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Abstract

A connected graph G = (V, E) of order atleast two, with order p
and size q is called vertex-graceful if there exists a bijection f :V —
{1,2,3,---p} such that the induced function f*: E — {0,1,2,---q —
1} defined by f*(uwv) = (f(u) + f(v))(mod q) is a bijection. The
bijection f is called a vertez-graceful labeling of G. A subset S of
the set of natural numbers N is called consecutive if S consists of
consecutive integers. For any set X, a mapping f : X — N is said to
be consecutive if f(X) is consecutive. A vertex-graceful labeling f is
said to be strong if the function f1 : E — N defined by f1(e) = f(u)+
f (W) for all edges e = uv in E forms a consecutive set. It is proved that
one vertex union of odd number of copies of isomorphic caterpillars
is vertex-graceful and any caterpillar is strong vertex-graceful. It is
proved that a spider with even number of legs (paths) of equal length
appended to each vertex of an odd cycle is vertex-graceful. It is also
proved that the graph lA(m;,n) is vertez-graceful for both n and |
odd, 0 <i<n—1, 1< 75 <my;. Further, it is proved that the graph
A(mgj,n) is strong vertez-graceful forn odd, 0 <i<n-—-1,1<j<
m;.

Key words: Caterpillar, one vertex union graphs, regular spider,
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1. Introduction

By a graph G = (V, E), we mean a finite undirected graph without
loops or multiple edges. The order and size of G are denoted by p and
g, respectively. For basic graph theoretic terminology, we refer to [5, 8.
A caterpillar is a tree, the removal of whose end vertices, gives a path.
The resulting path is called a spine. Denote by C(n,m;), a caterpillar,
where n is the number of vertices on the spine and m; is the number of
end vertices adjacent to each vertex of the spine. Let G;(1 < i <) be
a connected graph with vertex set V; = {vi, vg v4, - - ;Up, }- Then the one
vertex union of G;(1 < i < 1) at v} is obtained by identifying all the vertices
vl v}, v, vl at v] and is denoted by G®).

A spider is a tree that has at most one vertex (called the center) of
degree greater than 2. A regular spider is the one vertex union of paths of
equal length. A bamboo tree is a rooted tree consisting of branches of equal
length, the end points of which are identified with the end points of stars
of different sizes. A bamboo tree is called regular if the sizes of the stars
considered are equal. The bamboo trees were introduced and studied in
[11]. The graph A(m;,n) obtained by identifying m;, (1 < ¢ < n) pendant
edges to the vertices of a cycle C, is called Actinia graph. The Actinia
graphs were introduced and studied in [19].

A graph labeling is an assignment of numbers to the vertices or edges,
or both vertices and edges subject to certain conditions. A graph G is
called graceful graph if there exists an injection f : V — {0,1,2,--- ¢}
such that the induced function f*: E — {1,2,---,q} defined by f*(uv) =
|f(u) — f(v)] is a bijection. The injection f is called a graceful labeling of
graph G. The values f(u) and f*(uv) are called thegraceful labels of the
vertex u and the edge wwv, respectively. A graph G is called vertez-graceful
if there exists a bijection f : V' — {0,1,2,---,p} such that the induced
function f* : E — {0,1,2,---,q — 1} by f*(uv) = (f(u) + f(v))(mod q)
is a bijection. The bijection f is called a wvertex-graceful labeling of G

Let N denote the set of natural numbers. A subset S of N is called
consecutive if S consists of consecutive integers. For any set X, a mapping
f X — N is said to be consecutive if f(X) is consecutive. A vertex-
graceful labeling f is said to be strong if the function by f1 : E — N defined
by fi(e) = f(u) + f(v) for all edges e = uv in E forms a consecutive set.

In 1967, Rosa [12] introduced the labeling method called S-valuation.
A function f is called p-valuation of a graph G with ¢ edges if f is an
injection from the vertices of G to the set {0,1,2,---,q} such that, when
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each edge zy is assigned the label |f(z) — f(y)|, the resulting edge labels
are distinct. Golomb [7] called such labelings graceful and this term is
followed presently. The book edited by Acharia, Arumugam and Rosa [1]
includes a variety of labeling methods. Hsu and Keedwell [9, 10] introduced
and studied the extension of graceful labeling of directed graphs. The
relationship between graceful directed graphs and a variety of algebraic
structures including cyclic difference sets, sequenceable groups, generalized
complete mappings, near-complete mapping and neofield is discussed in [3]
and [4]. Bahl, Lake and Wertheim [2] proved that spiders for which the
lengths of every path from the center to a leaf differ by at most one are
graceful and spiders for which the lengths of every path from the center to
a leaf has the same length and there is an odd number of such paths there
is a family of graceful labelings.

Graph labeling, where the vertices are assigned values subject to cer-
tain conditions have often been motivated by practical problems. Labeled
graphs serve as useful mathematical models for a broad range of applica-
tions such as coding theory, including the design of good radar type codes,
synch-set codes, missile guidance codes and convolution codes with optimal
autocorrelation properties. The notion of vertex-graceful graph of order p
and size p + 1 was introduced and studied in [18]. The vertex graceful
labeling of many classes of graphs were studied in [13, 14, 15, 16, 17]. For
detailed study of labeling of graphs, we refer to [6].

2. Vertex Gracefulness of One Vertex Union of Caterpillars

In this section, it is proved that one vertex union of odd number of
copies of isomorphic caterpillars is vertex-graceful and also proved that
any caterpillar is strong vertex graceful.

Let G = CY(n,m;) be the one vertex union of I copies of isomor-
phic caterpillars with n vertices in the spine and each of its vertices are
appended with m;(1 < i < n) pendant vertices. Let vlf,vlg,vlg, o, oF be
the vertices of the spine of the k** copy of the isomorphic caterpillars. Let
mi,ma, ms, - -+, My, be the number of pendant vertices, which are appended
to each vertex of the spine of the caterpillar. Let vi,v? v3,--- ,vll be the
initial vertex of each spine of [ isomorphic caterpillars. The one vertex
union of [ copies of isomorphic caterpillars at v{ is obtained by identifying
all the vertices v],v?,v$,---, v} at v]. Let vfj be the pendant vertices of G
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for 1 <i<n,1<j<my1l<k<I This graph is shown in Figure 2.1.
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Figure 2.1: One vertex union of { copies of isomorphic caterpillars

Theorem 2.1. For 1 < i < n,1 < j < m; and [ odd, the graph G =
CWO(n,m;) is vertex-graceful.


Marisol Martínez
figure2.1
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Proof. It is clear from the deﬁnitio% of G that the number of ver-

tices p and edges q are p = [ n—l—i—Zma) +1and g =p—1. Let

a=1
n—1

a=n-—1+ Z ma+1- The required vertex-graceful labeling for vertices is

a=1
defined as follows:

Let f:V —{1,2,---,p}.

Case 1. n even.
n—2

2
Let g = Z Mog
a=1
Define f(vi) =1,
i

2
f(vh) = { alk —124+5 4> ma,, 3<i<n,iodd;1 <k <l kodd.
a=1

i—2

2
7a(l+2’€72) +B8+1Imi +m, + nTJrZ + Zm2a+1a 2 <1< m,ieven;
a=1
1<k <I,kodd.
1—2
=
a(k;2)+ﬁ+mn+nTﬂ+Zm2a+h 2<i<m,ieven;1 <k <I,keven.
a=1

1—1

2
O‘(l%’f_l)—klml—i—%—i—nga, 2<i<n,iodd;1 <k <l keven.

a=1

The vertex labeling of pendant vertices at v’f, vlg , vlgf AR ,vf{ is given by

f(vgj):{ all =12+ 8+ 5+my +k fori=j =1, 1<k <Im.

i—3

2
QR B Iy + g+ 2L 4 S magg,

a=1
2<i<n,iodd;1 <j<my;1<k<Ikodd.

1—2

2
) L+ > ma,

a=1

2<i<n,iteven;1 <j7<m;;1 <k<Ikodd.
1—3

P)
a(k2—2] + B4 my, + n+§fl T+ ZmQa—H;

a=1
2<i<n,t0dd;1 <j<my;1<k<I keven.
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i—2

2
l+k—1 ; .
QD) Ly 1G4S
a=1
2<i<mn,ieven;1 <j<my;;1<k<Ikeven.

The corresponding edge labeling is defined as follows:

Let A= {f*(e’fl) D (eh) = (ﬂl;—ll +5+m, +k+1+ B) (mod q)} ,
where e¥; = vivly, 1 <k <im;.

Let 6 = § +Im1 +m, + 3,
i1
B= {f*(ef):f*(ef)_ <w+1+5+i+zm¢z+1> (mOdQ)}v

a=1

where ef:vaéﬁrl, 2<i<n; 1<k<]

i—2
C= {f*(efj) FHCHE (%’“‘3) +0+i+j+ Zma+1> (mod q)
a=1

)
Whereegzvafj,2§i§ﬂ; 1<7j<m; 1<

D={f(eh): fr(eh) = (52 +5+2) (mod q) },
where e = vivk, 1 <k <1, k odd;

B={57(eh): eh) = (52 4 54 m + 257) (mod o))

where e} = vivk, 1 <k <, k even .

It is clear that all the vertex labels are distinct. Also it is easily
verified that the edge label sets A, B, C, D and E are mutually disjoint and
AUBUCUDUE ={0,1,2,---,q — 1}. Therefore, it follows that the
induced mapping f* : E — {0,1,2,---,q — 1} is a bijection. Hence the
graph G is a vertex-graceful when n is even.

Case 2. n odd.
n—1
2
Let v = nga andu:'y—i—lml—F”T‘H.
a=1

Define f(vi) =1,
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i—1

2
f(vE) = { a(k— 124524 mas, 2<i<n,iodd;1 <k <Ikodd

1
a=1
272

(l+k 2)+'y+lm +n+z+1+zm2a+1, 2 <1 < n,ieven;

a=1
1 <k<Ikodd.
1—2
=
O‘(kT_Q)—i—fy—i—%”l—i—ngaH, 2<i<n,iteven;1 <k <1 keven.
a=1

7,*1

M—i—lml—i—zﬂ—i—nga, 2<i<mn,iodd;1<k<Ikeven.

a=1
The vertex labeling of pendant vertices at Ulf, v’2“ , vlg e ,vﬁ is given by
f(vg):{ al 12+ tk+y,fori=j=1; 1<k <Im.

272
alkl) 4 i +]+Zm2a,

2 <1< n, 1even; 1<]<ml, 1 <k <, kodd.

=3 3

A2 byl + B 45+ Zm2a+1,

2<i<n,rodd; 1 <5< my; 1§k§l,kodd.

i—3
SE2 oyt mH > Mo,

a=1
2<i<n,ro0dd; 1<j<my; 1<k<I, keven.
)

2
I+k—1 ; .
RN g 4> s,
a=1
2<i<n, teven;1<j<my1<k<I keven.

The corresponding edge labeling is defined as follows:
Lot A = {7(eh) « f*(eh) = (52 4y b+ 242) (mod q) }
where ef = vivl, 1 <k <1, kodd ;

= {F7eh): f(eh) = (52 + 7+ 282) (mod g) |,

where e’f = Ulfvlg, 1<k <I keven;

i—1

C = {f*@f) L (b)) = (%’“—3) +z’+1+,u+2ma+1> (modq)},
a=1

whereef:vafﬂ, 2<i1<n—1; 1<k
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—2
D= {f*(ei-“j) FNCHE (—““*3’“‘3) titjitput+ )y ma+1> (mod q)} :
a=1

whereef}-:vafj,QSign; 1<7<m; 1<k<L

E = {f(ehy) : /(b)) = (G + 2 + k474 1) (mod q) },
where ef; = vFof, 1 <k <lIm;.

It is clear that all the vertex labels are distinct. Also it is easily
verified that the edge label sets A, B, C, D and E are mutually disjoint and
AUBUCUDUE ={0,1,2,---,q—1}. Therefore, it follows that the induced
mapping f*: F — {0,1,2,---,q — 1} is a bijection. Hence the graph G is
a vertex-graceful when n is odd. Thus the graph G is vertex-graceful. O

Mustrative examples of the labeling of the graph G in Theorm 2.1 are
given in Figures 2.2 and 2.3.

We leave the following problem as an open question.

Problem 2.2. Is it true that for 1 < i <n,1 < j < m,; and [ even, the
graph G = CW(n,m;) is vertex-graceful?
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Figure 2.2: Vertex-graceful labeled graph of €56, m),1 < 4 < 6, my =
2my=2ms=1my =3 mxs=0,m; =4 (casa 1)
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Figure 2.3 Vertex-graceful labeled graph of C%5,m,0, my = 2, mo = 2, my =
1l,my =3, ms =4 (case 2 )

Remark 2.3. If [ = 1 in Figure 1, then the graph G represents a cater-
pillar. Hence it follows from Theorem 2.1 that any caterpillar is vertex-
graceful. Also if m; =0 fori =1,2,---,n— 1 and m,, # 0 in Figure 2.1,
then the graph G represents a regular bamboo tree. Hence it follows from
Theorem 2.1 that a regular bamboo tree is vertex-graceful.

Theorem 2.4. Any caterpillar G is strong vertex graceful.


Marisol Martínez
figure2.3
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Proof. Let the caterpillar G be a tree with n vertices vy, v, -+, v, On
the spine and each v; is attached with m; pendant edges (1 <i <n). The
graph is given in Figure 2.4.

, ; " .
W L4 3 Y

; . 3 i ) 31 ¥ : g
Vit v Vim, V1l Vya Vamy¥31 V32 Vim, 'm1 Vm2 Vi,

Figure 2.4: G

n n
Then p = n + Zma and g = n—1+ Zma. The required strong

a=1 a=1
vertex-graceful labeling for vertices is defined as follows:
Let f:V —{1,2,---,p} be such that

Case 1. nzeven

Let 5 = Z Mag
i—1

2
f(vl-):{ i+124+ > ma, 1 <i<n, iodd.

a=1
i—2
. 2
B+m1+mn+”T‘H+Zm2a+1,1 <1< n, ieven.
a=1
The vertex labeling of pendant vertices at vy, vo,vs, -+, vy, is given by

i—1

f(vij) ={B+mn+25=L+5+> maa_1,1 <i<n, iodd 1<j<m.

a=1
i=2
. 2
T4i+ Y mu,1<i<n, ievenl<j<m.
a=1

The corresponding edge labeling is defined as follows:
Let A= {fl(eij) . fl(eij) = ( +mn+ﬁ+z+3 + Zma>}
1<ji<m

where e;; = v;v;5,1 <@ <ny


Marisol Martínez
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Bz{fl(ei):fl(ei)z <%+mn+ﬁ+1+z‘+i:ma>},

a=1
where ¢; = v;v;41,1 <1 <n—1.

It is clear that the vertex labels are distinct. Also it is easily verified
that the edge labels sets are mutually disjoint and AUB = {5 + 8 +m, +
2, 5+ B4+my+3,- -+, 5+ B+m,+p}. Therefore, the induced edge labels of
G have ¢ consecutive values. Hence the graph G is strong vertex-graceful
when n is even.

Case 2. Tzlodd.

Let v = i Mg

a=1
i—1

2
£(v;) :{ i+12+4 ) moe,1<i<n, iodd.
a=1
1—2
n+i+1 2
'y—i—ml—i-Lﬁ-mewlal <1< mn,ieven.
2 a=1
The vertex labeling of pendant vertices at v1,vo,vs, -+, v, is given by
i—1

S
f(vij) ={7+ 25+ + > ma-1,1<i<n, i odd 1<j<m,

a=1

i—2

2
%+j+2m2a,1§i§n, teven 1 < j < m;.
a=1
The corresponding edge labeling is defined as follows:

1—1
Let A= {fl(eij) s filesj) = (nT-H +y+i+j+ Zma> }7

a=1
where e;; = viv;5,1 <i<n;1 <j<m,.

a=1
where e; = v;v;41,1 <1 <n—1.

It is clear that the vertex labels are distinct. Also it is easily verified
that the edge labels sets are mutually disjoint and AU B = {"TH + v+
2, "TH +y+3,-- -, ”T‘H +v+p}. Therefore the induced edge labels of G have
q consecutive values. Hence the graph G is strong vertex-graceful when n
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is odd. Thus the graph G is strong- vertex graceful. O

3. Vertex-graceful Labeling of Cycle with Regular Spider

In this section, it is proved that a spider with even number of legs
(paths) of equal length appended to each vertex of an odd cycle is vertex-
graceful.

We start with the following definitions :

Definition 3.1. A subdivision of an edge wv in a graph is obtained by
removing edge uv, adding a new vertex w and adding edges uw and vw. A
(wounded) spider is the graph formed by subdividing at most ¢ — 1 of the
edges of a star K ; for t > 0.

Examples of wounded spiders include K7, the star K7 ,_1, and the graph
shown in Figure 3.1.

Figure 3.1: A wounded spider

Definition 3.2. A regular spider is the one vertex union of paths of equal
length. Denote by C’nP,(Ll) a cycle Cp,(m > 3) attached at each of its vertices

a regular spider Pr(Ll)’ where [ denotes the number of paths P, in the spider
(Refer Figure 3.2).

Example 3.3.


Marisol Martínez
figure3.1
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"E.ll—z I'IE.'I—J

am-1 |

W,

Zr-1

Figure 3.2: The graph C,, . REJ}

Theorem 3.4. For any n, the graph C’nP7(LZ) is vertex-graceful where m

odd and [ even.


Marisol Martínez
figure3.2
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Proof. Let vg,v1,---,vm—1 be the vertices of the cycle C,,. Now, let
Cansl) be the graph as shown in Figure 6. It is easily verified that G has
p = m[l(n — 1) + 1] vertices and ¢ = p edges. Let o = I(n — 1) + 1. The
required vertex-graceful labeling for vertices is defined as follows :

Let f:V —{1,2,---,p} be such that

Case 1. n even.
Define f(v;)) =ai+1,0<i<m —1,
f(v )={a i+(n—1)(k—1)+j+2
0<z<m—1 1<j<n—1geven 1<k <I, kodd.
o+ BTETD gy 5
0<z<m—1 1<j<n—-1, jodd; 1 <k <I, kodd.
az+lu+3—_l
0<z<m—1 11<j<n—1,jodd; 1 <k <I[ keven.
az+ﬂ+k(n 1)—1-2—1
0<i<m—1; lgjgn—l,jeven;1§k§l,keven.
The corresponding edge labeling is defined as follows:
Let A={f*(e;): f*(e;) = (a(2i + 1) +2) (mod q)},
where €; = ViV 4 1ymodm, 0 <@ <m — 1.

= {F*(ely) 1 F*(ely) = (k= 1)(n = 1) + B+ 2i + (j +3)) (mod g) },
Whereeszv UZ]_H, 0<i<m-1;1<j<n-21<k<
[, k odd.

= {F*(ely) 1 f*(ely) = (20i + B+ k(n— 1) + 3~ j) (mod g) },
Wheree’?)—vkvzﬁl, 0<i<m-1,1<j5j<n-21<k<
[,k even.

D= {f(ely) : f*(ely) = (200 + B+ 3+ L) (mod q) },
Whereefo—vail,(]gigm—l;1§k‘§l,kodd.

B={f(ely) s () = (200 + M52 +-2) (mod o)}
where ef) = v0k, 0<i<m—1; 1<k <, k even.

It is clear that the vertex labels are distinct. Also it is easily ver-
ified that the edge label sets A, B,C, D and E are mutually disjoint and
AUBUCUDUE ={0,1,2,---,q — 1}. Therefore, it follows that the
induced mapping f* : E — {0,1,2,---,q — 1} is a bijection. Hence the
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graph G is vertex-graceful when n is even.

Case 2. n odd.

Define f(v;) =ai+ 1,0 <i<m— 1. Letﬁ:l(ngl)
f(vh )_{az—i—(k 1)(k;1)( )+

0<z<m—1 1<j<n-—1, jeven;lgkgl,kodd.
ozz+ﬂ+(k 1)(/l<~‘;1)(2)+%37

0<i<m—-1;1<j3<n—-1,j0dd; 1 <k<I, kodd.
ozi+k(n71)—=;u,

0<z<m—1 1<j7j<n—-1,jo0dd; 1 <k <, keven.
qitf+ B0 o i

OSZSm—l 1<j<n—-1, jeven; 1 <k <, keven.
The corresponding edge labeling is defined as follows:

Let A = {f*(e;) : f*(ei) = ((2i + 1) 4 2) (mod q)},
where €; = VU@ 1)ymod ms» 0 <@ <m—1.

B = {f*(efj) : f*(efj) = ((k -1) ( ) (kﬂ) + 5+ 2ai+j +3> (mod q)},

where eF 0<i<m-1;1<57<n-2,1<k<

i; — YijVij+1
I, k odd.

= {f*(ei-“j):f*(e’?) = 20i+f+k(n—1)+3—}7) (modq)}
Whereefj —Uk?}zj+1,0<l <m-1;1<j7<n—-21<k<
[, k even.

D ={f*(eh) : f(eby) = (200 + 5+ 3+ LR ED DY (mod )},
where ef) = v;05,0<i<m—1;1 <k <, kodd.

E={f(el) : f(elp) = (200 + 251 1 2) (mod g) },
Wheree%:vivﬁ,ogigm—l;l <k<lI, k even.

It is clear that the vertex labels are distinct. Also it is easily verified

that the edge label sets A, B,C, D and E are mutually disjoint and A U

BUCUDUE ={0,1,2,---,q— 1}. Therefore, it follows that the induced

mapping f*: F — {0,1,2,---,q — 1} is a bijection. Hence the graph G is
a vertex-graceful when n is odd. O

Mlustrative example of labeling of Theorem 3.1 is given in Figures 3.3



Vertex graceful labeling of some classes of graphs 35

and 3.4.

We leave the following problem as an open question.

Problem 3.5. For any n, is it true that the graph C’nPél) is vertex-graceful

when

(i) m odd and [ odd ?
(ii) m even and [ odd ?
(iii) m even and [ even 7

45

Figure 3.3: Vertex graceful labeled graph of C's . P
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45

46

Figure 3.4: Vertex graceful labeled graph of ;. F_,';dt'

4. Vertex-graceful Labeling of [ copies of Actinia Graphs

In this section, it is proved that [ copies of the actinia graphs A(m;,n)
e ,vfb_l be the vertices of k" copy of the
denote the k™" pendant vertices
of the k' copy of lA(mj,n) such that Ufj are adjacent to vertices v for
0<i<n-1,1<j<m;l <k <[ The graph [A(m;,n) is shown in

is vertex-graceful. Let vf, v}, vh
cycle in lA(m;, n)

Figure 4.1.

forO§j§n—1.Letvf

J


Marisol Martínez
figure3.4
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Figure 4.1: The graph lA{m;,n)

Theorem 4.1. The graph [A(m;,n) is vertex-graceful for both n and [
odd, 0<:<n—-1,1<7<m,.

Proof.  Consider the graph G = [A(m;,n) for both n,l odd, 0 < i <
n—1,1<j5<m;. Let vlg,vlf,vé, e ,vf;_l be the vertices of the k" copy of
the cycle in G. Let Ufj denote the pendant vertices of the k" copy such that

vfj are adjacent to the vertices vf for0<i<n—-1,1<j<m;,1<k<L
n

It is easily verified that G has p =1 <n + Z m; | vertices and ¢ = p edges.
i=1

The required vertex-graceful labeling for vertices is defined as follows:


Marisol Martínez
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Let f:V — {1,2,---,p} be such that

2
fv) = { pk—1I+5+ Y maa1+1,
a=1
0<2<n—1 teven; 1 <k <|I.

(_ "1+Zm2a1+zm2a Z+37

1<z<n—1 todd; 1 <k <I.

n 1 1—2

_ 7 )
f(véj):{ p(k:—l)l+"71+nga_1+zm2a+§+]+17
a=1 a=0
0<i<n—1,teven; 1 <j<my; 1<k<I.

i—1
2

— ; -
M‘F#‘Fzm%lfl‘*‘]a

a=1

1<i<n-—-1,750dd; 1<j<my; 1<k<I.

The corresponding edge labeling is defined as follows:

— e n—1
Let A={ f*(ef): f*(eF) = L(li 1 +Zm2a71 5 +2

(i+1)mod n

Z Ma—1+ (i + 1)mod n) (mod q)} :

a=1

B={ f*(efy) : fr(ely) = | 242 me

gma—i-z'—i-j—i-?) (modq)}.

a=0

It is clear that the vertex labels are distinct. Also it is easily verified
that the edge labels sets are mutually disjoint and AUB = {0,1,2,---
1}. Therefore it follows that the induced mapping f*: E — {0,1,2,---
1} is a bijection. Hence the graph {A(m;,n),0 <i<n—1,1<j <m;is

vertex-graceful for both n and [ odd. O
We leave the following problem as an open question.

Problem 4.2. Is it true that the graph [A(mj,n) is vertex-graceful when

(i) n odd and [ even ?
(ii) n even and [ even ?
(iii) n even and [ odd 7



Vertex graceful labeling of some classes of graphs 39

Mustrative example of the labeling of G of Theorem 4.1 is given in
Figure 4.2.

Figure 4.2: A vertex graceful labeled graph of 3A(2,5), my=m,=mz=ms=ms=2.

Remark 4.3. If [ = 1 in Figure 4.1, then the graph G represents a ac-
tinia. Hence it follows from Theorem 4.1 that the graph A(m;, n) is vertex-
graceful for any m;,0 < j <n —1,n > 3 with n odd.

Theorem 4.4. The graph A(mj,n) is strong vertex-graceful for n odd,
0<i<n—-1,1<j57<m,.

Proof. Consider the graph G = A(mj,n) fornodd, 0 <i<n-—-1, 1<

Jj < m;. Let vg,v1,v2,---,v,—1 be the vertices of the cycle in G. Let v;;
denote the pendant vertices of G such that v;; are adjacent to the vertices v;
n—1

for 0 <i<n—1, 1 <j<m;. Itiseasily verified that G has p = n+z m;

vertices and ¢ = p edges. The required strong vertex-graceful labeliI;g for
vertices is defined as follows:
Let f:V —{1,2,---,p} be such that
3
f(v;) = { i2+zm2a71 +1, 0<i<n-—1, ieven.

a=1
n—1 i1

2 2 y
3
"7*14_2 m2a—1+§ mQQ—Q—%, 1<i<n—1, iodd.
=1

a

a=0
i—2

n—1
2

S .
n1 i
f(vij) = { Xu21 moa—1 + 25+ + > maa + 5T+ L,

a=0
0<i1<n—1,%7even; 1 <75 <m;.


rvidal
Máquina de escribir
Figure 4.2: A vertex graceful labeled graph of 3A(2,5), m₁ = m₂ = m₃ = m₄ = m₅ = 2.


40 A. P. Santhakumaran and P. Balaganesan

i—1
N i+1
S maaat ot 4,
a=1

1<i<n-1,4i0dd, 1 <j<m,.

The corresponding edge labeling is defined as follows:

n—1

N n—1
Let 8= ;m2a—1 + 5
(i+1)mod n
Let A=< fi(e;) : fi(ei) =0+ Z mg—1+ (i +1)mod n) +2 ¢,
a=1

where €; = ViV(i1 1)ymod n, 0 <0 < — 1.

={B+mo+3,8+mo+mi+4,8+mg+my+ma+5,---,3+2}

i1
B = {fl(ez‘j) s filei) = B+ Zma+i+j+2}7

a=0
where e;; = vv;5, 0 <1 <n—1,1<j5<m,.

mi+3,- 5B+ motmit s mpa 042,84+ mog+my 4 myo +
n+3,--,8+mo+mi+--- mu_o+n+14+my_1}.

It is clear that the vertex labels are distinct. Also it is easily verified
that the edge labels sets are mutually disjoint and AU B = {8+ 2,08 +
3, B+mo+my+---,+mp_o+my_1+n+ 1}. Therefore the induced
edge labels of GG have ¢ consecutive values. Hence the graph G is strong
vertex-graceful. O



4.3.

1]
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Ilustrative examples of the labeling of Theorem 4.4 is given in Figure

Figure 4.3: Strong vertex-graceful labeled graph of A(2.5).
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