = € R,
where k € Z, k > 0, prime if I.J # 0 for any two nonzero ideals I,J C R
and semiprime if it contains no nonzero ideal whose square is zero.

A ring R is said to be alternative if

(z,z,y) = 0= (y,z,x), for all z,y € R,

and flexible if
(z,y,2) =0, for all z,y € R.

One easily sees that any alternative ring is flexible.

Theorem 1.1. Let R be a 3-torsion free alternative ring. So R is a prime
ring if and only if aR-b = 0 (or a- Rb = 0) implies a = 0 or b = 0 for
a,be R.

Proof. Clearly all alternative rings satisfying the properties aR - b =0
(or a - Rb = 0) are prime rings. Suppose R is a prime ring by [7, Lemma
2.4, Theorem A and Proposition 3.5] we have R=A0 D2 A1 D2 --- DA, =
A # (0) is a chain of subrings of R. If aR-b = 0 (or a - Rb = 0) hence
aA -b =0 (or a-Ab = 0) follows [7, Proposition 3.5 (e)] that a = 0 or
b=0. &

A mapping D : R — R is Jordan triple multiplicative derivation if

D(a-ba) =D(a)-ba+a-D(b)a+ a-bD(a)

for all a,b € R. It is worth noting that by the flexible identity of alternative
rings we can write

D(aba) = D(a) - ba + aD(b)a + a - bD(a)

for all a,b € R. Let us consider R an alternative ring and let us fix a
nontrivial idempotent e; € R, i.e, €2 = e1; e; # 0 and e; is not an unity
element. Let e2 : R — R and €5: R — R be given by esa = a — eja and
eha = a — aey. We shall denote eha by aes. Note that R need not have
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an identity element. The operation z(1 — y) for x,y € R is understood as
x — zy. It is easy to see that (e;a)e; = e;(ae;) for all a € R and 7,5 = 1,2.
Then R has a Peirce decomposition R = Ri1 © Ri2 ® Ra; & R, where
R;; = e;Re; (i, = 1,2), satisfying the multiplicative relations:

(i) RiyRjuy C Ry (4,7,0 =1,2);
(1)) RijRij C Ry (4,5 = 1,254 # j);
(iii) RijRy = 0, if j £ k and (i,5) # (k,1), 6,5,k 1 =1,2);
(iv) x3; =0 for all z;; € Rij (i,5 = 1,2; @ # j).
Remark 1.1. By the linearization of (iv) we obtain
TijYij + Yijri; = 0
if i # j. This identity is very useful for the main result to be verified.

The study of the relationship between the multiplicative and the ad-
ditive structures of a ring has become an interesting and active topic in
ring theory. In non-associative ring theory we can mention recent works
such as [1], [2], [3], [4] where the authors generalize the results for a class
of non-associative rings, namely alternative rings. The present paper we
investigate the problem of when a Jordan triple multiplicative derivation
must be an additive map for the class of alternative rings. The hypotheses
of the main Theorem allow the author to make its proof based on calcu-
lus using the Peirce decomposition notion for Alternative rings. But it is
worth noting that the notion of Peirce decomposition for the alternative
rings is similar to the notion of Peirce decomposition for the associative
rings. However, the similarity of this notion is only in its written form, but
not in its theoretical structure because the Peirce decomposition for alter-
native rings is the generalization of the Peirce decomposition for associative
rings. The symbol “.”, as defined in the introduction section of our article,
is essential to elucidate how the non-associative multiplication should be
done, and also the symbol “-” is used to simplify the notation. Therefore,
the symbol “” is crucial to the logic, characterization and generalization of
associative results to the alternative results. In this paper we shall continue
the line of research introduced in [5] and [6] where its authors demonstrate
the following results

Theorem 1.2. Let R be an alternative ring containing a non-trivial idem-
potent e; and R = Rq1 ® Ri2 ® Ro1 ® Rao, the Peirce Decomposition of
R, relative to ey, satisfying:
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(i) If ((eja)ej)xji = 0 for all z;, € Ry, then ((e;a)ej) = 0;
(it) If x;5((eja)e;) = 0 for all x;; € Ry, then ((eja)e;) =0,

for i,j,k € {1,2}. If D : R — R is a multiplicative derivation, then D is
additive.

and

Theorem 1.3. Let R be an alternative ring containing a non-trivial idem-
potent e; and R = Rq1 ® Ri2 ® Ro1 ® Rao, the Peirce Decomposition of
R, relative to e, satisfying:

(i) If (e;aej)xjp, = 0 for all xj;, € Rjy, then (e;aej) = 0;
(it) If x;5(ejaer) = 0 for all x;; € Ry, then (ejaey) = 0;
(111) If (e;ae;)xy; + xii(ejae;) = 0 for all x;; € Ry;, then (e;ae;) = 0.

for i,j,k € {1,2}. If D : R — R is a Jordan multiplicative derivation,
then D is additive.

2. The main Theorem
We shall prove the following result:

Theorem 2.1. Let R be an alternative ring containing a non-trivial idem-
potent e; and R = Ry; @ Rj2 & Ro1 & Rag, the Peirce Decomposition of
R, relative to ey, satisfying:

(i) If (61&61)1}12 = 0 for all x12 € Ry, then (elael) = 0;
(i1) If z12(e2aes) = 0 for all x12 € Rya, then (esaez) = 0;
(ZZZ) Leti,j € {1,2} Ifz:ijaxij = 0 for all Tij € Rij7 then (ejaei) =0.

IfD : R — R is a Jordan triple multiplicative derivation, then D is
additive.

The proof of the Theorem is organized as a series of Lemmas.

We begin with the following Lemma with a simple proof.

Lemma 2.1. D(0) = 0.
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Proof. D(0) = D(000) = D(0) - 00 + 0D(0)0 + 0 - 0D(0) = 0. O
Lemma 2.2. D(a11+bia+c21+do2) = D(a11)+D(b12) +D(c21) +D(d22).
Proof. For any z;; € R, 4,j = 1,2, on one hand, we have

Dlzij(a11 + b1z + co1 + do2)wij] = D(zij) - (a11 + bra + 21 + dag) i
+ @ijD(a11 + b1z + ca1 + d22)i;
+ @ij - (@11 + b1z + ca1 + da2)D(z5).

On the other hand,

D(z;ja11244 ~anzij + xijD(a1)zi; + x5 - annD(x5),

D(z;;b1274 biowij + 2D (bi2)xij + @ij - biaD(x45),

) = ) (a11)

) ) (b12) (
D(zijco12ij) = D(z45) - co1wij + xi3D(co1)xsj + 245 - coaD (i),

) = ) (d22)

D(a:z]dggac” . d22$i]‘ -+ xijD dog Tij + Tij dggD(l‘ij).

These imply that
D(zij(a11 + bi2 + c21 + da2)xij]
— D(zibiazij) — D(wijeaimij) — D(wijdaaij)
= z4[D(a11 + b1z + c21 + doz) — D(a11) — D(b12) — D(c21) — D(da2)]z4j,

— D(zijan1zi5)

where we use the flexible identity. By the flexible identity we note that for
any 4, j = 1,2, we have

D(zij(a11 + bi2 + c21 + da2)wij] — D(zija112i5)
— D(.’Eijblgwij) — D(:L‘iij.’I}ij) — D(.’Eijdggl‘ij) =0.

Then, for 7,7 = 1,2, we get

zij[D(a11 + bi2 + c21 + do2) — D(a11) — D(bi2) — D(c21) — D(da2)]zi; = 0.
By Condition (iii), we see that
[D(a11+b12+co1+d22) —D(a11) —D(b12) —D(e21) —D(da2)]ji = 0,,5 = 1,2.
Equivalently,

D(a11 + bi2 + c21 + d22) — D(a11) — D(b12) — D(c21) — D(da2) = 0.
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Lemma 2.3. 1. D(a12 + biac22) = D(a12) + D(b12ca2),
2. D(agl + b22621) = D(agl) + D(bggCgl).

Proof. We will prove only (1) because the proof of (2) is similar to (1).
By Remark 1.1 we note that

e1+ a2 +bi2aia +ai2bia 4+ biacas = (€1 + a2 +ca2)(e1 +bi2)(e1 + aiz + c22).

By applying Lemma 2.2, Remark 1.1 and flexible identity we have

D(e1)

_l’_

D(a12 + biacae) = D(e1 + a12 + biacaa)

Di(e1 + a12 + c22)(e1 + bi2)(e1 + a12 + c22)]

D(e1 + a2 + ¢22) - (€1 + bi2)(e1 + a12 + c22)

(€1 + a1z + c22)D(e1 + bi2)(e1 + a12 + c22)

(€1 + a1z + c22) - (e1 + bi2)D(e1 + a1z + c22)

[D(e1) + D(a12) + D(e22)] - (e1 + b12)(e1 + a12 + c22)

+ 4+

(61 +aio + CQg)[D(el) + D(blg)](el +aio + 022)
(e1 4 a1z + c22) - (e1 + bi2)[D(e1) + D(a12) + D(c22)]
[D(e1) +D(a12) +D(c2)] - e1(e1 + a1z + c22)

+ +

(e1 4+ a1z + c22)D(er)(e1 + a1z + c22)

(e1 4 a1z + c22) - e1[D(e1) + D(a12)

D(co2)] + [D(e1) + D(a12) + D(e22)] - bia(e1 + a1z + ca2)
(e1 4 a1z + c22)D(b12)(e1 + a12 + c22)

(e1 + a12 + c22) - bia[D(e1) + D(ai2) + D(c22)]

D{(e1 + a12 + ca2)er(er + a1z + c22)]

D{(e1 + a12 + ca2)bi2(e1 + a12 + c22)]

D(e1 + a12) + D(b12a12 + biacoz + a12b12 + a12bi2a12)

= D(e1) + D(a12) + D(b12¢22).

I+ + + + +

—+

To Prove (2) just use the identity

e1 + as1 + bagcor = (61 + a1 + b22) . (61 + 621)(61 + ao1 + bgg).

Lemma 2.4. D(ai]‘ + bij) = D(aij) + D(bij), B
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Proof. For any z;; € R;; ,i,j = 1,2, from
Dlzij(aij + bij)zij] = 0 = D(zijai;zij) + D(zijbijzi;)
we can get
ij[D(aij + bij) — D(aij) — D(bij)]zij = 0.
This implies, by conditions of the Theorem 2.1 that
[D(aij + bij) — D(aij) — D(bij)lii = [D(ai; + bi) — D(aij) — D(bij)];i = 0.
This completes the proof. &

Lemma 2.5. D(akk + bkk) = D(akk) + D(bkk)

Proof. Let apr and by be arbitrary elements of Ryg, £ = 1,2. By
considering D[z;j(ak + brr)zij], D(zijarpzi;), and D(z;5bg,xi;) for the
cases of 1 # j and i = j respectively, one can easily get that

[D(ag + brk) — D(akk) — D(bkk)]ji = 0,

[D(ak + brr) — D(agr) — D(bkk)]j; = 0,

where in the second identity ¢ = j # k. Now we have only to prove that
[D(akk + brk) — D(akk) — D(bkr)]j; = 0,

with k£ = j. For any x12 € Rya, r11 € Rq1 and rog € Rag, from

(2.1) riziz = (e1 +ri)ziz(er +ri)
and
(2.2) x12m22 = (€1 + ro2)zi2(er + r22)

can check, by (1) and (2) that

D(ri1z12) = D(e1) - riizie + e - D(r11)z12 + ri1D(z12)
+ D(z12)r11 + z12 - D(r11)eq,
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(2.4) D(x12722) = D(e1) - x12722 + €1 - D(x12)r22 + 122
D(azlg)el + $12D(7‘22).

Now, applying equality (3) for ri; = aiq + bi1, r11 = a11 and 711 = biy
and applying equality (4) for 799 = aga + baa, 722 = age and reg = baa, we
can get

[D(ai1 + b11) — D(ai1) — D(b11)]z12 =0,

r12[D (a2 + ba2) — D(a22) — D(b22)] = 0.
It follows from Condition (i) and (ii) of the Theorem 2.1 that [D(axr +
bik) — D(agk) — D(bgk)]j; = 0, with k£ = j, which completes the proof. <

Now we are ready to prove our main result.

Proof of the Theorem 2.1: For any a,b € R, we write a = a1 + a12 +
a21 + a2z and b = b1y + b1o + ba1 + boe. Applying the previous Lemmas, we
have

)

D(a+b) = a1 + a1z + a1 + aza + b1 + b1z + bag + ba2)
= DJ(a11 + b11) + (a12 + bi2) + (a21 + b21) + (a2 + ba2)]
= D(a11 + b11) + D(ai2 + bi2) + D(a21 + ba1) + D(ag2 + ba2)

(
[
(
= D(a11) + D(b11) + D(a12) + D(b12) + D(a21) + D(b21)
(
(
(a

+
O

azz) + D(b22)
a1 + a1z + a1 + azz) + D(b11 + b2 + ba1 + ba2)

) +D(b),

i. e., D is additive. &

Il
O

= D

3. Applications in prime alternative rings
In the case of an unital alternative ring we have

Corollary 3.1. Let R be an unital alternative ring containing a non-trivial
idempotent e; and R = R11 @ Ri2 ® Ro1 @ Rao, the Peirce Decomposition
of R, relative to e;, satisfying:

(i) If (eraey)x12 = 0 for all z12 € Ryg, then (ejae;) = 0;

(i1) If z12(eaaeq) = 0 for all x12 € Ryg, then (esaes) = 0;
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(tit) Let 4,5 € {1,2}. If zjjaz;; = O for all zj; € Ryj, (i # j) then

(ejae;) = 0.

If D : R — R is a Jordan triple multiplicative derivation, then D is

additive.

As a last result of our paper follows the Corollary

Corollary 3.2. Let R be a 3-torsion free prime unital alternative ring with
a nontrivial idempotent. If mapping D : R — R satisfies

D(aba) = D(a) - ba + aD(b)a + a - bD(a)

for all a,b € R, then D is additive.
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