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Abstract

Let S be a monoid, C be the set of compler numbers, and let
o,T € Antihom(S, S) satisfy ToT = o oo = id. The aim of this paper
is to describe the solution f,g: S — C of the functional equation

flzo(y)) + f(r(y)x) = 2f(z)g(y), =, y€S,

in terms of multiplicative and additive functions.
Subjclass [2010] : Primary 39B52.
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1. Notation and terminology

Throughout the paper we work in the following framework: A monoid is a
semi-group S with an identity element that we denote e, that is an element
such that ez = ze = z for all x € S (a semi-group is an algebraic struc-
ture consisting of a set together with an associative binary operation) and
o,7: S — S are two anti-homomorphisms (briefly o,7 € Antihom(S,S))
satisfying 7o = o oo = id.

For any function f : S — C we say that f is o-even (resp. T-even) if
foo=f (resp. for = f), also we use the notation f(x) = f(z~') in the
case S is a group.

We say that a function x : S — C is multiplicative, if x(zy) = x(z)x(y)
for all z,y € S.

If x : S — C is multiplicative and x # 0, then

I, :={xz € S| x(xz) =0} is either empty or a proper subset of S.

If S is a topological space, then we let C(S) denote the algebra of
continuous functions from S into C.

2. Introduction
Wilson’s functional equation on a group G is of the form

(2.1) flxy) + flay™') =2f(x)gly), =,y€G,

where f,g: G — C are two unknown functions.
Special cases of Wilson’s functional equation are d’Alembert’s func-
tional equation

(2:2) flay) + flay™h) = 2f(2)f(y), @,y€G,
and Jensen’s functional equation
flay) + flay™) =2f(z), w,yeC.

In [3] Ebanks and Stetkeer studied the solutions f, g : G — C of Wilson’s
functional equation (2.1) and the following variant of Wilson’s functional
(see [8])

(2.3) flay) + fly o) =2f(2)g9(y), =,y
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They solve (2.3) and they obtained some new results about (2.1). We refer
also to Wilson’s first generalization of d’Alembert’s functional equation

(2.4) flx+y)+ flx—y) =2f(2)g(y), =yeR.

For more about the functional equation (2.4) see Aczél [1]. The solutions
formulas of equation (2.4) for abelian groups are known.

In the same year Stetkeer in [10] obtained the complex valued solution
of the following variant of d’Alembert’s functional equation

(2.5) flzy) + flo(y)z) = 2f(2)f(y), =y€S,

where S is a semi-group and ¢ is an involutive homomorphism of S. The
difference between d’Alembert’s standard functional equation

flxy) + f(r(y)x) = 2f () f(y), =,y€S,

and the variant (2.5) is that 7 is an anti-homomorphism (on a group typ-
ically the group inversion). Some information, applications and numerous
references concerning (2.5) and their further generalizations can be found
e.g. in [6, 9, 10].

Some general properties of the solutions of equation

(2.6) f(zy) + flo(y)z) = 2f(x)g(y)

on a topological monoid M equipped with a continuous involution ¢ : M —
M can be found in [9, Chapter 11].

Stetkaer[11] proved a natural interesting relation between Wilson’s func-
tional equation (2.6) and d’Alembert’s functional equation (2.2) and for
o(x) = x~!. That is if f # 0 is a solution of equation (2.6), then g is a
solution of equation (2.2). In [2] Chahbi et al. give a generalization of the
symmetrized multiplicative Cauchy equation.

Recently, EL-Fassi et al. [5] obtained the solution of following functional
equation

(2.7) f@o(y) + f(r(y)x) =2f(x)f(y), =zy€S,

where S is a semi-group and o, 7 are two anti-homomorphisms of S such
that coo =707 =1d.
The main purpose of this paper is to solve the functional equation

(2.8) fl@o(y) + f(r(y)x) = 2f(x)g(y), x,y €S,
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where S is a monoid and o, 7 € Antihom(S, S) such that coo = To71 = id.
This equation is a natural generalization of (2.7) and of the following new
functional equations

(2.9) flza(y)) + flo()z) = 2f(z)9(y), x,y €S,
(2.10) fxo(y) + floy)z) = 2f(2)f(y), =y€S,
(2.11) f(xo(y)) + f(r(y)r) = 2f(2), z,y €5,
(2.12) fxa(y) + flo(y)z) =2f(x),  wyeSs,

where (S, -) is a minoid and o, 7 € Antihom(S, S) such that coo =707 =
id. Clearly, if S is a group and f = f with o(z) = 2!, then functional
equation (2.10) becomes the symmetrized multiplicative Cauchy equation
(see for instance [7] or [9, Theorem 3.21]). By elementary methods we
find all solutions of (2.8) on monoid in terms of multiplicative functions.
Finally, we note that the sine addition law on minoid given in [4, 9] is a
key ingredient of the proof of our main result (Theorem 3.1).

3. Solution of the functional equation (2.8)

In this section we obtain the solution of the functional equation (2.8) on
monoid. The following lemma will be used in the proof of Theorem 3.1.

Lemma 3.1. Let S be a monoid and o € Antihom(S,S). Let f,g: S — C
be a solution of the functional equation

(3.1) flzo(y)) = f(z)g(y), =z,y€s.

Then g is a multiplicative function.

Proof. For all z,y,z € S, we have
f@)glyz) = flo(y2)) = flao(=)o(y))
= f(zo(2))g(y) = f(x)g(2)9(y),

then g(yz) = g(y)g(z) for all z, z € S. This implies that g is a multiplicative
function. O
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Theorem 3.1. Let S be a monoid with identity element e, and o,7 €
Antihom(S, S) such that 0 o0 = 7 o7 = id (where id denotes the iden-
tity map). The solutions f,g : S — C of (2.8) are the following pairs of
functions, where x : S — C denotes a multiplicative function such that

x(e) =1:

(1) f =0 and g arbitrary.
(2) g = X" and f = f(e)x oo, where x # 0 and f(e) € C\ {0}.
(3) If x #£ x oo o, then g = X397 and

(i) f = f(e)x oo, where f(e) € C\{0},

(ii) f=axoo+(f(e)—a)xor for some constant a € C\{0, f(e)},
where xoooT =xo0ToO.

(4) If x =xoooT, and S is generated by its squares, then

(i) g(x) = x(z) and f(x) = (Aoo(z)+f(e))xoo(x) for x € S\I,

(ii) g(z) = f(z) =0 for z € I,

where A : S\I,, — C is a non-zero additive function such that Aoo o
T=—-A

Furthermore, if S is a topological monoid, and f, g € C(S), then x, xoo, xo
T,x000oT1 € C(S), and Aoo € C(S\Iy).

Proof. It is elementary to check that the cases stated in the Theorem
define solutions, so it is left to show that any solution f,g : S — C of
(2.8) falls into one of these case. We use in the proof similar Stetkaer’s
computations [10]. Let z,y,z € S be arbitrary. If we replace = by xzo(y)
and y by z in (2.8), we get
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(3.2) f(xo(zy)) + f(r(2)za(y)) = 2/(
On the other hand if we replace z by 7(2)z in (

fr(2)zo(y)) + f(r(zy)x) = 2f(7(2)x)g(y
= 29(y)[2f (x)g(2) = f(za(2))].

zo(y))9(2)-
2.8), we infer that
)

(3.3)

Replacing y by zy in (2.8), we obtain

(3.4) f(r(zy)z) = 2f(2)g(zy) — f(zo(zy)).
It follows from (3.4) that (3.3) become

f(r(2)zo(y)) +2f(x)g(zy) — f(zo(zy)) = 49(y) f(x)g(2) — 29(y) f(zo(2)).
(3.5)

Subtracting this from (3.2) we get after some simplifications that

(f 3(rg)f(zy))—f (2)9(zy) = g(W)[f(za(2))—f(2)g(2)]+9(2)[f (zo(y))—f(z)g(y)]-
With the notation

(3.7) f2(y) = f(zo(y)) — f(x)g(y)

equation (3.6) can be written as follows
(38) fa(xy) = fa(m)g(y) + fa(y)g(x)'

This shows that the pair (f,, g) satisfies the sine addition law for any a € S.
From the Known solution of the sine addition formula (see for example [4,
Lemma 3.4]), we have the following possibilities.

If f =0 we deal with case (1) in the Theorem. So during the rest of
the proof we will assume that f # 0. If we replace (z,y) by (e,o(x)) in
(3.7), we get

(3.9) f(x) = feoo(x)+ f(e)goo(x), z€S.

e Suppose that f, =0 for all x € S, then f. =0, i.e., f(z) = f(e)goo(x)
for all z € S, and hence f(e) # 0. Indeed, f(e) = 0 would entail f =
0, contradicting our assumption. From Lemma 3.1, we see that g is a



On the solution of functional equations of Wilson’s type on... 647

multiplication function. Substituting f = f(e)goo into (2.8), we infer that
g =gooo71. We may thus write g = (9 + g 0o 0 o 7)/2 which is the form
claimed in the case (2).

e Now suppose that f, # 0 for some = € S.
If fo # 0 then, from [4, Lemma 3.4], we see that there exist two multiplica-
tive functions x1, x2 : S — C such that

X1+ X2
5

Case (3): If x1 # x2, then f. = ¢(x1 — x2) for some constant ¢ € C\{0}.
From equality (3.9), we find after a reduction that

f=axioo+Bx200

where v = (2¢ + f(e))/2 and 8 = f(e) — . Substituting f and ¢ in (2.8),
we get after some simplification that

axioo(z)[x1o0o7(y) —x2(y)] + Bx2o0(x)[x20007(y) —x1(y)] =0

for all z,y € S. Since x1 # x2 we get from the theory of multiplicative
functions (see for instance [9, Theorem 3.18]) that both terms are 0, so

axioo(z)[x1ooo7(y) —x2(y)] =0
(3.10) { Bz o(@)x2 00 0 7(y) — xa(y)] = 0

for all z,y € S. Since f # 0 at least one of a and 3 is not zero.

Subcase (3.i): If « = 0 and 5 # 0, by (3.10) and f # 0, for this to be the
case we must have x1 # 0,x2 # 0 and xy2o0007(y) = x1(y) for all y € S,
then f and g have the desired form (3.i) with yo := x.

If 420 and g =0, by (3.10) and f # 0, for this to be the case we must
have x1 # 0,x2 # 0 and x1 00 0o 7(y) = x2(y) for all y € S, then f and g
have the desired form (3.1) with x1 := x.

Subcase (3.ii): If « # 0 and 8 # 0, by (3.10) and f # 0, for this to
be the case we must have x1 # 0,x2 # 0, x1 00 o 7(y) = x2(y) and
x200o07(y) = x1(y) for all y € S, with x1 = x, after some simplification,
we obtain y o 0 o7 = x o7 o0 and the desired form (3.ii) of f and g.

Case 4: If x1 = x2 then letting y := x1 we have g = x. If S is generated
by its squares, then there exists an additive function A : S\I, — C for
which

B A(z)x(z) if =€ S\I,
(3:.11) fe(z) = { 0 if 2 €1,
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Subcase (4.i): If x € S\I,, then by (3.9) and (3.11), we get

f(@) = (Aco(x) + f(e))x o (z)

for all z € S\I,. Substituting f and g in (2.8), we get after some simplifi-
cation that

(Aoo(x)+f(e))(xeoor(y) —x(y))+AcaoT(y)xooor(y)+ Ay)x(y) =0,
(3.12)

for all z,y € S\I,,. Suppose that x oo o7 # x. From (3.12) we infer that
A =0, this contradicts with f, £ 0on S. So yooorT = y and AoogoT = —A.

Subcase (4.ii): If z € I, then g(z) = f(z) = 0.

If fo =0, then f(x) = f(e)goo(z) for all z € S, and hence f(e) # 0.
Replacing (z,y) by (e,z) in (2.8), we get

(3.13) flo(@)) + f(r(x)) =2f(e)g(x), xS
From (3.13) and f(z) = f(e)g o o(z) for all z € S, we obtain f(zx) =
fle)gor(z) for all x € S. So, g is a solution of the functional equation

(3.14) g(zy) + g(too(y)z) = 29(x)g(y), z,y €S.

Similar to the proofs of [10, Theorem 2.1], we find that g = (x +xocoo7)/2,
where y : S — C is multiplicative and y o 0 o 7 = y o 7 0 0. Hence we are
in case (2) or (3).

The continuity statement follows from [9, Theorem 3.18 (d)]. This
completes the proof of Theorem. O

4. Some consequences

As immediate consequences of Theorem 3.1, we have the following corol-
laries.

Corollary 4.1. Let S be a monoid with identity element e, and o,7 €
Antihom(S, S) such that o oo = 7 o1 = id. The solutions f,g: S — C of
the functional equation

flzo(y)) + flo(y)z) = 2f(z)g(y), =z,ye€S

are the following pairs of functions, where x : S — C denotes a multiplica-
tive function such that x(e) =1:
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(1) f =0 and g arbitrary.

(2) g=x and f = f(e)x oo, where x # 0 and f(e) € C\ {0}.
Furthermore, if S is a topological monoid and f,g € C(S), then x,x oo €
c(9).

Proof. It suffices to take 7(z) = o(z) for all x € S in Theorem 3.1. O

Corollary 4.2 ([5]). Let S be a monoid with identity element e, and
o, 7 € Antihom(S, S) such that coo = 7ot = id. The solutions f : S — C
of the functional equation

flzo(y)) + f(r(y)z) =2f () f(y), =z,y€S

are the functions of the form f = (x + x oo o7)/2, where x : S — C is a
multiplicative such that:

(i) xoooT =xo0To0, and

(ii) x is o-even or/and T-even.
Furthermore, if S is a topological monoid and f € C(S), then x,xoocoT €
c(9).
Proof. It suffices to take g(z) = f(z) for all z € S in Theorem 3.1. O

Corollary 4.3. Let S be a monoid with identity element e, and o,T €
Antihom(S, S) such that 0 o 0 = 7 o7 = id. The solutions f : S — C of
the functional equation

fleo) + f(r(y)x) =2f(z), x,yes
are the functions of the form:
(1) f=0.
(2) f = f(e), where f(e) € C\ {0}.
(3) If S is generated by its squares, then
(i) f(z) =Aoo(zx)+ f(e) for x € S\I,
(ii) f(z) =0 for z € I,

where A : S\I, — C is an additive function such that Aococor =—A # 0.

Furthermore, if S is a topological monoid, and f € C(S), then Ao o €
C(S\Iy).
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Proof. It suffices to take g(z) = 1 for all € S in Theorem 3.1. O

Corollary 4.4. Let S be a monoid with identity element e, and o €
Antihom(S, S) such that o o 0 = id. The solutions f : S — C of the
functional equation

f@o(y) + flo()z) = 2f(2)f(y), =yeS

are the functions of the form f = x, where x : S — C is a multiplicative
such that y is o-even.

Proof. It suffices to take g(x) = f(z) and 7(x) = o(z) for all z € S in
Theorem 3.1. O
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