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l. lntroduction 

In severa! situations the motion of incompressible electrical conducting fluid 
can be modelled by the magnetohydrodynamics equation , which corre
spond to the Navier-Stokes equations coupled with the Maxwell equations. 
In presence of a free motion of heaby ions, not directly due to the electri
cal field (see Schlüter [11], and Pikelner [8]), the magnetohydrodynamics 
equation can be reduced to 

(1.1) 

ou 7] fL 
-- -tlu + u.\lu- -h.\lh ot Pm Pm 

oh 1 
-- -tlh + u.\lh- vu ot WJ 

div u= O 
div h =O 

J- -1 
v(p* + !!:.h2

) 
Pm 2 

-gTadw 

together with suitable boundary and initial conditions. 
Here, u and h are respectively the unknown velocity and magnetic fields; 

p* is the unknown hydrostatic pressure; w is an unknown function related 
to the motion of heavy ions (in such way that the density of electric current, 
Jo, generated by this motion satisfies the relation rot Jo = -a\lw); Pm is 
the density of mass of the fluid ( assumed to be a positive constant); fL > O 
is the constant magnetic permeability of the medium; a > O is the constant 
electric conductivity; 7] > O is the constant viscosity of the fluid; f is an 
given externa! force field. 

We append to equation (1.1) the following initial and boundary condi
tions 

ulan = O, hlan = O 

(1.2) 

u(O) = uo, h(O) = ho zn n. 

where uo and ho are given functions. 
In this paper, we consider the approximation of the problem (1.1)-(1.2) 

by an iterative process. We prove that the sequence build by this method 
converge for a unique strong solution of (1.1)-(1.2). We also give the cor
respondent convergence rates in severa! norms. 

Let us cite the classical works on the initial value problem (1.1)-(1.2) 
and locate our contribution therein. 

Lassner [6], Fujita and Kato [5] show the local existence and unique
ness of strong solutions by using semigroup tcchniques. A more constructive 
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closure of C0 (D) in Hm(D). 
Wc put 

crra(D) ={vE C()(D)/divv = 0}, 

H = closure of crra(D) zn L2 (D), 

V= closure of crra(D) in H 1(D), 

It is possiblc to show that 

V= {vE H'¿(D)/ divv = 0}. 

We recall the Helmholtz decomposition of vector field: L2 (D) = H EBG, 
being G = { <PI<P = "'Vp,p E H 1(D)}. 

Throughout the paper, P will denote thc orthogonal projection from 
L2 (D) onto H. The operator A : D(A) e H -----+ H, given by A= -P!:l 
with domain D(A) = V n H 2(D) is callcd the Stokes opcrator. It is well 
known that A is a positive definite self-adjoint operator and it is charac
terized by the relation 

(Aw,v) = ("'Vw, "'Vv) for all w E D(A),v E V. 

We observe that whcn D is of class C1,1 , we have that. t.he norms lluiiH2 
and IIAull are equivalents (see Amrouche and Girault [1]). The properties 
of A are known , see Constantin and Foias [3], Lions [7] or Tcmam [13]. 

By using the properties of P, we can reformulatc the problem (1.1)
(1.2), in the following way. Let us find u, hin suitable spaces, t.hcsc spacc 
will be exactly defined later, which satisfy 

(2.1) 

du 
Cl' dt + Cl'P(u."'Vu)- P(h."'Vh) + vAu = nf, 

dh 
-d + P(u."'Vh)- P(h."'Vu) + 1Ah =O .t 
for O< t < T 

u(O) = uo, h(O) = ho 

Where Cl' = El.!.!. v = !1. �"�~� = _l_. 
' ¡t ' ¡.;' ' ¡.;a 

We now define strong solutions of t.he problem (2.1). 

Definition 2.1 : 
Let uo, ho E V and f E L 2 (0, T; L2 (D)). By a strong solution of the 

problem (2.1), we mean a pair of vector-valucd functions (u, h) such that 
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Lemma 3.2: 

If f E L2 (0, T; L2 (0)) and N = 2, then the approximate solutions 
(un,hn) given by the iterative process (2.2), satisfy uniformly in n the 
following estimates 

where 

The estímate (3.3) is true in the three-dimensional case if 

where ,\ is the smallest eigenvalue of the Laplace operator subject to 
the Dirichlet condition, ,\ > O and Al is the Cattabriga's constant. 

Proof. : 
By multiplying (2.2); by Aun+l , (2.2);; by Ahn+l , and integrating over 

O, we get 

(3.4) 

Let us prove the estímate (3.3) for the casen = 2. To doing it, we rccall 
thc following inequality given, for example in [[13], pp. 291] 

(3.5) 
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The cstimate (3.3) and the Sobolev embcclding H 2 '-----+ L 00 imply 

In the same way, we find 

llhn.\7hn+III2 < CIIAhnll2, 
llu".\7hn+III2 < CIIAunll2, 
llhn.\7un+lll2 < CIIAhnll 2

. 

Consequently, the incqualities (3.14), bccomc 

fot �l�l�u�~�+ �1 �(�s�)�l�l �2 �d�s� < e fot(IIAu"+1(s)ll2 + llf(s)ll2 

+ IIAu"(s)ll2 + 11Ahn(s)il2ds 
ex 2 

< C-¡;llh + CIIJIIL2(Q) 

and 

lot �l�l�h�~�1�+�1�(�s�)�l�l�2�d�s� < e fo\iiAhn+l(s)ll2 + IIAun(s)ll2 

+ (11Ah11(s)ll2)ds 
< C. 

This completes the proof of the Lcnuna. 

Remark 3.4: 
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The Lemmas 3.1, 3.2 and 3.3 are true again if u(O) -:f- O, h(O) -:f- O with 
uo E V and ho E V. 

Remark 3.5: 
By using arguments of compactness is it possible to show that the es

timates given in the Lcmmas 3.1, 3.2 and 3.3 are sufficient to show that 
the approximate solution (u'\ h11

) converges to a unique strong solution 
of the problem (1.1)-(1.2). Let us observe that by using these arguments 
Boldrini and Rojas-Medar [2] do not obtain the convergence rates. In the 
next section we will prove the convergencc of approximate solution by other 
argumcnts. 
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Lemma 3.6: 
If j,ft E L 2(Q), then the approximate solutions (u11,h11

) satisfy, uni
formly in n, the following estimates 

(3.15) 

(3.16) 

(3.17) 

(3.18) 

�s�u�p�{�l�l�u�~�l�l� + �l�l�h�~�'�l�l�}�:�:�:�:�;� Ah, 
t 

fot �(�1�1�V�u�~�l�l �2� + �1�1�V�h�~�l�l �2 �)�d�s�:�:�:�:�;� llh, 

sup{IIAunll + IIAhnll} ::::; M4, 
t 

�f�o�t�(�l�l�u�'�;�t�l�l�~�·� + �l�l�h�Z�t�l�l�~�·�)�d�s�:�:�:�:�;� Ms 

where lvf;, i = 2, ... , 5 are positive constants independent of n, and depend
ing 011 an,v,,,a, IIJIIL2(Q)l llftiiL2(Q) and llh as in the Lemma 3.2. 

Proof. : 
We differentiatc (2.2); and (2.2);; with respect to t and we multiply by 

�u�~�+�I� and �h�~�+ �1� and integrating over O. We obtain 

�~� �:�~�l�l�u�~�+ �1 �l�l �2� 
+ �v�i�1�V�u�~�+ �1 �l�l �2� 

= �(�a�f�t�,�u�~�'�+ �1 �)�- �(�u�~�.�V�u �1�1 �+ �1 �,�u�~�'�+ �1 �)� + �(�h�~�.�V�h�n�+�I�,�u�~�'�+ �1 �)� + �(�h �1�1 �.�\�7�h�~�+�I�,�u�~�'�+ �1 �)�,� 

(3.19) 

�~� :t �l�l�h�~�+ �1 �l�l �2� 
+ �í�i�i�V�h�~�+ �1 �l�l �2� 

= �(�h�~�.�V�u�n�+�I�,�h�~�+ �1 �)� + �(�h �1�1 �.�V�u�~�+�l�,�h�~�+ �1 �)�- �(�u�~�.�V�h�n�+�I�,�h�~�+ �1 �)�.� 

We now estimate the right-hand sides of thc above equalitics as follows, 

1( aft, �u�~�+ �1 �)� 1 < �~
�2

�l�l�f�t�l�l �2� 
+ �~�l�l�u�~�+ �1 �l�l �2 �,� 

1 �(�u�~�'�.� V un+ 1 ' �u�~�+� 1 ) 1 < �l�l�u�~�l�l� �1�1�V�u�n�+ �1 �I�I�L�4�1�1�u�~�+ �1 �I�I�L�4� 
< CEIIAun+1 ll 2 �l�l�u�~�l�l �2� �+�E�I�I�V�u�~�+ �1 �l�l �2 �,� 

�l�(�h�~�.�V�h�n�+�1�'� �u�~�+�1� )1 < �l�l�h�~�l�l� �1�1�V�h�n�+ �1 �I�I�L�4�1�1�u�~�+ �1 �I�I�L�4� 

< CEIIAhn+1ll 2 �l�l�h�~�l�l �2� +E �!�l�v�u�~�'�+ �1 �1�1�,� 
�l�(�h�~�.�V�u�n�+ �1 �,� �h�~�+�I� )1 < �l�l�h�~�'�I�I�I�I�V�u�n�+ �1 �I�I�L�4�1�1�h�~�+ �1 �I�I�L�4� 

< C.,IIAun+1ll 2 �l�l�h�~�l�l �2� + �8�I�I�V�h�~�'�+ �1 �l�l �2 �,� 
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1( u.t\7 hn+l , h;'+l) 1 < �l�l�u�~ �1 �l�l� IIV �~�¡�n �+ �l�i�i�L�4�1�1�h�7�+ �1 �I�I�L�4� 

< eóiiAhn+1
ll

2 �1�1�<�~�~ �1 �1�1 �2� + �8�I�I�V�h�~ �1 �+ �1 �l�l �2� 

(hn.Vh7+\<L.;'+1) + (hn.Vu7+\hf+1) = 0. 
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By adding the cqu1:1lities (3.19); ancl (3.19)ii and using the above estimate 
with e=:!!. ó = 1!:. we o-ct 1 1 •1' b 

�~� :.t �(�ü�l�l�u�~�'�+�l�l�l�2� + �1�\�h�~ �t�+ �l�\�\�2�)� 

�+�~�\�\�V�u�7�+ �1 �\�l �2� + �~�\�1�V�h�7�+ �1 �l�l �2� 

< �~�2�1�\�.�f�, �. �W�~� + �~�l�l�u�~�1�+�1 �¡ �¡�2� 
+e(IIAun+lll2 + �I�I �A�h�n�+�l �l�l �2 �)�(�1�1 �u�~�' �l�l �2� + llh7112). 

By int.cgrating t.hc last inequality from O t.o t. we obt.ain 

nllv.;Hl(t)112 + llh7+1(t)ll2 + v 1t 11Vu7+l(s)i12ds + /' 1t 11Vh;'+l(s)i12ds 

(3.20) 

< Cll!tii7J2(Q) +e 1t �l�\�u�~�'�+ �1 �(�s�)�l�l �2 �d�s� 

+e 1t (IIAun+l(s)l\2 + I!Ahn+1(s)l\2)(1\u7(s)\\2 + �\�l�h�~ �1 �(�s�)�l�l �2 �)�d�s� 

< }.f¡ +e .t (11Aun+1(s)ll2 + �1�1�A�h�n�+ �1 �(�s�)�l�l �2 �)�(�1�i�u�~ �1 �(�s�)�l�l �2� + �l�l�h�~ �1 �(�s�)�l�l �2 �)�d�s�,� 

wherc Ú¡ = e[llflli2(Q) + l\ftl\i2(Q) +;M¡]. 
The cqualit.ics (2.2)i and (2.2)ii imply 

We rccall thc following inequality 

By applying this inequality, \VC have 
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llun.vun+lll < lluniiL6 IIVu71+1llr.3 

< CIIVuniiiiVun+llll/211Aun+llll/2 
< CIIVunll2 IIVun+ll l + �~�I�I�A�v�n�+�l�l�l�,� 

4 

In the same way, we obtain 

llhn.Vhn+lll :S: CIIVhnii2IIVhn+lll + ¡IIAhn+lll 

llun.Vhn+lll :S: CIIVunii2IIVhn+lll + ¡IIAhn+lll 

llhn.Vun+lll :S: CIIVhnii2IIVun+lll + ¡IIAun+lll 

By adding the inequalities (??) and (??), and using the estimates gives 
in the Lemma 3.2 together with the last estimat.cs, we obtain 

(3.23) vi1Aun+lll2 + 1'11Ahn+lll2 :S: C¡ + �C�(�o�l�l�u�~�+ �1 �l�l �2� + �l�l�h�~�l�+ �1 �l�l �2 �)� 

Consequently, by using this last cst.imate in the inequality (3.20), wc 
obtain 

ollu?+l ( t) 11 2 + llh?+1 
( t)ll2 + v lat �I�I�V�u�~�l�+�l� (s) ll2ds + 1' lat IIV �h�~�l �+ �l� (s) ll 2ds 

< Ü¡ +e lat(llu?(s)ll2 + �l�l�h�~ �1 �(�s�)�l�l �2 �)�d�s� 

(3.24) +C �l�a�t�(�o�l�l�u�~�+�l�(�s�)�l�l �2� + �l �l �h�~�+ �1 �(�s�)�l�l �2 �)�(�1�1�u�~�(�s�) �l �l �2� + �l�l�h�~ �1 �(�s�)�l�l �2 �)�d�s� 

< M+ e lat �(�o�l�l�u�~�+ �1 �(�s�)�l�l �2� + �l�l�h�~�t �+ �l�(�s�)�l�l �2 �) �(�1�1�u�Z �· �(�s�)�l�l �2� + �l�l�h�~�t �(�s�) �l�l �2 �)�d�s� 

- Co 
with M= CM1 + -A1¡ , where we used the estímate (3.5) given in thc 

1' 
Lemma 3.2. 

By applying the Gronwall inequality, we obtain the estimates (3.15) and 
(3.16) given in the Lemma. 

The estimate (3.17) follow from inequalities (3.23) and (3.15). 
To prove (3.18), we observe that by differentiating (2.2)i and (2.2)ii 

with respect to t, we obtain 

�o�u�~�+�l� P(oft)- P(hn.vhn+l )t- P(un.vun+l )t- vAu.?+l 
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Consequcntly, 

(3.25) 

�a�i�i�H�;�~�+�l�l�l�~�·�d�s� �~�a� fot ll.ftll2ds + fot ll(hn.\7hn+1 )tllv·ds 

+ fot �l�l�(�u�n�.�'�V�u�n�+�1�)�t�l�l�~�·�d�s� + v fot 11Au;'+1ds 

The samc result follows for fot �l�l�h�f�t�+ �1 �l�l�~�.�d�s�.� 
We also note that 

�1�1�A�u�~�+ �1 �l�l�v�·� sup 1 �(�A�u�~�+ �1 �,� v) 1 
llvlh·-<::1 

sup 1 (Vu;'+1
, 'Vv) 1 

llvllv-<::1 

< 11 'V �u�~�+� 111 , 

so, by using the estimatc (3.1G), we get 

fot �1�1�A�u�~�+ �1 �l�l�~�.�d�s� �~�e� fot �I�I�'�V�u�~�+ �1 �l�l �2 �d�s� �~�C�.� 
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The other tcrms in (3.25) are estima tes in the same way. This completes 
the proof of the Lemma. 

4. Error Estimates 

In this section, we prove several convcrgence rate bounds for the approx
imate solutions. The following Lemma will be fundamental in our future 
arguments. 

Lemma 4.1: 
Let be O �~� a1 ( t) �~� M for all t E [O, T] and let us assumc that the 

following inequality is true for all p ?: 2 

(4.1) 

Then, 

(Ct)P-1 (CT)P-l 
ap(t) �~�M� (p _ 1)! �~�M� (p _ 1)! 

for all t E [0, T] and p ?: 2. 



152 Eduardo Notte Cuello and Marco Rojas Medar 

Proof. : 
In fact, we have 

ap(t) < e fot e fot¡ Cl:p-2(t2)dt2dt1 

< e2 fot fot¡ e fot 2 

Cl:p-3(t3)dt3dt2dt1 

Lct be 

(4.2) 

( 4.3) 

1/.n,k( t) 

hn,k ( t) 

uk+n(t)- un(t) 

hn+k(t)- hn(t). 

Then, the following equations are satisfied by un,k and hn,k 

(4.4) �C�t�:�1�L�~�,�k� + vAun,k = P(hn-l+k.'\lhn,k + hn-l,k.'\lhn 

(4.5) �h�~�,�k� + /Ah n,k 

or equivalently, 

-un-l+k.'\lun,k _ un-l,k.'\lun) 

P(hn-l+k. '\lun,k + hn-l,k. '\lun 

-un-l+k.'\lhn,k- un-l,k.'\lhn) 

(4.6) �(�u�~�'�k�,�v�)� + v('\lun,k, '\lv) = (hn-l+k.'\lhn,k,v) + (hn-l,k.'\lu'\v) 
-(un-l+k.'\lun,k,v) _ (un-l,k.'\lun,t.pv) 

(
4

.?) �(�h�~�'�k�,�t�.�p�)� +¡('\lhn,k, '\lt.p) = (hn-1+k.'\lun,k,<p) + (hn-l,k.'\lun,t.p) 
-( un-l+k .'\7 h}'-,k, t.p) _ ( un-l,k. '\l hn, t.p) 

for al! v, <p E V. 
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The other terms in the above equalities can be estímate in a similar 
way; consequently, we obtain the following differential inequality 

d -(ai1Vun,kll 2 + 11Vhn,kll2) + vi1Aun,kll 2 + 1'11Ahn,kll2 

dt 
< C(IIAun-Hkll 2 + 11Ahn-Hkll2)(ai1Vun,kll 2 + 11Vhn,kll2) 

+C(IIAunll + 11Ahnll)(ai1Vun-l,kll2 + 11Vhn-l,kll2) 

We integrate from O to t, and we use the Gronwall's inequality to get 

By the estímate, (3.4) given in the Lemma 3.2, we have 

Hence, we complete the proof of the Lemma. 

Corollary 4.4 : 

Theorem 4.5 : 
If fE L2 (0, T; L2 (0)), uo, ho E V and the hypotheses of the Lemma 3.2 

are verified, the approximate solutions (un, hn) convergence in the space 
L2 (0, T; H 2 n V). The limiting element (u, h) of the given sequence is a so
lution of problem (2.1) and the solution is unique. The rate of convergence 
satisfies the inequalities 
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hn ____, h 
and the convergence-rate bounds ( 4.9)-( 4.10) can be obtained by taking the 
limitas k____, oo in (4.15) and (4.16). 

The Lemma 4.3 implies that 

which satisfies 

<Pn,k(t) S C lat cpn(s)</Jn-l,k(s)ds 

where cpn(s) = IJAun(s)JI + IJAhn(s)JJ. 
This implies 

By using the same argument, we obtain 

i.e., the sequence (un, hn) is a Cauchy sequence in U'0 (0, T; V). 
The Lemma 4.3 also implies 

and consequently (un,hn) is a Cauchy sequence in L 2 (0,T;D(A)). 
From Corollary 4.4, we have 

(4.19) 

i.e., uf and hf are Cauchy sequences in L2 (0, T; H). 
With the convergence proved above it is easily to show that (u, h) is a 

solution of problem. 
The convergence-rate bounds (4.11),(4.12) and (4.13) can be obtained 

by taking the limitas k ____, oo in inequalities (4.17), (4.18) and (4.19), 
respective! y. 

We will show that the solution of problem (1.1 )-(1.2) is unique. Let us 
suppose that there exist another solution ( u 1, hl). we put 
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( 4.25) c/Jn,k ( t) ::::; e lot 'Pn( S )c/Jn-l,k (S )ds 

with 'Pn(t) = IIAun(t)ll + IIAhn(t)ll· 
The Lemma 3.5 implies 

'Pn(t) ::::; e for all t E [O, T]. 

Consequently in (4.25), we have 

c/Jn,k(t)::::; e lot c/Jn-l,k(s)ds. 

We now use the Lemma 4.1 with an(t) = c/Jn,k(t), to obtain 

By taking the limit k----+ oo, we obtain the estimate ( 4.20). 
Furthermore, the Lemma 4.2 implies 

11 
n+k n112 < (M14T)n-l 

U -U L2(0,T;V) - (n- 1)! 

llhn+k hnll2 (M14T)n-l 
- L2(0,T;V) ::::; (n- 1)! . 

By taking the limit k----+ oo, we obtain the estimate (4.21). 
we now prove the estimate ( 4.22). 
The Lemma 4.3 implies that 

which satisfies 

c/Jn,k::::; e lot 'Pn(s)c/Jn-l,k(s)ds 

where 'Pn(s) = IIAun(s)ll + IIAhn(s)ll· 
By other hand, the Lemma 3.5 implies 

'Pn(t) ::::; e for all tE [ü,T]. 

By using the same argument, we obtain 
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where 1Vh2 , ..• , Ah5 are positives constants, independent of n, and depend
ing on the positive constants given in the Lemmas of the above sections. 
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